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FOREWORD 


This  report  covers  the  research  conducted  by  the  Space  and 
Information  Systems  Division  of  North  American  Aviation  Company, 

Inc.,  Downey,  California,  for  the  Aerospace  Dynamics  Branch,  Vehicle 
Dynamics  Division,  AF  Flight  Dynamics  Laboratory,  Wright- Patters on 
Air  Force  Base,  Ohio,  under  Contract  No.  AF33(657)-10219«  This 
work  was  perf onned  to  advance  the  dynamic  loads  state  of  the  art 
for  flight  vehicles  as  part  of  the  Research  and  Technology  Division, 
Air  Force  Systems  Command's  exploratory  development  program.  This 
research  was  conducted  under  Project  No.  1370,  "Dynamic  Problems 
in  Flight  Vehicles,"  and  Task  No.  137008,  "Prediction  and  Prevention 
of  Dynamic  Load  Problems".  Mr.  Iynn  C.  Rogers,  and  later  Mr.  T.  D. 
Lemley,  of  the  Vehicle  Dynamics  Division,  AF  Flight  Dynamics 
Laboratory,  were  the  Project  Engineers. 

Mr.  L.  V.  Andrew,  who  was  the  Program  Manager  for  North  American 
Aviation,  defined  a  preliminary  form  of  the  technical  approach  and 
performed  part  of  the  technical  work.  Dr.  C.  L.  Tai,  Principal 
Investigator,  refined  the  technical  approach  and  directed  most  of 
the  technical  work.  Mr.  M.  ELeskys  conducted  numerical  analyses, 
and  Mrs.  T.  Bryce  wrote  the  computer  programs.  Mr.  M.  Lukoff 
contributed  to  the  analysis  of  control  forces  applied  to  the 
cable- connected  space  station. 


This  report  has  been  reviewed  and  is  approved. 
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ABSTRACT 


The  stability  and  dynamic  response  of  thirteen 
rotating  space  station  configurations  when  subjected  to 
various  applied  disturbances  were  investigated  first  by 
approximate  exploratory  analyses  to  determine  the 
significant  configurations  and  the  relative  significance 
of  transient  inputs  to  each  configuration.  Detailed 
analyses  of  ten  selected  combinations  of  configurations 
and  forcing  functions  were  then  carried  out  in  depth 
with  special  attention  given  to  internal  mass  motions, 
docking,  angular  acceleration,  and  control  forces.  In 
view  of  the  unique  dynamic  response  problems  associated 
with  the  gravitational  gradient  and  structural  elasticity, 
separate  detailed  analyses  of  the  cable- connected  con¬ 
figuration,  the  Y- configuration,  and  the  H- configuration 
were  also  conducted. 
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1.  o  INTRODUCTION  AND  SUMMARY 


1.  1  BACKGROUND 

A  space  station  revolving  in  orbit  is  subject  to  numerous  small  dis¬ 
turbing  forces  from  space  environments  and  operating  systems.  These 
forces  are  dynamic  in  origin  and  are  generally  transient  in  nature.  In  order 
to  determine  the  extent  of  the  perturbations,  optimize  the  relations  between 
light  weight  and  structural  strength,  exploit  the  possibilities  of  control,  and 
ensure  a  comfortable  living  environment  from  shock  and  vibration  surround¬ 
ings,  the  dynamic  response  of  the  station  to  these  disturbing  forces  at 
different  levels  of  artificial  gravity  falling  within  the  human  factors  envelope 
(Appendix  C)  must  be  fully  understood. 

The  stability  and  response  of  various  selected  configurations  of 
orbiting  space  stations  subjected  to  rapidly  applied  disturbances  were 
investigated  first  by  approximate  exploratory  analyses  to  determine  the 
significant  configurations  of  space  stations  and  the  relative  significance  of 
transient  inputs  to  each  configuration.  A  detailed  analysis  of  ten  selected 
combinations  of  configurations  and  forcing  functions  was  then  carried  out  in 
depth.  The  problem  areas  to  be  considered  include  the  internal  mass 
motions,  launch  and  docking  forces,  angular  acceleration,  and  control  forces. 

In  view  of  the  unique  dynamic  response  problems  of  some  specific  con¬ 
figurations  which  may  not  be  solved  by  general  studies,  complete  analyses  of 
the  compartment-cable-counterweight  space  station,  Y-space  station,  and 
H-configuration  subjected  to  the  influence  of  the  gravitational  gradient, 
control  forces  and  elastic  effects  were  conducted  separately. 

The  report  is  divided  into  nine  sections.  Generally,  the  materials 
listed  before  section  six  are  exploratory  analyses  and  the  remaining 
sections  are  detailed  analyses. 

1.  Z  SUMMARY  AND  RESULTS 

1 .  Z.  1  Configurations 

To  initiate  the  study,  a  number  of  representative  configurations  were 
selected  for  exploratory  investigation.  Two  or  three  compartments  (and/or 
counterweights)  with  ratios  of  length  to  width  of  1:10,  spinning  about  a 
common  axis  interconnected  with  either  compression  or  tension  members, 
were  considered  in  the  configuration  analysis.  The  radius  of  rotation  from 
compartment  to  the  spin  axis  is  generally  set  at  100  feet.  For  tension 
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member-connected  configurations,  cable  lengths  of  1,000  and  6,000  feet 
were  used.  The  configurations  which  were  investigated  in  the  exploratory- 
analysis  are  discussed  in  Section  2.0  of  this  report. 

1.2.2  Disturbances  and  Forcing  Functions 

The  disturbances  that  act  on  the  space  station  are  classified  as  exter¬ 
nal  and  internal  disturbances.  In  the  category  of  external  disturbances,  the 
gravity  gradient  is  the  main  consideration  in  the  complete  analysis  of  a 
cable-connected  space  station,  because  it  is  essential  to  establish  that  the 
satellite's  motion  about  its  mass  center  is  stable  even  though  a  feasible 
damper  may  be  required.  The  docking  operation  was  simulated  by  an 
increase  in  the  total  mass  and  a  change  in  the  moments  of  inertia  of  the 
space  station  and  by  a  rectangular  moment  pulse  of  short  duration.  The 
dynamic  cross -coupling  created  by  the  internal  mass  transfer  was  handled 
by  treating  the  moments  of  inertia  as  functions  of  the  mass  movements  with 
respect  to  time.  The  various  inputs  were  summarized  in  the  form  of  rec¬ 
tangular,  ramp,  and  sinusoidal  functions  which  in  turn  were  expressed  by 
the  general  Fourier's  series. 

1.2.3  Exploratory  Analysis  -  Stability 

It  is  important  that  the  dynamic  properties  associated  with  any  given 
configuration  of  a  space  station  be  considered  in  the  design.  The  distribu¬ 
tion  of  masses  relative  to  the  spin  axis  markedly  affects  the  stabilization 
and  control  problem.  It  has  been  observed  that  a  nonrigid  satellite  which  is 
spin-stabilized  about  its  axis  of  minimum  moment  of  inertia  will  tumble. 

The  cause  is  attributed  to  the  dissipation  of  mechanical  energy  in  the 
structure  due  to  internal  friction.  The  minimum  energy  condition  which  cor¬ 
responds  to  the  condition  of  the  vehicle  spinning  about  its  axis  of  maximum 
moment  of  inertia  represents  the  only  stable  state  for  a  rotating,  non-rigid 
vehicle.  However,  when  the  difference  between  the  maximum  and  inter¬ 
mediate  moments  of  inertia  is  small  when  compared  to  the  minimum  moment 
of  inertia,  the  rotation  is  less  stable.  The  stability  criteria  of  the  various 
configurations  are  fully  discussed  in  Section  4.0  of  this  report. 

1.2.4  Exploratory  Analysis  -  Particular  Disturbances 

From  the  viewpoint  of  the  designer,  the  choice  of  a  space  station  config¬ 
uration  may  be  based  on  the  rotational  stability  of  the  spacecraft  and  its 
response  to  various  disturbing  forces.  In  Section  5.  0,  the  rigid  body  angular 
response  motions  of  thr  representative  configurations  are  investigated.  The 
motions  are  obtained  by  linearizing  the  Euler's  moment  equations.  The 
moments  exerted  on  the  space  stations  are  expressed  in  the  form  of  Fourier 
series.  Different  levels  of  artificial  gravity,  with  attention  tothe  human 
factors  associated  with  a  rotating  vehicle,  were  introduced  in  analyzing  the 
configurations.  Fifty-two  combinations  of  configurations  and  forcing  functions 
have  been  examined  and  tabulated  for  comparison.  (See  Tables  6  through  11.  ) 
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The  human  factor  considerations  associated  with  rotation  are  discussed  in 
Appendix  C.  From  the  results,  a  selection  of  10  combinations  of  configur¬ 
ations  and  forcing  functions  were  made  for  further  detailed  study  in 
Section  9.  0  of  this  report. 

1.  2.  5  System  Vibration  Modes 


In  view  of  the  adaptability  of  a  lumped  parameter  method  to  digital  com¬ 
puter  operations,  the  method  has  been  developed  and  applied  successfully  to 
most  of  the  selected  configurations.  For  an  elastically  stable  system,  one 
may  consider  that  each  normal  coordinate  corresponds  to  an  independent 
mode  of  vibration  of  the  system.  In  general,  any  arbitrary  motion  of  the 
system  may  be  expressed  as  a  superposition  of  the  motions  in  the  normal 
modes.  To  apply  this  theory  to  systems  with  an  infinite  number  of  degrees 
of  freedom,  we  begin  by  seeking  the  normal  modes  of  vibration.  Section  6.  0 
is  devoted  to  the  calculation  of  the  frequencies  of  free  vibration  and  mode 
shapes  of  the  different  configurations. 

1.  2.  6  General  Analysis  of  the  Motion  of  an  Orbiting  Space  Station 

In  a  general  analysis  of  the  motion  of  an  orbiting  space  station  during  a 
six-month  period  or  more,  it  is  desirable  that  the  inertial  frame  of  reference 
consider,  at  least,  the  earth's  orbit  angle  about  the  sun  as  a  degree  of  free¬ 
dom.  Thus,  eight  rigid  body  degrees  of  freedom  and  an  unlimited  number 
of  elastic  degrees  of  freedom  were  introduced  in  the  system.  The  formula¬ 
tions  of  the  kinetic  energy  and  gravitational  potential  were  carried  out  in 
detail.  The  analysis  is  applied  to  an  idealized  cable- counterweight  space 
station.  Motion  analysis  was  restricted  to  the  direction  of  the  cable,  and 
gravitational  forces  up  to  the  second  order  were  included  in  the  study  of 
small  perturbations  from  the  steady  state.  By  linearizing  the  equations 
of  motion,  i.  e.  retaining  only  first  order  terms  in  the  perturbations,  a 
stable  orbit  was  achieved  and  the  small  perturbations  on  that  orbit  due  to  the 
gravity  gradient  were  determined.  In  this  preliminary  analysis  the  change  in 
angular  momentum  due  to  elastic  deformations  was  neglected  and  the  linear¬ 
ized  equations  for  the  elastic  degrees  of  freedom  were  solved  separately. 

This  leads  to  an  unstable  root  of  the  elastic  equations.  It  was  thus  established 
that  the  coupled  non-linear  equations  should  be  solved  simultaneously  in  the 
subsequent  detailed  analyses. 

1.  2.  7  Planar  Motion  of  Orbiting  Space  Stations 

Because  of  the  unique  dynamic  response  problems  of  the  compartment- 
cable-counterweight  configuration,  the  Y-configuration,  and  the  H- configuration 
of  space  stations  when  subjected  to  the  influence  of  the  gravitational  gradient 
and  elastic  effects,  separate  detailed  analyses  of  the  planar  motions  were 
conducted  in  Section  8.  0.  The  important  feature  in  this  analysis  is  the 
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inclusion  of  the  coupling  effect  between  the  rotational  motion  and  the  orbital 
motion.  The  effects  of  flexibility  and  vibrational  motion  are  also  included  in 
the  formulation  of  the  equations  of  motion.  Under  the  assumption  of  a 
spherical  gravitational  potential  and  the  neglect  of  dissipation  forces,  the 
computer  solution  of  the  equations  of  planar  motion  of  the  compartment- 
cable- counterweight  configuration  shows  that  the  circular  orbital  motion  of 
the  cable  system  is  stable,  and  that  the  spinning  configuration  has  neutral 
elastic  stability  in  the  same  sense  that  a  simple  spring-mass  system  has 
neutral  elastic  stability  and  oscillates  with  some  finite  amplitude  in  response 
to  an  externally  applied  periodic  force  when  the  period  is  different  than  the 
natural  period  of  the  system.  The  introduction  of  viscous  damping  terms 
representing  a  small  percentage  of  the  critical  factor  resulted  in  highly 
damped  oscillations  indicating  a  high  sensitivity  to  damping  forces.  The 
results  confirm  those  of  other  researchers  although  the  interpretation  of 
the  results  differs  slightly. 

1-2-8  Spin  Dynamics  of  Rotating  Space  Stations 

Normal  operations  of  a  rotating  space  station  present  several  types  of 
disturbances  which  affect  its  orientation.  In  Section  9.  0,  the  rigid  body 
angular  motion  of  ten  combinations  of  configurations  and  forcing  functions 
were  investigated  in  detail.  To  facilitate  the  study  of  the  response  of  the 
space  station  to  a  time  variant  mass  distribution,  to  an  angular  acceleration, 
and  to  proportional  control  forces,  the  Euler's  moment  equation  with 
variable  moments  and  products  of  inertia  was  solved  by  a  fourth-order 
Runge-Kutta  numerical  integration  procedure. 

1.  3  CONCLUSIONS  AND  RECOMMENDATIONS 

It  is  extremely  important  that  in  any  analysis  of  an  orbiting  elastic 
vehicle  that  (1)  orders  of  magnitude  of  forces  be  balanced  separately  (only 
when  the  relationships  of  forces  of  equal  order  of  magnitude  are  established 
can  their  effects  on  the  motion  of  the  vehicle  be  determined  accurately); 

(2)  initial  conditions  be  consistent  with  the  initial  assumptions  (i.  e.  ,  if' 
small  amplitudes  of  elastic  deformation  are  assumed  in  the  derivation  at 
least  the  initial  response  amplitudes  should  be  small);  (3)  care  be  taken 
to  differentiate  between  types  of  instability  (i.  e.  ,  unstable  rotational 
motion  may  describe  tumbling  of  the  vehicle,  an  unstable  orbit  has  a 
specific  meaning,  and  unstable  elastic  deformations  may  exist  under  con¬ 
ditions  of  stable  spin  and  a  stable  orbit). 

The  results  of  this  study  indicate:  (1)  that  elastic  deformations  caused 
by  gravity  gradients  will  not  cause  an  otherwise  stable  orbit  to  become 
unstable,  (2)  a  space  station  with  the  intermediate  moment  of  inertia  very 
close  to  the  largest  moment  of  inertia  will,  if  disturbed,  eventually  spin 
with  large  amplitudes  of  wobble  -  elastic  deformations  will  result  in  damped 
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wobble  motion  until  the  spin  axis  is  coincident  with  the  axis  of  maximum 
moment  of  inertia,  (3)  the  presence  of  a  very  small  amount  of  viscoelastic 
or  purely  viscous  damping  (expected  to  be  inherent  in  most  manned  space 
systems),  should  be  adequate  to  achieve  a  satisfactory  margin  of  stability 
of  elastic  deformations. 

It  is  recommended  that  the  study  of  cable- connected  space  stations  be 
continued.  Specifically,  it  is  recommended  that  the  configurations  be  limited 
to  no  less  than  two  counterweights  so  that  a  wide  separation  of  the  maximum 
and  the  intermediate  moments  of  inertia,  and  thus  good  spin  stability,  exists 
in  the  deployed  configuration.  It  is  believed  that  the  cable-connected  system 
is  an  attractive  one  because  it  provides  a  large  amount  of  livable  volume  per 
unit  of  weight.  It  is  also  recommended  that  a  quantitative  study,  including 
experiments,  be  conducted  to  establish  whether  artificial  damping  devices 
will  be  required  to  achieve  a  satisfactory  margin  of  stability  of  elastic 
deformations. 

Consideration  of  the  approximations  used  in  this  study  reveals  that  if 
serious  consideration  is  to  be  given  to  the  application  of  tension  members  to 
connect  living  modules  of  a  future  space  station,  an  extensive  research  pro¬ 
gram  must  be  conducted  with  emphasis  in  three-dimensional  cable  dynamics, 
the  cable  material  and  its  internal  dissipating  mechanism,  the  non-linear 
phase  of  slacking  cable,  deployment  and  control  problems,  and  other  areas. 

The  equations  of  planar  motion  of  the  Y-  and  H- configurations  described 
in  Sections  8.  3  and  8.  4  may  be  investigated  in  a  manner  similar  to  that  of  the 
cable-connected  compartment-counterweight  configuration.  A  continuation  of 
the  study  is  recommended  in  order  to  extend  the  solution  of  the  equations  of 
motion  of  these  configurations. 

A  preliminary  investigation  of  the  mechanics  of  deployment  of  a  cable- 
connected  space  station  has  been  conducted.  A  clear  relationship  is  shown, 
between  the  deployed  length  of  the  cable  and  the  rotational  velocity  of  the 
system.  An  extension  of  the  analysis  to  include  the  effect  of  dissipation  of 
energy  during  the  deployment  and  the  effect  of  a  control  couple  to  avoid  the 
reverse  wind-up  is  suggested  for  future  study.  It  is  also  suggested  that 
other  deployment  procedures  and  mechanisms  be  studied. 
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2.0  CONFIGURATION  ANALYSIS 


During  the  initial  exploratory  analysis,  a  number  of  representative 
configurations  of  manned  space  stations  were  investigated  to  determine  their 
inherent  stability  and  rigid  body  response  to  various  disturbances.  The 
configurations  which  were  studied  are  shown  in  Figure  1  and  Tables  1  and  2. 
These  configurations  are  described  below. 

2.  1  SINGLE-CABLE-CONNECTED  COMPARTMENTS  OR 
COUNTERWEIGHTS 

These  configurations,  in  which  the  crew  compartment  is  connected  by 
a  long  flexible  cable  to  a  counterweight  or  a  secondary  system,  represent 
the  simplest  model  of  a  space  station.  The  system  is  spun  up  to  a  desired 
angular  velocity  about  a  centroidal  axis  to  simulate  varying  degrees  of 
artificial  gravity. 

Configurations  1  and  2  are  composed  of  a  cylindrical  compartment 
10  feet  in  diameter  by  100  feet  in  length  and  are  connected  to  a  5-foot- 
diameter  spherical  counterweight.  The  cylindrical  compartment  is  assumed 
to  weigh  260  pounds  per  linear  foot,  including  the  shell  structure  and 
equipment,  and  the  counterweight  is  assumed  to  have  a  total  weight  of 

3,  250  pounds.  The  spin  axis  is  designated  as  the  x  axis.  Configuration  1 
is  rotating  about  the  centroidal  axis  of  maximum  moment  of  inertia,  i.  e.  , 
the  axis  normal  to  the  cable  and  the  longitudinal  axis  of  the  compartment. 
Configuration  2  is  rotating  about  a  centroidal  axis  parallel  to  the  longitudinal 
axis  of  the  compartment.  This  is  an  axis  of  intermediate  moment  of  inertia. 
From  the  stability  analysis  as  described  in  Section  4.0,  Configuration  2  is 
unstable.  The  compartment  and  counterweight  of  Configurations  1-A  and 

2- A  are  separated  by  a  flexible  cable  1,  000  feet  in  length,  while  those  of 
Configurations  1-B  and  2-B  are  6,  000  feet  apart.  The  increased  cable  length 
provides  better  environment  for  the  crew  by  a  more  realistic  simulation  of 
earth  gravity,  but  the  ratio  of  maximum-to-intermediate  moments  of  inertia 
is  reduced  and,  consequently,  so  is  the  stability  of  the  station.  The  cable 
is  assumed  to  be  5/8-inch  diameter  steel  strand,  with  an  extensional 
rigidity  (EA)  of  4.37  x  10&  pounds. 

The  CC  configuration  is  another  single-cable-connected  space  station 
that  is  composed  of  a  40,  000  pound  compartment  and  a  5,  000  pound  counter¬ 
weight  linked  together  by  a  1, 000-foot  cable.  The  compartment  is  assumed 
to  consist  of  a  cylinder  60  feet  long  and  15  feet  in  diameter.  The  cable  is 
1-inch  diameter  steel  strand,  with  an  extensional  rigidity  of  10.94 
x  106  pounds. 
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Z.Z  MULTIPLE-CABLE -CONNECTED  COMPARTMENTS  OR 
COUNTERWEIGHTS 


Configurations  4  and  6  represent  space  stations  that  are  composed  of 
two  or  three  compartments  linked  together  by  several  flexible  cables.  Each 
compartment  in  Configurations  4-A,  4-B,  and  6-A  is  a  cylindrical  shell 
100  feet  long  and  10  feet  in  diameter ;  the  compartment  of  6-B  is  a  cylinder 
Z0  feet  in  length  and  Z0  feet  in  diameter.  The  total  weight  of  each  compart¬ 
ment  is  assumed  to  be  Z6,  000  pounds.  A  hub  of  15,  000  pounds,  located  at 
the  centroid  of  the  system,  has  moments  of  inertia  equal  to  those  of 
Configuration  7-A.  The  axis  of  maximum  moment  of  inertia  is  chosen  as 
the  axis  of  rotation.  For  Configurations  6-A  and  6-B,  the  spin  axis  is  normal 
to  the  longitudinal  axes  of  the  compartments.  For  Configurations  4-A  and 
4-B,  the  spin  axis  is  the  centroidal  axis  parallel  to  the  longitudinal  axes  of 
the  three  compartments.  In  the  case  of  Configurations  4-A  and  4-B,  the 
radial  connecting  cables  that  cross  each  other  in  pairs,  increase  the 
rotational  stiffness  of  the  connected  members. 

Z  .  3  COMPRESSION-MEMBER-CONNECTED  COMPARTMENTS 

Configurations  7-A  and  Y-A  have  standard  compartments  10  feet  in 
diameter  and  100  feet  long.  These  compartments  are  connected  to  the 
central  hub  by  radial  spokes.  The  5-foot  diameter  spokes,  which  also  serve 
as  passageways  between  the  compartments  and  the  hub,  provide  the  necessary 
bending  and  torsional  stiffness  of  the  structural  system.  The  flexural 
rigidities  are  0.  638  x  10^  lb-in.  ^  and  0.  645  x  10^  lb-in.  and  the 
torsional  rigidities  are  0.  48  x  10^  lb-in.  ^  and  0.  49  x  10^  lb-in.  ^  for  the 
compartments  and  spokes,  respectively.  The  compartments  behave  like 
rigid  bodies  even  when  the  spokes  are  strengthened  to  have  flexural  stiff¬ 
ness  equal  to  that  of  the  compartments.  A  15,000 -pound  hub  is  located  at  the 
centroid  of  the  system  that  has  a  mass  moment  of  inertia  of  0.  Z6  x  10^ 
in.  -lb-sec^  about  the  symmetric  axis  and  1. 5Z  x  10^  in.  -lb-sec^  about  the 
lateral  axis.  The  station  is  spinning  about  the  axis  of  maximum  moment  of 
inertia,  i.  e.  ,  the  central  axis  normal  to  the  longitudinal  axes  of  the 
compartments.  In  Configuration  7-B,  compartments  Z0  feet  in  diameter  by 
Z0  feet  in  length  are  used  to  reduce  the  margin  of  inertia  difference  between 
the  two  larger  moments  of  inertia. 

Z  .  4  Y -CONFIGURATION 

The  Y -Configuration  is  one  of  the  self- erecting  space  stations  under 
study  by  the  NASA  in  which  the  rigid  compartments  can  be  clustered  into  a 
compact  payload  during  launching  and  self-deployed  after  boosting  into  orbit. 
This  configuration  consists  of  a  central  hub,  similar  to  the  one  of 
Configuration  7-A,  and  three  large  compartments  that  are  extended  radially 
at  1Z0  degrees  apart.  The  compartments  are  shell  structures  15  feet  in 
diameter  and  75  feet  in  length,  with  flexural  and  torsional  rigidities  of 
Z.  Z  x  10^2  lb-in.  ^  and  1.  08  x  10^  lb-in. respectively.  The  total  weight 
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of  each  compartment,  including  equipment,  is  41,000  pounds.  The  central 
hub,  as  in  the  other  configurations,  provides  docking  facilities  for  logistic 
vehicles,  and  makes  a  zero-g  laboratory  possible.  Most  of  the  internal 
volume  of  this  configuration  is  not  concentrated  at  an  optimized  radius.  It 
is  necessary  that  living  and  working  quarters  for  the  crew  be  located  at  the 
outer  ends  of  the  radial  compartments,  where  the  most  satisfactory 
gravitational  environments  exist. 
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Figure  1.  Manned  Space  Station  Configurations 


Table  1.  Physical  Dimensions  of  the  Manned  Space  Station  Configurations 


o 

1000 

6000 

o  o 
o  o 
o  o 

r-H  vO 

100 

500 

100 

100 

o  o 
o  o 

r-H  i-H 
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Table  2.  Physical  Properties  of  the  Manned  Space  Station  Configurations 
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3.0  DISTURBANCES  AND  FORCING  FUNCTIONS 


3.1  EXTERNAL  DISTURBANCES 

The  disturbances  that  will  act  on  the  space  station  may  be  classified  as 
external  or  internal  disturbances.  The  external  disturbances  are  those  that 
change  the  resultant  angular  momentum  of  the  system.  Generally,  the 
external  disturbances  must  be  countered  through  the  application  of  an  exter¬ 
nal  torque  by  the  control  system.  Typical  external  disturbances  are  gravity 
gradient,  docking  and  launching,  meteorite  impacts,  and  solar  pressure. 

3.1.1  Gravity  Gradient 

The  gravity  gradient  disturbance  is  a  force  of  extremely  small  magni¬ 
tude  and  a  torque  the  magnitude  and  direction  of  which  are  functions  of  the 
distribution  of  mass  of  the  space  station  and  the  orientation  of  the  vehicle 
with  respect  to  the  radius  vector  from  the  center  of  the  earth  to  the  center  of 
mass  of  the  space  station.  The  torque  exists  unless  the  vehicle  mass  dis¬ 
tribution  is  symmetrical  about  an  axis  along  the  aforementioned  radius 
vector.  In  case  the  spin  axis  of  the  space  station  is  directed  toward  the  sun 
at  all  times  and  the  orbit  plane  of  the  space  station  is  not  precisely  coinci¬ 
dent  with  the  earth-orbit  plane,  a  gravity  gradient  torque  will  always  exist. 
Generally,  over  any  single  orbit,  the  gravity  gradient  will  produce  both  a 
sinusoidal  and  a  unidirectional  torque  component.  Because  of  the  very  large 
angular  momentum  about  the  spin  axis  in  comparison  with  gravity  gradient 
torques,  the  space  station  will  behave  as  a  gyroscope  and  its  spin  axis  will 
slowly  precess  in  response  to  the  applied  torque.  The  response  of  the  rigid 
station  to  the  sinusoidal  component  is  insignificant.  The  unidirectional 
torque  is  the  component  which  must  be  compensated  to  maintain  the  station 
orientation. 

The  disturbance  torques  on  the  space  station  due  to  the  earth's  gravi¬ 
tational  field  are  srnall  in  magnitude,  but  their  integrated  effects  over  long 
periods  of  time  are  found  to  be  significant. 

3.1.Z  Docking  and  Launching 


Docking  and  launching  operations  present  two  types  of  disturbances  to 
the  rotating  station:  (1)  an  impulsive  torque,  and  (Z)  a  change  in  mass  and 
moments  of  inertia.  For  a  resupply  vehicle  of  mass  (m)  approaching  the 
station  with  a  relative  velocity  (V),  with  an  attitude  error  resulting  in  a 
misalignment  (d),  the  impulsive  torque  is 

T  (6t)  =  m  Vd 
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For  a  representative  resupply  vehicle  of  500  slugs,  approaching  at  a  relative 
docking  velocity  of  2  fps,  with  a  misalignment  of  1  foot,  the  impulsive  torque 
is  1000  ft-lb-sec.  An  impact  on  the  y-axis  of  the  station  results  in  a  body 
angular  velocity  of 

y 

when 

IXy  =  IyZ  =  0  and  produces  wobble  motion. 

The  instantaneous  change  in  mass  and  moments  of  inertia  due  to 
docking  and  launching  operations  can  cause  large  disturbances  to  the  rotating 
station.  The  added  or  subtracted  mass  of  a  large  resupply  vehicle  or  a  weapon 
system  will  reduce  or  increase  the  station  spin  rate,  shift  the  position  of  the 
mass  center,  and  may  introduce  mass -unbalance  in  the  system.  This  pro¬ 
blem  can  be  studied  as  an  extension  of  the  internal  mass  motion  problem, 
since  the  same  parameters  are  involved. 

3.1.3  Meteorite  Impact 

A  space  station  is  subject  to  collisions  with  meteorites.  The  problem 
of  a  particular  meteorite  puncturing  the  skin  of  the  vehicle  and  causing  a 
system  failure  is  of  paramount  importance.  However,  those  punctures  that 
do  not  cause  failure,  and  those  that  fail  to  penetrate,  apply  torque  impulses 
to  the  system.  Information  regarding  meteorite  frequency,  energy,  and 
degree  of  momentum -transfer  in  an  impact,  as  well  as  the  distributions  of 
presented  areas  and  impact  location  is  necessary  to  determine  the  frequency 
and  magnitude  of  the  torque  impulses  of  meteorites.  A  meteorite  with  a 
mass  of  0.04  grams  and  a  relative  velocity  of  130,000  fps  would  give  a  torque 
impulse  of  approximately  48  ft-lb-sec.  For  the  space  station  configurations 
under  consideration,  a  wobble  angle  of  approximately  4  x  10  “4  degree  would 
result.  The  transient  oscillations  of  the  orientation  angles  imparted  to  a 
large  space  station  by  individual  impacts  appear  to  be  very  small.  Even 
over  a  period  of  one  year,  the  net  impulse  from  meteorite  impacts  will 
probably  be  so  small  that  the  attitude  control  system  will  not  be  significantly 
disturbed. 

3 . 1 .4  Solar  Pressure 

The  impact  of  photons  striking  the  space  station  produce  a  pressure  or 
force  commonly  known  as  solar  wind  or  solar  pressure.  The  solar  pressure 
is  approximately  9  x  10"8  lb/ft2  for  zero  reflectivity  of  the  vehicle  surfaces1 
The  torque  on  the  station  is  the  product  of  the  solar  pressure,  the  vehicle 
area  projected  toward  the  sun,  and  the  distance  between  the  center  of  mass 
and  the  center  of  solar  pressure.  This  torque  is  very  small,  even  for  sta¬ 
tions  that  are  geometrically  unsymmetrical.  For  a  sun-oriented  space 
station,  with  geometric  symmetry  about  the  spin  axis,  the  torque  due  to 
solar  pressure  is  zero. 


Reference  28 
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3.  2  INTERNAL  DISTURBANCES 


Internal  disturbances  are  those  that  do  not  change  the  total  system 
angular  momentum  but  are  capable  of  producing  wobble.  Typical  internal 
disturbances  arise  from  mass  unbalance,  rotating  machinery,  circu¬ 
lating  fluids  and  fluid  ejection.  These  disturbances  can  generally  be  coun¬ 
tered  by  a  mass  conservative  wobble  damper,  such  as  the  momentum  wheel 
precession  type. 

3.  2.  1  Mass  Unbalance  and  Mass  Transfer 

It  is  well  known  that  a  vehicle  rotating  in  space  spins  about  its  instan¬ 
taneous  mass  center  and  spins  with  the  highest  degree  of  stability  about  its 
largest  instantaneous  principal  axis  of  inertia.  However,  due  to  mass 
unbalance,  the  mass  center  may  be  displaced  from  the  geometric  center  and 
the  largest  principal  axis  of  inertia  may  not  be  in  perfect  alignment  with  the 
spin  axis  of  the  station.  The  effect  of  rotation  about  this  principal  axis  of 
inertia  of  the  combined  systems  is  a  rotation  of  the  artificial  acceleration  of 
gravity  vector  that  appears  to  the  crew  as  a  tilting  motion  of  the  space  sta¬ 
tion  floor.  The  displacement  of  the  mass  center  results  in  accelerations  at 
the  geometric  center  that  can  seriously  affect  zero-g  experiments  and 
docking  operations  on  stations  with  a  central  hub. 

Mass  transfer,  such  as  crew  motion,  results  in  transient  changes  in 
the  moments  and  products  of  inertia,  and  can  be  a  significant  source  of 
vehicle  wobble.  It  is  necessary  to  consider  the  load  imposed  by  such  dis¬ 
turbances  on  the  damper  system  as  a  function  of  the  magnitude  of  the  inertia 
changes  and  the  frequency  of  occurrence.  After  the  wobble  has  been 
damped,  the  vehicle  is  spinning  about  its  new  principal  axis  with  the 
geometric  axis  describing  a  cone  about  the  system  momentum  vector.  The 
attitude  errors  corresponding  to  the  products  of  inertia  for  crew  motions 
are  further  discussed  in  Section  9.  0  of  this  report. 

3.  2.  2  Rotating  Machinery  and  Circulating  Fluids 

Circulating  fluids  and  rotating  machinery  can  exert  disturbing  torques 
on  any  rotating  vehicle.  Specifically,  rotating  machinery  in  the  space 
station  will  consist  of  such  devices  as  pumps  and  fans  for  the  environmental 
control  system.  Circulating  fluids  used  as  heat  transfer  agents  also  will  be 
present  in  this  system.  The  circulation  of  air  in  each  of  the  modules  in  the 
system  also  represents  a  possible  source  of  disturbance  torques. 
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If  the  inertial  direction  of  an  angular  momentum  vector  is  to  be 
changed,  it  is  accomplished  with  an  external  torque.  Thus,  the  angular 
momentum  vectors  of  rotating  machinery  or  circulating  fluids  can  impose  a 
disturbance  on  the  vehicle  if  these  vectors  are  forced  to  change  direction  in 
space  as  the  vehicle  rotates.  However,  if  these  momentum  vectors  are 
parallel  to  the  vehicle  spin  axis,  their  inertial  direction  is  not  affected  by 
normal  vehicle  rotation.  In  other  words,  it  appears  desirable  to  mount  the 
pumps  and  fans  in  such  a  way  that  the  spin  axis  of  their  rotors  is  parallel  to 
the  vehicle  spin  axis.  A  similar  specification  for  circulating  fluids  would 
require  that  the  path  of  circulation  lie  in  the  plane  of  rotation  of  the  vehicle. 
A  second  method  of  minimizing  the  disturbance  would  be  to  oppose  the 
momentum  vectors  of  machines  or  fluids  in  one  module  with  those  in  the 
diametrically  opposite  module.  For  example,  in  two  diametrically  opposite 
modules  the  fans  would  be  mounted  in  such  a  way  that  the  spin  axes  of  their 
rotors  would  be  parallel,  and  the  rotation  of  one  rotor  would  be  opposite  in 
sense  to  the  rotation  of  the  other. 

3.  2.  3  Fluid  Ejection 


Fluid  ejection  from  the  station  by  a  faulty  open  reaction  jet,  puncture 
or  failure  of  a  pressurized  compartment,  and  seal  leakage,  constitute  a 
decrease  in  the  total  mass  of  the  station  and  may  transmit  a  net  torque  to 
the  space  station.  The  ejection  of  low-pressure  fluid,  such  as  compartment 
atmosphere,  is  not  expected  to  represent  a  major  attitude  disturbance  to  the 
vehicle. 

3.  3  FORCING  FUNCTIONS 

Preliminary  and  detailed  studies  were  conducted  to  determine  the 
effects  of  major  disturbances  on  the  rigid  body  angular  response  of  the  space 
station  configurations.  These  disturbances  were  idealized  by  mathematical 
representation  to  facilitate  the  analysis  of  the  problem. 

The  response  of  the  space  station  configuration  was  examined  under 
the  action  of  various  external  moments.  The  moments  applied  were 
expressed  in  the  form  of  rectangular,  ramp,  and  sinusoidal  functions.  The 
results  of  these  investigations  are  presented  in  Section  5.3  of  this  report. 

Transient  internal  mass  transfer  of  a  rotating  space  station  may  lead 
to  dynamic  cross -coupling  moments  created  by  the  variation  in  system  mass 
distribution.  The  moments  and  products  of  inertia  of  the  system  about  its 
body  axes  were  formulated  as  time  functions  of  the  mass  movements.  The 
disturbance  effect  on  the  vehicle  due  to  the  time-varying  coefficients  in  the 
equations  of  motion  was  investigated  by  means  of  a  computer  analysis. 
Results  of  this  analysis  are  included  in  Section  9.2  of  this  report. 
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Docking  of  a  vehicle  on  the  despun  hub  of  a  space  station  was  simulated 
by  a  transient  increase  in  the  total  mass  and  change  in  moments  and  products 
of  inertia.  The  impulsive  torque  produced  by  misaligned  docking  was  repre¬ 
sented  by  a  rectangular  moment  pulse  of  short  duration.  Because  common 
parameters  exist  in  both  docking  and  moving  mass  problems,  parallel 
approaches  were  used  in  analyzing  these  problems. 

Control  forces  were  studied  with  regard  to  reaction  jet  wobble  damp¬ 
ing,  spin-up,  and  spin  control.  The  proportional  control  equations  that 
were  used  for  spin  control  and  wobble  damping  are 


MX  =  -kl  (p  ■  pc> 
My  =  -k2q, 


where 

Pc  =  the  spin  rate  required  to  develop  the  desired  artifi¬ 
cial  gravity  level 

kj,  k^  and  k^  =  control  gain  constants  that  are  partially  dependent 
upon  the  mass  distribution  of  the  space  station. 

In  the  preceding  control  equations,  Mx  serves  to  control  small  variations  in 
the  spin  velocity  and  My  and  Mz  damp  wobble  motions. 

Spin-up  generally  involves  a  large  change  in  the  spin  velocity  and 
requires  the  application  of  a  large  external  moment  about  the  spin  axis. 
Since  reaction  jets  are  most  efficient  under  full  thrust  operations,  a  rec¬ 
tangular  moment  pulse  was  applied  until  the  desired  spin  rate  was  achieved. 
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4.0  ROTATIONAL  STABILITY  OF  A  SPINNING  SPACE  STATION 
ABOUT  ITS  PRINCIPAL  AXES  IN  A  GRAVITY-FREE  FIELD 


The  rotational  stability  of  a  spinning  space  station  is  defined  below. 

If  the  spin  axis  deviates  slightly  from  the  resultant  angular  momentum 
vector,  and  if  there  is  no  tendency  for  this  deviation  to  grow,  then  the  rota¬ 
tion  is  considered  stable.  On  the  other  hand,  if  it  is  possible  for  a  small 
deviation  of  the  spin  axis  to  develop  into  a  large  deviation  and,  eventually, 
result  in  a  complete  change  in  attitude  of  the  body,  then  the  rotation  is 
considered  unstable.  Within  this  definition,  the  stability  criteria  of  a 
moment-free  unsymmetric  station,  either  a  perfectly  rigid  body  or  an 
elastic  body,  will  be  established  in  the  following  paragraphs. 

4.  1  ROTATIONAL  STABILITY  OF  A  SPINNING  RIGID  SPACE  STATION 

When  the  body  axes  are  the  principal  axes,  the  Euler’s  equations  of  a 
torque-free  body  are 

lj  -  (Iy  '  V  q  r  =  °' 

I  q  -  (I  -  I  )  r  p  =  0, 

y  z  x 

v  ■  (ix "  v p  q  =  °-  o> 

W  e  find  that 

p  =  constant,  if  q  =  r  =  0, 

q  =  constant,  if  r  =  p  =  0, 

r  =  constant,  if  p  =  q  =  0.  (2) 

This  indicates  that  permanent  rotations  are  possible  about  each  of  the 
principal  axes.  It  will  now  be  shown  that  these  permanent  rotations  are 
stable  only  when  they  are  about  the  axes  of  maximum  and  minimum  I. 

If  a  constant  rotation  pQ  is  assumed  about  the  x  axis,  and  a  small 
perturbation  is  allowed  to  determine  its  stability,  we  have  an  initial  condition 
of  p  =  pQ;  q  =  r  =  0,  and  a  perturbed  condition  of  p  =  pG  +  e,  with 

small  q  and  r. 
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The  linearized  equations  are 


IxP  =  0 


iq  -  (i  -  I)  r  =  o 

y  x  o 


I  r  -  (I  -  I  )  p  q  =  0 

z  x  y  o  ^ 


(3) 


Differentiating  the  last  two  equations  and  substituting  for  q  and  r  from 
equation  (3) 


(Ix  -  Zz)  -  I)  2 
q  +  -  Po  q  =  ° 

y  z 


(i  -  i  )  (i  -  i  )  _ 

X  y  X  z  2 

r  +  n - p0  r  =  0 

y  z 


H) 


which  is  stable,  provided 


(I 


x 


i  )  d 
y  x 


i  )  >  o 

Z 


(5) 


The  above  condition  is  satisfied  only  when  Ix  >  Iy,  and  Ix  >  Iz;  i.  e.  , 
:x  is  a  major  principal  axis,  or  Iy  >  Ix,  and  Iz  >  Ix;  i.  e.  ,  Ix  is  a  minor 
principal  axis  .  When  Ix  is  an  intermediate  moment  of  inertia,  (Ix  -  I  ) 
dx  "  Iz)  <  0  and  small  values  of  q  and  r  will  increase  with  the  time.  ^Thus, 
the  permanent  rotation  is  unstable  about  the  axis  of  intermediate  moment  of 
inertia. 


4.2  ROTATIONAL  STABILITY  OF  A  SPINNING  ELASTIC  SPACE  STATION 

The  rotation  of  a  rigid  space  station  about  its  own  minimum  moment 
of  inertia  has  been  shown  to  represent  a  stable  motion.  In  an  elastic  body, 
deformations  between  particles  will  always  take  place,  resulting  in  some 
dissipation  of  energy  by  internal  friction  of  the  body.  It  can  be  shown  that 
the  rotation  of  an  elastic  space  station  about  its  minimum  moment  of  inertia 
will  not  be  stable.  Due  to  the  elastic  deformation  of  the  body  and  the  dissipa 
tion  of  mechanical  energy,  the  station  begins  to  nutate  with  increasing  angle. 
Finally,  the  station  rotates  about  its  axes  of  maximum  moment  of  inertia. 

The  stability  of  an  elastic  body  at  different  energy  levels  has  been 
discussed  in  various  classic  mechanics  texts.  The  essential  feature  of 
the  transitional  motion  is  described  below. 
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When  the  body  axes  are  the  principal  axes,  the  first  integral  of 
Euler's  equations  for  a  torque-free  body  can  be  combined  to  give 

I  p2  +  I  q2  +  I  r2  =  T  (6) 

x  y  z 

and  a  second  integral,  by  multiplying  Euler's  equations  by  Ixp,  ly-q.  lzr. 
yields 


2  2 
P 


2  2 

+  I  q 

y 


2 

r 


(7) 


where  T  and  G  are  two  arbitrary  constants,  T  equals  twice  the  kinetic 
energy,  and  is  the  square  of  total  angular  momentum. 

Suppose  that  Ix  >  ly  >  Iz>  anc*  that  the  station  initially  spins  about  its 
z  axis  with 


Thus, 


r=f2,  p  =  q  =  0 


2 

.  \2  , 


z 


T 

o 


(8) 

(9) 


During  the  transition  period,  the  total  angular  momentum  (G)  will  remain 
constant  because  of  the  absence  of  external  moment,  while  the  total  kinetic 
energy  (T)  will  decrease  continuously,  due  to  the  dissipation  of  internal 
mechanical  energy.  Finally,  the  body  will  have  a  spin  rate 


and 


(10) 


T 

e 


T  2  z  2 

Ip  =  —  , 

x  e  1 

x 


(11) 


Since  the  quantity  G2/T  varies  from  Iz  to  Ix,  the  motion  during  the 
transitional  period  may  be  divided  into  three  phases  as  listed  in  Table  3. 
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Table  3.  Angular  Motion  at  Different  Energy  Level 
T  ransitional 
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The  transitional  motion  can  be  described  analytically  by  Kirchhoff's 
solution^  in  three  phases  according  to  whether  Iz  <  G2/T  <  Iy,  G2/T  =  Iy,  or 
Iy  <  G2/T  <  I*. 

4.  2.  1  The  First  Phase  (Iz  <  G2/T  <  Iy  or  G2/Iz  >  T  >  G2/Iy) 

If  we  define 


Mt) 


,2  .2 
-  k  sin  0 


=  [  /  d/  ~  (12) 

j  VI  -  k  sin  0 

o 

then,  k  is  a  modulus  of  Ff  and  k  <  1  is  a  necessary  requirement  if  F  is  to  be 
real  for  all  values  of  0;  0  is  the  amplitude  of  the  elliptic  integral  F,  written 
as  amF,  thus  the  functions  sin  0,  cos  0,  and  A0  may  be  written  as  sin  amF, 
cos  amF,  and  A  amF.  These  functions  may  also  be  written  as  snF,  cnF, 
and  dnF. 

By  differentiation 


d  cos  0 
d  F 


-  sin  0 


d  0 
d  F 


-  sin  0  A  (0) 


d  sin  0 

d  F 


cos  0 


d  0 
d  F 


cos  0  A  (0) 


d  A  (0) 
d  F 


-  k  sin  0  cos  0  \1  -  k  sin  0 


(i- 


,-1/2 


d  0 
d  F 


=  -k  sin0cos0  (13) 


The  above  equations  can  be  made  identical  with  Euler's  equations. 
Since  in  this  phase  the  polhode  includes  the  axis  Ix,  if  we  define 


\  (t  -  t  ) 


d  0 


Z 

sin 


p  =  c  cos  0 
q  =  b  sin  0 
r  =  a  A  (0) 


c  cn  X.  (t  -  t  ) 
b  sn\  ( t  -  t  ) 
a  dn  \  (t  -  t  ) 


(14) 


(1)  Reference  29,  Ch.  IV. 
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Euler's  equations  become 


I  -  I 

y  z 

• 

P 

-  c  sin  0  A  (0)  \ 

c  X 

i 

X 

qr 

b  a  sin  0  A  (0) 

a  b 

I  -  I 

X  z 

-A.  _ 

-  b  cos  0  A  (0)  \ 

b  \ 

I 

y 

rp 

a  c  A  (0)  cos  0 

c  a 

i  -  i 

X  y 

r 

z 

a  k  sin  0  cos  0  X 

2  a_h 

I 

z 

pq" 

c  b  cos  0  sin  0 

—  —  K.  i 

b  c 

when 

t  =  T 

F  =  0 


<p  =0 

A<f>  =  l 

p  =  c 

q  =0 

r  =  a 

From  the  two  first  integrals  of  Euler's  equations 


where 


and 


I  cZ  +  0  +  I  a2  =  T 
x  z 


t2  2  n  rZ  2  n 
I  c  +0  +  1  a  =  G 
x 


2 

a 


I  T 
x 

=  I  (I 


Z  X 


2 

c 


G  -  I  T 
_ z 

I  (I  -  I  ) 
XX  z 


(15) 


(16) 
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From  Euler’s  equations 


and  I  - 


I  - 

X 

I 

z 

I 

X 

= 

bi 

-  I  T 
z 

O 

i 

I 

y 

i  - 

X 

I 

z 

I  -  I 

y  z 

i  -  i 
y  z 

2  ’ 
c 

2 

X. 

b  -  I  1 
y 

,  (i 

x  2  y 

[I  -  I  ) 
y  z 

-  I  )  (I  T 

Z  X 

I 

• 

i 

2  ’ 

I  I  I 

y 

X 

a 

x  y  z 

i  - 

I 

I 

,  2  2 

,  (I 

-  I  )  (G2  - 

I  T) 

X 

y 

y 

k  a 

k2  x 

y 

z 

I 

z 

— » 

i  -  I 

X  z 

b"  ■ 

(i 

-  I  )  (I  T 

-  G2) 

y 

Z  X 

■y 

(i 

- 1 )  (I 

T 

-C2> 

k2  = 

X 

z  y 

is  positive  since  Ix 

>  I 

V 

(i 

-  I  )  (I 

T 

-  G2) 

y 

y 

Z  X 

(17) 


2  ,  2 


2  Z  Z 

c  ,  and  k  are  all  positive,  and  k  <  1.  Thus,  the  assumed  solution  for  the 
energy  range,  G^/Iz  >T  >G^/I  ,  is  correct,  and  indicates  that  the  body 
oscillates  about  the  x  and  y  axes  with  pmax  =  c,  and  qmax  =  k.  The 
motion  about  the  z  axis  is  the  rotation  of  the  angular  velocity  and  always 
rotates  in  the  same  direction.  The  periods  of  the  oscillation  are  given  by  the 
complete  elliptic  integral,  ana  are  equal  to  4K(k)/\  .  For  the  fluctuating  r, 
the  period  is  ZK(k)/\  .  After  more  energy  is  dissipated,  the  motion  reaches 
the  second  phase. 


4.Z.Z  The  Second  Phase 


For  G2 


Iy  T,  we  have  1  -  k2 


0,  k  =  1,  and 


F 


/ 


o 


d  ( p 
cos  0 


1  +  sin  0 
1  -  sin  0 


Thus, 


e  1  +  sin  0 

-F  1  -  sin  0 

e 


(18) 


(19) 
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so  that 


therefore 


when 


t  =  T 

P  =  c 

q  =  0 

r  =  a 


F  -F 

e  —  e 

sin  0  =  — — - —  =  tanh  F, 

e  +  e 


COS  0 

A0 


=  >/l  -  tanh^  F  =  sech  F  = 


J.  Tz  7~z~ 

=  vi  -  k  sin  0  =  cos  0  = 


cosh  F 
1 


cosh  F 


(20) 


c  cn  X  (t  -  t  )  = 


cosh  \  (t  -  t  ) 


^  q  =  b  sn  \  (t  -  t)  =  b  tanh  \  ( t  -  t  ) 


r  =  a  dn  \  (t  -  t  )  = 


cosh  X  (t  -  t  ) 


(21) 


from  Euler’s  equations  and  the  first  two  integrals 

/  I  \ 


I  T  -  G 
x 


I 


x  -  l]  G2 


I  (I  -1)1  (I  -  I  ) 


Z  X  z 


Z  X  z 


-  I  T 
z 


1  - 


I  (I  -  I  ) 
y  y  z' 


I  (I  -  I  ) 

y  y  z 
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2 

c  = 


-  I  T 
z 


4t) 


I  (I  -  I) 

XX  z 


I  (I 

X  X 


I ) 

z 


(Iv  -  V  (v  *) c2 

I  I  I 

x  y  z 


(22) 


B 


ecause  Ix  >  Iy  >  Iz  and  a2,  b2,  c2,  and  X  2  are  all  positive  for 


t  —  co,  p  =  0,  r  =  0,  q  =  b  =  Iz/Iyf2  =  G/Iy,  then  the  body  would  settle 

on  a  rotation  about  the  intermediate  axis,  Iy,  if  twice  the  kinetic  energy  remains 
T  =  G2/Iy.  However,  T  is  still  dissipated  by  the  irregular  motion.  The 
motion  will  then  enter  the  third  phase. 


4.2.3  The  Third  Phase  Iy  <  — jp 


G4*  _  G2  _ 


In  the  third  phase,  the  polhode  encloses  the  axis  of  largest  moment  of 
inertia,  Ix,  and  the  solution  of  Euler's  equation  becomes 

p  =  a  dn\  (t  -  r ) 

<  q  =  b  sn  X  (t  -  t  ) 


r  =  c  cn  X  (t  -  t  ) 
and  a,  b,  c,  X  ,  and  k  are  determined  as  before: 


(23) 


G  -  I  T 
z 


I 

(I  - 1 ) 

X 

X  z 

I 

T  -  G2 

X 

I 

(I  -  I  ) 

y 

x  y 

i 

T  -  G2 

X 

I  (I  -  I  )  ’ 

Z  X  z 
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(24) 


\ 


2 


(I  -  I  )  (G2  -  I  T) 
x  y  z 

I  I  I 
x  y  z 


I  -  I  G  -  I  T 

X  z  y 


1  -  I  _2  T 

x  y  G  -  I  T 


where  a2,  b2,  c2,  and  \Z  are  all  positive  and  k2  <  1 . 


The  solution  explains  that  the  body  oscillates  about  the  y  and  z  axes 

wlth  ^max  =  b’  rmax  =  c>  while  the  body  rotates  about  the  x  axis  with 
angular  velocity  p  fluctuating  in  the  same  direction. 


4.3  ROTATIONAL  STABILITY  OF  AN  ELASTIC  SPACE  STATION  SPINNING 
ABOUT  ITS  AXIS  OF  MAXIMUM  MOMENT  OF  INERTIA  (I  )  WHEN  Ix  IS 
SLIGHTLY  GREATER  THAN  ITS  INTERMEDIATE  MOMENT  OF  INERTIA  (Iy) 

The  previous  discussion  shows  that  the  rotation  of  a  moment-free 
station  about  the  axis  of  maximum  moment  of  inertia  (Ix)  is  rotationally 
stable  for  both  unsymmetric  rigid  and  elastic  bodies.  Now  the  discussion  of 
the  stability  of  rotation  about  the  Ix  axis  is  extended  to  the  case  where 
Ix  -  Iy  is  small  with  respect  to  Iz.  By  Poinsot's  construction,  the  s eparating 
polhode  closes  up  about  the  Ix  axis  and  thus,  since  a  small  displacement 
may  lead  to  a  considerable  departure  from  the  original  pole,  the  rotation  is 
less  stable.  This  motion  can  be  described  more  clearly  by  establishing 
relations  between  the  nutation  angle  and  the  energy  dissipation  in  the  fixed - 
space  system. 


In  a  finite  time  interval,  the  kinetic  energy  and  angular  momentum  in 
a  moment-free  rotating  system  can  be  considered  as  invariants.  Because 
the  total  angular  momentum  vector  (OL')  is  fixed  in  space,  it  will  be  con¬ 
venient  to  refer  the  motion  to  OL'  as  the  inertia  axis.  Describe  a  unit 
sphere  around  the  center  O  of  the  body.  The  invariable  line  OL',  the 
instantaneous  axis  OI,  and  the  principal  axes  are  allowed  to  cut  this  sphere 
in  the  points  L,  I,  A,  B,  and  C.  The  direction  cosines  against  OL  are  a, 

0,  and  y,  p,  and  v  are  angles  of  the  planes  LOA,  LOB,  LOC  against 

some  fixed  plane  LOX  passing  through  OL.  During  the  rotation,  the  Ix 
axis  is  used  as  the  body  reference  line,  a  is  the  nutation  angle,  and  da/dt 
is  the  angular  velocity  of  nutation  (Figure  2).  Because  the  body  is  turning 
around  the  instantaneous  axis  (OI)  with  an  angular  velocity  (u>),  the  point  A 
is  moving  perpendicular  to  the  plane  defined  by  the  arc  IA  with  velocity 
wsinlA.  By  resolving  this  perpendicularly  to  the  plane  LOA, 


w  sin  IA  cos  LAI 


d\ 

~dt  Slna 
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Figure  2.  Angular  Motion  of  Principal  Axes 


By  using  the  cosine  law  of  spherical  trigonometry, 

cos  L«I  -  cos  LA  cos  IA 


cos  LAI  = 


sin  LA  sin  IA 


then 


since 


and 


d\ 

sin  a  — 7- 
dt 


co 


cos  LI  -  cos  a  cos  IA 
sin  or 


co  cos  LI 


:OL  UOL 


OL 


co 


OL 


CO 


OL 


T_ 

G 


co  cos  IA  =  p. 
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so  that 


.  2  d\ 

Sln  alTt 


-  p  cos  a 


(25) 


with 


G  cos  a  =  Ixp,  or 


G 

p  ~y~  cos  a 


then 


or 


d\  T  2  G  Z 
——  =  —  esc  a  -  —  cot  a 
dt  G  I 

x 


d\  T  h  T  "  G  2 

dF  =  g  +  r~G —  cot  a 


(26) 


The  angular  velocity  of  nutation  is  determined  by  substituting  the 
direction  cosines  of  the  angular  momentum  OL 


cos  a 


Ip  I  q  I  r 

x  ^  Y  z 

,  cos  p  =  4  cos  y  =  — 77- 


in  to  the  first  Euler’s  equation 


thus 


I  p  -  (I  -  I  )  q  r  =  0 

x  y  z 


-  G  sin  -  (I  -  I  )  _  -  cos  p  cos  v  =  0 

dt  y  z  I  I 
y  z 


or 


.2  da 
Sln  a  \"dT, 


f  1  1  \  nZ  2  2 

— - 1 —  |  G  COS  P  COS  -y  =  0 

\  y  z  / 


(27) 
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The  unknown  direction  cosines  cos  (3  and  cos  y  can  be  eliminated  by 
use  of  the  relation  cos2  a  +  cos2  f3  +  cos2  Y  =  1  and  by  the  first  integral  of 
Euler's  equations,  Ix  p2  +  Iy  q2  +  Iz  r2  =  T,  which  can  be  written  as 


2  2  R  2 
cos  a  cos  p  cos  v 

— -  +  — T +  —= - - 


X 


From  these  two  relations, 


cos  (3  = 


rGZ  -  I  T  I  -  I 

Z  X  z  2 

- - —  -  - cos  a 


1  -  I 

y  z 


2 

cos  y 


G  -  I  T  I  -  I 

y  x  y  2 

- - -  +  — - - cos  a 

GZ  x 


I  -  I 

J  y  z 


Thus,  the  angular  velocity  of  nutation  da/dt  may  be  determined  from  the 
equation 
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sm 


“(-fr) 


I  I 
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G  -  I  T  I  -  I 

z  x  z  2 
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(28) 
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In  order  to  obtain  a  non-imaginary  rate  of  nutation,  da/dt,  the  expressions 
in  brackets  must  have  opposite  signs.  This  leads  to  the  condition 


(G2  -  I  T)  I  ,  (G2  -  I  T)  I 

z  x  2  y  x 

- - - <  cos  a  < - - - 


G  (I  -I) 

X  z 


G  (I  -  I  ) 
x  y 


(29) 


The  motion  is  described  by  the  nutation  angle  a  of  the  Ix  axis  against 
the  angular  momentum  vector  OL  and  the  angle  X.  between  the  body-fixed 
plane  through  LOA  and  some  space-fixed  plane  LOX.  The  nutation  angle 
varies  from  the  maximum  condition 
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and  the  minimum  condition 
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and,  therefore 


.  -1 
sin 
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min 
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AT 
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(31) 


The  rate  of  nutation  da/dt  and  rate  of  precession  d\  / dt  can  also  be 
expressed  in  terms  of  the  energy  dissipation: 


,  ,  2  2 
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X 


it  follows  that 


IZ  p2  ,  T  =  Ip2,  AT  =  T  -  T  , 
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and 
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dt 
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AT  AT  2 
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Hence, 


,  2  .AT 

1  +  (1  +  cot  ar)-^— 


For  prescribed  moments  of  inertia,  the  value  of  «max  and  amin  and  the 
relations  of  a  to  X.  can  be  computed  at  different  energy-dissipation 
levels.  These  computed  results  will  indirectly  reveal  the  stability  of  the 
configurations  studied. 

4.4  NUMERICAL  RESULTS 
The  equation 


dX 


and  the  lower 


1  ■f  (1  +  cot 


2 


a) 


AT 

Te 


and  upper  bounds  of  a 


(35) 


(36) 


(37) 


were  programmed  for  the  prescribed  moments  of  inertia  of  various  configura¬ 
tions  (Table  4)  at  different  energy-dissipation  levels.  These  computed 
results  were  plotted  in  polar  coordinates,  Figures  3  to  9.  In  general, 
the  plots  are  rose-like  figures  with  an  infinite  number  of  leaves.  The  graphs 
show  the  path  of  a  point  on  the  Ix  axis  as  seen  from  a  space-fixed  observer 
looking  in  the  direction  of  the  angular  momentum  vector. 
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Table  4.  Nutation  of  Elastic  Space  Stations 
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The  range  of  nutation  angles  shows  clearly  that  for  a  higher  energy- 
dissipation  level  the  motion  of  the  space  station  has  a  larger  nutation  range 
about  its  total  angular  momentum  vector.  These  graphs  also  show  that 
for  a  fixed  energy-dissipation  level  the  configuration  with  a  smaller  ratio 
of  WJy  has  a  tower  stability  about  the  Ix  -  axis  than  the  configuration  with  a 
higher  ratio  of  Ix/Iy.  When  the  range  of  nutation  is  excessively  larger  than 
the  allowable  wobbling  angle,  the  configuration  is  considered  to  be  rotationally 
unstable. 

In  order  to  keep  a  real  and  positive  a,  the  magnitude  of  AT /  T  e  is 
restricted  by  the  ratio  of  Ix/Iy  The  smaller  the  ratio  of  Ix/Iy»  the  more 
sensitive  is  the  stability  of  the  configuration  to  the  magnitude  of  energy 
dissipation.  This  can  be  seen  from  the  plots  of  a  versus  \  for  Configurations  1-A 
and  1  - B.  In  Configuration  1-A,  because  the  Ix/Iy  ratio  is  equal  to  1.  006935, 
the  maximum  possible  value  of  AT/Te  is  around  0.  001.  For  AT/Te  =  0.001, 

the  nutation  angle  or  varies  between  amin  =  0.  153  and  amax  =  22  317.  For’ 
a  smaller  AT/Te  =  0.0001,  the  angle  a  varies  between  amin  =  0.  048  and 
“max  =  6.897.  In  Configuration  1  -B,  because  Imx/^y  =  1.0001477,  the 
maximum  possible  value  of  AT/Te  is  only  around  0.  0001,  and  even  at  this 
small  ener gy -dis sipation  level  the  nutation  angle  a  has  a  much  wider 
oscillating  range  of  amin  =  0.  00707  and  amax  =  55.  369- 

The  set  of  equations  can  be  applied  as  well  to  other  configurations  that 
have  a  given  ratio  of  Ix/Iy  For  instance,  in  Configuration  7 -A,  Ix/I  = 

1.  1308  and  Ix/Iz  =  14.  8158,  the  variation  of  a  at  different  levels  of  AT / Te 
can  be  seen  from  the  following: 


AT/T 

e 

^min 

(degrees) 

amax 

(degrees) 

0.  001 

0.  487 

5.  015 

0.  01 

1.  542 

16.  049 

0.  03 

2.  671 

28.  61 

0.  05 

3.  449 

38. 183 

For  Configuration  7-B  the  ratio  of  Ix/Iy  =  1.  0001085.  This  ratio  is 
nearly  equal  to  one,  because  the  longitudinal  and  lateral  dimensions  of  the 
coi'npartments  are  in  1-to-l  ratio.  The  low  stability  of  this  configuration 
can  easily  be  detected  from  the  polar  plot  for  AT/Te  =  0.0001,  in  which 
the  nutation  angle  a  increases  gradually  from  =  0.  0  589  to  a  = 

73.  750  in  one  half-cycle  and  then  retreats  gradually  back  to  a  ■  -  0.  0589 

in  the  next  half-cycle.  rnin 
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If  Ix/Iy  is  nearly  equal  to  Ix/Iz,  then  amjn  is  nearly  equal  to  ofmax- 
This  means  that  the  configuration  is  stable  and  the  motion  is  close  to 
regular  precession.  Configurations  4-A.  and  Y  fall  into  this  category, 
therefore,  the  investigation  of  nutation  for  the  moment-free  condition  is 
not  made. 
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Figure  3. 


ct  Versus  X  for 


Configurations 


1  -  A  and  1  -B. 
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STAilLITY  Of  SPINNING  ELASTIC  BODIES 


770* 


Figure  4. 


a  Versus 


A.  for  Configuration  4-A. 
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Figure  5.  a  Versus  A  for  Configuration  6-A. 
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Figure  6.  a  Versus  A  for  Configuration  7 -A. 
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CONFIGURATION  7-B 

STABILITY  OF  SPINNING  ELASTIC  BODIES 


CONFIGURATION  7-B 

STABILITY  OF  SPINNING  ELASTIC  BODIES 


270* 


Figure  7. 


a  Versus  X  for  Configurations  6-B  and  7-B. 
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STABILITY  OF  SPINNING  ELASTIC  BODIES 
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Figure  9. 


a 


Versus  A  for  Configuration  C-C 
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5.  0  LINEARIZED  MOMENT  EQUATIONS  FOR 
PARTICULAR  DISTURBANCES 


Preliminary  studies  were  conducted  to  determine  the  effects  of  arbi¬ 
trary  transverse  moments  on  the  rigid  body  response  of  the  space  station 
configurations.  For  these  studies,  the  equations  of  motion  were  linearized 
and  an  analytical  solution  was  obtained  for  configurations  of  constant  principal 
moments  of  inertia.  The  external  transverse  moments  were  expressed  in 
general  form  by  Fourier  series.  The  results  of  these  studies  and  the 
stability  evaluation  discussed  in  Section  4.0  of  this  report  were  used  as 
guides  in  the  selection  of  configurations  for  detailed  analysis. 


The  general  equations  of  motion  of  a  rotating  space  station  in  a 
gravitv-free  field  are  presented  in  Section  9.  1  of  this  report.  An  analytical 
solution  can  be  obtained  if  the  x,  y,  z  body  axes  are  taken  as  principal  axes 
of  inertia.  Then  the  components  of  angular  momentum  are 
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where  Ix,  Iy  and  Iz  are  constant  principal  moments  of  inertia  and  the  x,  y, 
z  axes  system  is  fixed  to  the  rotating  space  station.  The  basic  equations  to 
be  used  are  the  equations  for  moments  about  the  principal  body  axes 


dH  _  - 


M. 


Resolving  into  components  along  the  x,  y  and  z  body  axes,  the  -moment 
equations  are 
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The  relations  between  Euler  angular  velocities  and  body  angular 
velocities  are 

<j>  =  p  +  sin  0 

0  =  q  cos  $  -  r  sin  4> 

1 


(40) 


4;  = 


cos  0 


(r  cos  4>  +  q  sin  <j>) 


These  non-linear  equations  are  solved  analytically  under  the  assump¬ 
tions  discussed  in  the  subsections  which  follow. 

5.  1  LINEARIZED  EQUATIONS  OF  ANGULAR  MOTION  AND  THEIR 
SOLUTION, 

Equations  (39)  are  linearized  and  solved  analytically  by  assuming 
a  constant  spin  rate,  i.  e.  p  =  pQ  =  a  constant  and  p  =  0.  Thus,  the 

moment  equations  become 
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Utilizing  the  Laplace  transforms,  equations  (42)  and  (43)  become 


q(S) 
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r(S)  = 


(M  (S)  +  I  r  )  I  S  +  (M  (S)  +  I  q  )  I  b 
z  z  o  y  y  y  o  z 

II  (S2+n2) 

y  z 


where  ft,  the  undamped  natural  frequency  of  angular  motion,  is 

ft  =  J  a  b  =  p 
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Equations  (40)  may  be  linearized  by  assuming  that 

(1)  The  angle  0  is  small,  i.e.,  cos  0  =  1,  sin  0=0, 

(2)  ^  s^n  6  «  P0’  define  \  =  4^/Po  «  1, 

Then, 

4>  =  Pot  +  <t>0 

0  =  q  cos  -  r  sin  ^ 

\\t  =  r  cos  <j>  +  q  sin  cj> 

The  general  solutions  for  0  and  i|j  are  obtained  by  substituting  the 
inverse  transforms  of  equations  (44)  into  equations  (45)  and  integrating 
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4-  L  q(S)  sin  (p  t  +  <\>  )  dt  + 

II  o  o  J  o 

These  solutions  depend  upon  the  existence  of  the  Laplace  transforms  of  the 
disturbing  moments  My  and  Mz. 
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5.  2  FOURIER  REPRESENTATION  OF  THE  DISTURBING  MOMENTS 


A  general  approach  is  possible  when  the  moments  M  and  Mz  are 
expressed  as  Fourier  series.  The  expressions  for  the  moments  My  and 
Mz  are 
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The  Laplace  transforms  of  the  disturbing  moments  My  and  Mz  are 
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Substituting  My(S)  and  MZ(S)  into  q(S)  and  r(S)  and  taking  the  inverse  Laplace 
transforms,  we  have 
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Substituting  q  and  r  into  equations  (40),  and  performing  the  required 
integration,  taking  <j>0  =  0,  gives  the  following  expressions  for  Q  and  </>  : 
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5.  3  GENERAL  DESCRIPTION  OF  COMPUTED  RESULTS 

The  linearized  equations  were  programmed  to  the  IBM  7094  digital 
computer.  Typical  responses  are  shown  in  Figures  10  through  19 
Table  5  gives  the  values  of  the  constant  spin  rate  p0>  the  natural  frequency, 
ft,  and  the  natural  period,  rQ,  for  each  of  the  configurations  when  the 
artifical  gravity  level  in  the  manned  modules  at  a  distance,  Rg,  from  the 
mass  center  is  1/2-g,  1/4-g,  and  1/10-g.  Tables  6  through  11  contain 
ranges  of  the  variables  which  describe  the  rigid  body  responses  of  the 
space  station  configurations  to  various  types  of  disturbances. 

It  should  be  noted  that  all  computations  in  this  section  were  based  on 
the  values  of  moments  of  inertia  for  the  configurations  given  in  Section  2.  0 
except  for  the  following  two  values: 

Configuration  6 -A:  Ix  =  20,055,800  slug-ft^ 

Configuration  7 -A:  Ix  =  20,029,400  slug-ft^ 


53 


DEGREES/SECOND  9/  DEGREES/SECOND  DEGREES  9  DEGREES 


Figure  10.  Rigid  Body  Angular  Motions,  Configuration  6-A; 
1/2-g;  My  =  100,  000  ft-lb 
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DEGREES/ SECOND  q,  DEGREES/ SECOND 


8 


Figure  11.  Rigid  Body  Angular  Motions,  Configuration  b-B; 
1/2-g;  My  =  40,  000  ft-lb 
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DEGREES/ SECOND  DEGREES/SECOND  *  ,  DEGREES  *  DEGREES 


Figure  12.  Rigid  Body  Angular  Motions,  Configuration  7-A; 
1/2-g;  My  =  100,  000  ft-lb 
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DEGREES/SECOND  q,  DEGREES/SECOND 


Figure  14.  Rigid  Body  Angular  Motions,  Configuration  7-A;  1/4-g; 

My  =  100,  000  ft -lb 
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Figure  15.  Rigid  Body  Angular 
Motions,  Configuration  Y; 
1/2-g;  Rectangular  Pulse 
Moment  My  =  200,  000  ft-lb 
for  8  Seconds 
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0  ,  DEGREES 


Figure  16.  Rigid  Body  Angular  Motions,  Configuration 
6-A;  1/2-g;  q  =  0,  r  =  3.  04  Degrees  per  Second  at  t  =  0 
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Figure  17.  Rigid  Body  Angular 
Motions,  Configuration  6-A; 
1/2-g;  Ramp  Moment 
My  =  190,  000  ft-lb  at  4  Seconds 
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Figure  19.  Rigid  Body  Angular  Motion, 
Configuration  7-A;  1/2-g;  My  =  200,  000 

(1  -  cos  -^)  ft  -lb 


The  initial  conditions  for  all  computations  were  such  that  the  x,  y,  z 
body  axes  were  initially  coincident  with  the  X,  Y,  Z  inertial  axes,  i.  e.  / 

^o  ~  ®°  -  ®  at  t  =  0.  Also,  the  initial  transverse  body  velocities  were 

%  =  ro  =  0  at  t  =  0  unless  otherwise  noted. 


Tables  6  and  7  give  the  ranges  of  the  response  variables  for  constant 
external  moment  disturbances  at  1/2-g  and  1  /4 -g  artificial  gravity  levels 
respectively.  My  and  Mz  are  the  values  of  the  constant  moments.  Mx  is 
the  moment  about  x-axis,  as  defined  by  equation  (41),  which  is  required  to 
keep  the  spin  rate  constant.  The  variable  X.  =  ^  0/Po  is  an  indication  of  the 
error  resulting  from  linearizing  equations  (40).  The  accuracy  of  this 
transformation  from  body  axes  to  inertial  axes  is  dependent  upon  X.  «  1. 


Figure  10  shows  the  response  of  Configuration  6-A,  for  1/2-g  arti¬ 
ficial  gravity,  to  100,000  ft-lb  constant  moment  about  the  y-axis.  Under 
any  constant  moment  forcing  function,  the  body  angular  velocities  q  and  r 
both  take  on  values  of  zero  at  t  =  n  t0,  n  =  1,  2,  3,  ...  which  is  represented 
on  the  0  -  ^  curve  as  a  cusp.  The  moment-free  wobble  does  not  exist  when 
the  constant  moment  forcing  function  is  instantaneously  reduced  to  zero  at 
these  points.  The  moment-free  wobble  motion  is  greatest  when  the  constant 
moment  forcing  function  is  instantaneously  reduced  to  zero  at  t  =  n  t  /2 
n=l,  3,  5,  ....  °  ’ 


Figure  11  shows  the  response  of  Configuration  6-B,  for  1  /2-g  artificial 
gravity,  to  40,000  ft-lb  constant  moment  about  the  y-axis.  The  natural 
period  is  very  long,  149  seconds,  and  the  wobble  angle  is  large  compared 
to  the  disturbance. 


Figures  12  and  13  show  the  response  of  Configuration  7-A,  for  1/2-g 
artificial  gravity,  to  100,000  ft-lb  constant  moment  about  the  y-axis  and 
20,000  ft-lb  constant  moment  about  the  z-axis  respectively.  The  dissimi¬ 
larity  in  the  responses  is  due  to  the  large  differences  in  transverse  moment 
of  inertia  values. 


Figure  14  shows  the  response  of  Configuration  7-A,  for  1  /4 -g  artificial 
gravity,  to  100,000  ft-lb  constant  moment  about  the  y-axis.  The  wobble 
angle  and  the  moment  Mx  are  about  twice  as  large  as  that  for  1/2-g  artificial 
gravity,  in  the  case  shown  in  Figure  12. 


Table  8  gives  the  ranges  of  the  response  variables  for  rectangular 
pulse  moment  disturbances  about  the  x-axis  at  1  /2 -g  artificial  gravity.  The 
time  duration  of  the  pulse  is  t  seconds. 


Figure  15  shows  the  response  of  Configuration  Y,  for  1/2-g  artificial 
gravity,  to  200,000  ft-lb  rectangular  pulse  moment  about  the  y-axis  for 
approximately  8  seconds.  The  moment-free  wobble  response  for  the 
configuration  is  also  shown. 
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Table  9  shows  the  ranges  of  the  response  variables  for  moment-free 
wobble  motion  at  1/2-g  artificial  gravity  for  seven  cases.  During  the 
moment-free  wobble,  both  transverse  moment  components,  My  and  Mz  are 
identically  zero.  The  initial  values  of  the  transverse  body  velocity  compo¬ 
nents,  qQ  and  rQ,  are  not  both  zero. 

Figure  15  shows  an  example  where  part  of  the  motion  is  moment-free 
wobble;  i.e.,  for  t  >  9.0  seconds  both  My  and  Mz  equal  zero  and  the  body 
velocities,  q  and  r,  are  not  both  zero.  The  values  of  q  =  0.7  deg /  sec  and 
r  =  1.85  deg/sec  (at  t  =  9.0  seconds  in  Figure  15)  could  not  be  used  as  the 
initial  velocity  values  qQ  and  rQ  in  a  moment-free  wobble  response  study. 

Figure  16  shows  the  response  on  Configuration  6- A,  for  1/2-g  artifi¬ 
cial  gravity,  to  3.04  deg/sec  initial  transverse  body  angular  velocity.  The 
type  of  moment-free  wobble  motion  is  dependent  upon  the  mass  distribution 
of  the  vehicle. 

Table  10  gives  the  ranges  of  the  response  variables  for  ramp  function 
moment  disturbances  about  the  y-axis  at  1/2-g  artificial  gravity.  The 
duration  of  the  moment  is  indicated  in  the  table. 

Figure  17  shows  the  response  of  Configuration  6-A,  for  1/2-g  artifi¬ 
cial  gravity,  to  a  ramp  function  moment  about  the  y-axis  for  approximately 
4  seconds.  The  amplitude  of  the  moment  at  4  seconds  is  about  190,000  ft-lb. 
Moment-free  wobble  motion  exists  after  approximately  4  seconds. 

Table  11  gives  the  ranges  of  the  response  variables  for 
My  =  ay  (1  -  cos  tt  t/ty)  moment  disturbances  at  1/2-g  artificial  gravity. 

Figures  18  and  19  show  the  responses  of  Configuration  7-A,  for  1/2-g 
artificial  gravity,  of  the  moment  function,  to  My  =  200,000  (1  -  cos  tt  t/ty) 
moments  where  the  period,  2ty,  is  equal  to  tq  and  1.0  seconds,  respectively. 
The  response  in  Figure  18  appears  to  be  diverging  during  the  time  interval 
considered.  The  response  in  Figure  19  has  the  identical  form  as  the 
response  to  a  constant  moment  about  the  y-axis  as  shown  in  Figure  12, 
except  q  and  q  are  the  intermodulation  of  two  sinusoidal  curves,  one  with  a 
period  of  tq  and  the  other  with  a  period  of  1.0  seconds.  The  intermodula¬ 
tion  does  not  show  on  q  since  the  computing  interval  is  0.5  second. 

Angular  acceleration  out  of  the  plane  of  rotation  of  the  space  station 
stimulates  the  semicircular  canals  and  produces  a  form  of  canal  sickness 
known  as  nystagmus,  an  involuntary  jerky  motion  of  the  eyes.  The  angular 
acceleration  threshold  for  stimulation  has  been  reported  to  be  within  the 
range  of  0.2  to  2.0  deg/sec2.  The  figures  and  tables  shown  indicate  that 
in  the  greater  number  of  cases  studied,  the  transverse  body  angular 
acceleration  (q,  r)  are  within  or  below  this  range.  The  moment-free  wobble 
response  of  Configuration  j-A  (Figure  16)  is  one  case  where  the  peak 
transverse  body  acceleration  is  greater  than  2.0  deg/sec2  and  stimulation 
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of  the  semicircular  canals  can  be  expected.  The  effects  of  artificial  gravity- 
on  human  factors  are  further  discussed  in  Appendix  C. 
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Table  5.  Response  Properties  of  the  Configurations 
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Table  6.  Response  to  Constant  Moment  Function,  1/2-g  Artificial  Gravity 
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Table  6.  Response  to  Constant  Moment  Function,  1 /2 -g  Artificial  Gravity  (Cont) 
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Table  7.  Response  to  Constant  Moment  Function,  1/4-g  Artificial  Gravity 
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Table  7.  Response  to  Constant  Moment  Function,  1/4  Artificial  Gravity  (Cont) 
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Table  8.  Response  to  Rectangular  Pulse  Moment  Function  of  t 
Seconds  Duration,  1/2-g  Artificial  Gravity 
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Table  9.  Moment- Free  Wobble  Response  to  Initial  Transverse  Velocity,  1/2-g  Artificial  Gravity 
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Table  10.  Response  to  Ramp  Function  Moment  About  Y-Axis,  1/2-g  Artificial  Gravity 
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6.0  SYSTEM  VIBRATION  MODES 


6.  1  DUMPED  PARAMETER  METHOD 

For  the  system  vibration  analysis,  a  lumped  parameter  approach  was 
generally  used.  The  fundamental  characteristics  of  the  vibration  of  a  system 
would  not  be  altered  in  character  if  the  system  is  divided  into  a  number  of 
small  parts  with  the  mass  of  each  part  concentrated  at  its  center.  By  using 
a  sufficiently  large  number  of  parts,  a  lumped  mass  system,  although  of 
finite  freedom,  may  represent  the  original  structure  with  any  desired  accuracy. 

For  the  single-cable-connected  station  (Configurations  1,  2,  and  CC) 
the  compartment  and  counterweight,  having  small  dimensions  in  compari¬ 
son  with  the  length  of  the  cable,  are  treated  as  point  masses.  The  cable 
is  divided  into  10  equal  parts  initially,  and  into  50  equal  parts  in  the  final 
analysis.  The  method  of  Lagrange's  equation  is  used  in  the  analysis. 

For  Configurations  4  and  6,  (Figure  1)  the  cable  mass,  which  has  little 
influence  on  the  dynamics  of  the  system,  is  not  considered.  For  other 
configurations,  where  the  longitudinal  and  lateral  dimensions  of  the 
compartment  have  a  ratio  of  10-to-l,  the  vibration  analysis  is  conducted 
by  the  use  of  transfer  matrices.  Equations  of  equilibrium  and  elastic 
compatibility  are  established  from  the  boundary  conditions.  The  frequencies 
are  computed  by  iteration  from  the  characteristic  equations.  After  the 
natural  frequencies  of  the  system  have  been  computed,  the  mode  shapes 
that  correspond  to  each  frequency  are  calculated  by  matrix  operation. 

6.2  VIBRATION  OF  CABLE-CONNECTED  SPACE  STATIONS 

6.2.1  Single  Cable -Connected  Configuration 

The  vibration  of  a  space  station  that  consists  of  two  compartments 
(or  a  compartment  and  a  counterweight)  connected  by  a  cable  may  be 
divided  into  three  classes  —  longitudinal,  lateral  and  torsional. 

Longitudinal  vibrations  are  characterized  by  the  periodic  motion  of 
points  along  the  center  line.  The  potential  energy  stored  in  the  stretched 
cable  depends  on  the  change  of  tension  that  occurs  in  the  various  parts  of 
the  cable  as  a  result  of  the  increased  or  diminished  extension. 

Lateral  vibrations  are  characterized  by  the  movement  of  points  on 
the  cable  in  planes  perpendicular  to  the  mean  line  of  the  cable.  In  this 
case,  the  stored  potential  energy  depends  on  the  steady- state  tension. 
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however  the  small  variation  of  tension  accompanying  the  additional  stretching 
may  be  left  out.  It  is  assumed  that  the  stretching  due  to  the  lateral  dis¬ 
placement  may  be  neglected  in  comparison  with  that  due  to  inertial  forces. 
The  most  general  lateral  vibrations  may  be  resolved  into  two  sets  of  normal 
vibrations  executed  in  perpendicular  planes.  It  is  sufficient  for  most 
purposes  to  regard  the  motion  as  entirely  confined  to  a  single  plane  that 
passes  through  the  line  of  the  cable. 

Due  to  the  large  rotary  inertia  of  the  compartment  and  counterweight, 
the  angular  displacement  may  change  the  vibration  characteristic  of  the 
system.  The  lateral  vibration  equations  include  the  effect  of  end  rotations. 

These  three  classes  of  vibration  are  considered  independently  of  each 
other.  The  two  compartments,  considerably  heavier  than  the  cable,  are 
considered  to  be  spinning  at  a  constant  rate  about  the  center  of  gravity  of 
the  system,  with  torsion  about  the  mean  line  of  the  cable.  The  amplitude 
of  vibration  is  assumed  to  be  small  so  that  no  coupling  effect  is  introduced 
between  the  three  classes. 


6.2.  1.  1  Longitudinal  Vibration 

For  a  better  understanding  of  the  fundamental  vibration  characteristics 
of  the  two-compartment,  cable -connected  configuration,  the  lumped-mass 
approach  is  adopted.  For  a  preliminary  analysis,  the  entire  cable  is 
divided  into  10  equal  parts,  with  the  mass  of  each  part  concentrated  at  its 
center.  See  Figure  20. 


Assume  that  u^  through  uj^  are  the  longitudinal  displacements  of  mass 
points  1  through  1 1  during  vibration  along  the  cable  which  retains  its 
straightness.  Mj,  M^,  and  m  are  lumped  masses.  The  total  kinetic  energy 
may  be  expressed  by 


=  7  l(Mi  +  1L,,ii2  +  m  (i22 


+  u. 


2.  ...  m  .  2] 

+  U10  >+(M2  +  T)Ull  I 


The  potential  energy  of  the  displacement  depends  not  on  the  total 
tension,  but  on  the  increments  of  tension  that  occur  in  the  various  parts  of 
the  string  as  a  result  of  the  incremental  extension.  Usually,  the  displace¬ 
ment  is  small.  The  change  of  tension  due  to  rotational  motion  is  not 
considered  in  this  report. 
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Figure  20.  Longitudinal  Vibration  of  Cables 


If  the  average  tension  in  the  various  segments  of  the  cable  is  denoted 
as  S  S  ,  etc.  ,  the  expression  of  potential  energy  is 

JL  La  ^  J 

V  =  —  AS  (u  -  u  )  +  4r  AS,,  (u,  -  u  )  +  .... 

2  12.  2  1  2  23  3  2 


AE  i,  .2  .  ,2 

—  (u2-Ul)  +  (u3-u2)  +  .. 


••  +  (U11  -  ui (4 


By  Lagrange's  method,  the  equations  of  motion  are 


<M1  +f>".  -^<U2  -  V  *  ° 


..  ae  ,  ,  « 

mu-  -  (u  -  2  u  +  u  ) 

2  a  3  2  1 


A  E 

m  ii3  -  —  (u4  -  2  u3  +  u2)  =0 
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(M  +  — )  li 
2  2  7  11 


AE  , 

"1“  (‘U11  +  U10; 


=  0 


Let  the  solutions  of  the  above  equations  be 


u.  =  sin  (pt  +  o') 
i  i  ^ 


where 


i  =  1,  2,  3,  4,  5,  6,  7,  8,  9,  10,  11 
and  introduce  the  notations 


13,  = 


=  — 


M 

m 

1 

+  T 

1 

AE 

m 

a 

1 

3  m 

Mz  +- 


AE 

a 


AE 

a 


form 


The  frequency  equation,  that  gives  the  value  of  p  ,  will  assume  the 


^2 


^2 


^3 


80 


6.2.  1.2  Lateral  V ib ration 


For  this  analysis  the  length  of  the  cable  is  divided  into  10  equal  parts 
so  that  m  denotes  the  lumped  mass,  and  S^,  ....  denote  the  average 

tension  in  each  segment.  See  Figure  21. 


If  through  are  the  lateral  displacements  of  the  mass  point,  the 
elongations  in  the  various  segments  of  cable  are 


1,2 


1/2 


(a  -  R l  cos  Gj)2  +  (y2  -  -  Rj  sin  q)2]  -  (a  -  ) 


Assuming  0^  is  small,  cos  0,  =  1,  and  sin  0,  =  0,,  then 


1 


1 


1 
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(a  -  Rj) 


1,2 


=  [(a  -  rx)2  +  (y2  -  yx  -  Rj  y2) 


1/2 


J_  (y2 '  yi  ~  R1  V 

2  a  -  R, 


2,3 


TT  {y3  '  y2)2 


1  /  i2 

(y, n  -  yQ) 


9,10  2  a  w10  7  9 


10,11 


1  (yn  -  yio  -  Rz  V 

2  a  -  R 


The  potential  energy  is 


Sl,2  (y2  -  yl  -  R1  V  S2,3  ,  .2  ,  S3,4.  A 

- — R -  +T7-(y3-y2)  +— (y4-y3)  + 


S9,10  ,  .2  S10, 11  <yll  -y10  -R2  82> 

+  ~Z~a  y10  "  y9  +— 2 - 


a  -  R, 


If  the  rotary  inertia  of  and  M->  is  denoted  by  I  ^  and  I  ^  respectively,  and 
the  rotary  inertia  of  the  cable  is  neglected,  the  kinetic  energy  is 


1  •  2  1,  m  .  .  2  m  . .  2  .2 

T  =  2  h  ei  +  I  (M1  +  “>  yl  +  Tly2  +  y3  +  • 


•  2  1 

•  +  yio> 


+  T(M2+f)  yl2l  +i'262 


By  Lagrange's  method,  the  equations  of  motion  are 


*1  e.  -  R1S1,2 


y2  "  yi 


R, 


a  -  R. 


a  -  R  1 


=  0 
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0 


m 


<M1+T>  »1  -  Sl,2 


y2  ~  yi 

a  -  R 


a  -  R  1 


my2  +  Sl,2 


y2  '  yl 


a  -  R, 


a  -  R  1 


-  S 


2,3 


y3  '  y2  =  0 


my  +  S 


y 3  -  y2 


y4  '  y3 


3  2,  3  a  3,4  a 


myiO  +  S9,10 


yiO  "  y9 


■-  S 


10,11 


yn  -  yio 


R, 


a  -  R, 


a-R2  2 


m 


(Mz  +T)  yu  +  S1Q 


yn  -  yio 

a  -  R„ 


R. 


a  -  R2  2 


=  0 


l2  92  "  R2  S1  0 ,  11 


Y11  ~  yio 

a  -  R„ 


R. 


a  -  R2  2 


=  0 


If  the  compartment  and  counterweight  are  considered  as  point  masses, 

Ij,  I2,  Rj  ,  and  vanish  from  the  above  equations.  Let  the  solutions  of  the 
above  equations  be 


y.  =  X.  sin  (pt  +  a) 
1  1 

©1  =  sin  (pt  +  <*) 

62  =  ®2  Sin  ^Pt  +  ^ 
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and  use  the  notations 


bll  = 

S.,2 

. 

Ij  (a  -  R:)  ’ 

b12 

(M[  +  Y>  (a  -  R,  ) 

Sl,2 

^2 

pl  = 

m  (a  -  R1 ) 

m  a 

P3  = 

S3,4 

'  S 

 S9,10 

m  a 

m  a 

s  1 0 , 1 1 

P10  ■ 

m  (a  -  R2) 

h 

sio, 1 1 

b 

si 0 , 1 1 

b21 

h  <a  '  V  ’ 

22 

(M2+f)(a-R2) 

Substituting  into 

the  equations  of  motion, 

the  frequency  equation  will  ; 

the  form 

"2  s 

So  S,  ®2 

«-p2+Ribn»  Vu 

-R.bll 

Rlb12  (-P2+b12> 

-b.2 

-R1  S  'P‘ 

-p2  +  P1  +  P2)  p2 

-P, 


(-p  +  P2+P3)  -P3 


-P8  (-p  +  P8  +  P9)  ~P9 

-Po 


(-P  +  p9+p10> 


-Pi 


R2*10 


-b 


22 


R2  b21 


(-P  +b22>  ’R2b22 


-R2b2l  l-P^V 
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From  the  above  equation,  the  values  of  through  pj  ^  may  be  solved;  for 
each  p^  there  is  a  corresponding  set  of  kj  through  ,  . 

6.  2.  1.3  Torsional  Vibration  (Figure  22) 


O 

+  i 


<f>2 


I 


4>, 


1 

2 


Figure  22.  Torsional  Vibration  of  Cable 


If  pj  through  pj  i  are  the  angles  of  twist  at  each  mass  point,  and  k  is  the 
torsional  rigidity  of  each  segment  of  cable,  then  the  torsional  moments 
for  segments  1-2,  2-3,  etc.,  are 

k(‘/>2  "  ^i ) »  k(03  -  02)»  •••  k<03 1  ~ 


If  the  moment  of  inertia  of  Mj  ,  M_,  and  m  is  denoted  by  I}  ,  I^,  and  I, 
respectively,  the  expressions  for  T  and  V  will  be 


T  =  2  [(I1  +  2)  ^  +  M02+  ^  +  •••  +  0^)  +  ^12+\)  0nl 

v  =  y  f(02  -  02)2  +  (03  -  02)2  +  •  •  .  +  (0n  -  01O)2) 
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The  equations  of  motion  are 


^1  +  ~Z )  P1  +  k  ^1  ■  02)  =  ° 

1  0 2  -  k  (0j  “  02)  +  k  (02  -  03)  =  0 

1  03  "  k  (02  -  03)  +  k  (03  -  04)  =  0 


(I?  +  \)  0,  ,  -  k  (01Q  -  0U)  =  0 


2  2  rl  1 

Let  the  solutions  of  the  above  equations  be 


0.  =  sin  (pt  +  a) 
l  i  r 


0i  =  -  V  p  sin  (pt  +  a) 


where 

i  =  1,  2,  ....  11 
and  use  the  notations 


?!  = 


h  =T 


and  p3  =  - — r 
2  +  2 


the  frequency  equation  can  be  expressed  as 


(P  -  Pj) 


(P  -  2P2) 


<p  -2p2> 


10 


(P  -  2fl) 


1  1 


(P  '  P3) 
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6.2.  1.4  Vibration  Modes 


The  natural  frequencies  of  the  system  can  be  determined  from  the 
frequency  equations.  For  each  frequency,  a  corresponding  mode 
can  be  computed.  Following  this  procedure,  the  vibratory  motion  of  the 
cable  system  is  obtained  without  the  investigation  of  partial  differential 
equations.  For  the  compartment-cable -counterweight  configuration,  the 
cable  is  lumped  into  50  equal  parts.  The  lowest  five  natural  frequencies, 
and  their  corresponding  modes  of  longitudinal,  lateral,  torsional,  and 
modified-lateral  vibration,  including  end  rotations,  are  shown  in  Figures  29 
through  32,  at  the  end  of  this  section. 

6.2.2  Multiple  Cable-Connected  Configuration 

6.2.2.  1  Frequency  Equation 


The  space  station  that  consists  of  two  compartments  connected  by 
multiple  cables  (Configuration  6 -A)  is  described  in  Figure  23.  In  analyzing  the 
free  vibration  of  this  configuration,  the  mass  of  the  cables  is  not  considered; 
however,  the  extensional  rigidity  of  the  cables  is  considered.  The  two 
compartments  (A  and  B)  are  lumped  into  a  multi-mass  system,  and  the 
transfer  matrices  of  all  the  masses  are  computed  by  the  equations  given 
in  Section  6.3.  The  transfer  matrices  of  each  complete  compartment  are 
computed  by  successive  multiplication  of  those  matrices  at  each  mass, 
and  are  denoted  by  A—  and  Bjj,  respectively. 

If  the  displacements  at  the  terminals  of  the  cables  are  v^a  ,  v  af  v  ^ 

be  h  uh  n  b  ° 

vn  ,  and  y  in  the  y-direction,  and  -  wQ  ,  -  wQ  ,  -  wQ  ,  -  wn  ,  -  wn  , 

and  xc  in  the  x-direction,  then  the  components  of  the  cable  tensions  are 


AE  a  r  a  .  a  c  D  a  cx 

'  a  =  ”~T“  T  T  (-  w  -  x  )  +  —  (v  -  y  ) 
A  ox  L  L  [L  o  L  o  y 


AE  bra  a  c  b  a  cx 

Aoy  L  L  [L  o  L  o 


AE  a  r  a  a  c  b  a  c. 

1  a  -  ~~T“  7"  7"  (  -  w  -  x  )  -  —  (v  -  y  ) 
Anx  L>  E  [  L  n  L  n 


AE  bra  a  c.  b  a  c.l 

F  A  =  — —  (-—  )  |—  (-  w  -  x  )  -  —  (v  -  y  ) 
Any  E  L  |L  n  L  n  y  i 


Box  L 


AE  a  .  f .  a.  .  b  cx  b  .  b  cj 

=  —  <-  r>  l(-  l*  <-  wo  - x  > +  z  (v0  - y  »l  '53> 
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Figure  23.  Configuration  6 -A 
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_  AE  _k  [/  i,  /  b  C  _b  b  c 

Boy  L  L  |  ”  L  ”  Wo  "  X  +  L  Vo  ”  ^ 


Bnx  L. 


AE  a  [  a  b  c  b  b  cl 

l"  I "  L*  "  Wn  -x  1  -  L  (v„  -y  >1 


F  =  (-  —  ) 

Bny  L  '  L, 


a.  b  c  b  b  c. 

-  —  (_w  -  x  )  -  —  (v  -y) 

L  n  L  n 


Using  the  notations 


-  AE  -  ,  =  AE  and 

L  L 


=  AE 


(54) 


the  load  vectors  at  A  and  B  are 

o  o 


/^v  ^  -r— »  1  ^il  C  C 

Q  =  F  =  -  k  w  +  k_  v  -  k  x  -  k  y 
o  A  ox  1  o  2  o  1  2  ’ 


id  a  T-  i  a  i  a  _  c  _  c 

P  =  F  =  k  w  -  k_  v  +  k_  x  +  k  y 
o  Aoy  2o  3o  2  3* 


rs.  b  b  b  c  .  c 

Q  =  F  =  -  k  w  -  k_  v  -  k  x  +  k  y 

o  Box  lo  2o  1  2  ' 


(55) 


P  b  =  F 


-  k^  w  -  k. 


D  *'o  "  v  -  k  x  +  k  y 

o  Boy  2  o  o  o  2  3  y 


a  b 

M  =  M  =0 
o  o 


The  state  vectors  at  A^  and  B^  may  be  expressed  by  transfer  matrices  as 
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Equations  (56)  and  (57)  may  be  rewritten  as 


and 


a  a  a 

w  ,  V  ,0  , 

n  n  n 

Q  a, 
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P  a,  M  a 
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Q  b, 
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[f  J 
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c 
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(59) 
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Equilibrium  conditions  at  the  n-end  of  compartment  A  yield  the  equations 


Q  a  +  F  =  Q  a  -  k  w  a  -  k  v  a 
n  Anx  n  In  2  n 


o  a  y->  a  i  a  .  a 

P  -  F  =  P  -  kw  -  k_v 
n  Any  n  2  n  3  n 


M  =0 


Vc  +  Vc 

1  C  1  C 
k2X  +  k3y 


n 

Similarly,  equilibrium  conditions  at  the  n-end  of  compartment  B, 
equations 


Qnb  + 

F 

Bnx 

=  Q  b  - 

n 

,  b 

k  w  + 

1  n 

k2vb  - 

klxC 

-  k2y' 
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F 

Bny 
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n 

,  b 

k_,w 

2  n 

.  b 

k  v  + 

3  n 

k2xC 

+  k3y' 

=  0 

=  0  (60) 


yield  the 


=  0 

=  0  (61) 


M  =0 
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Equations  (60)  and  (61)  may  be  expressed  in  matrix  form  as 
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(63) 


If  the  mass  of  the  central  hub  is  denoted  by  M  ,  the  inertial  forces  at  the 
hub  are  xc,  and  yc.  By  considering  the  cables  and  the  hub  as 

a  free  body,  the  summation  of  forces  in  the  x  and  y  directions  are  zero. 
Thus, 
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If  the  extensional  deformations  of  the  compartments  are  assumed  to  be 
small  in  comparison  with  the  remaining  elastic  deformations,  then  vQa  = 
vna,  and  vQk  =  vn^.  By  introducing  the  transfer  matrices  in  equations  (58) 
and  (59),  the  two  preceding  equations  become 
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Equations  (62),  (63),  (66),  and  (67)  may  be  combined  to  become  Equation  (68). 
This  is  the  characteristic  equation  from  which  the  natural  frequencies  can  be 


computed. 
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The  equations  of  free  vibration  of  Configuration  6-A  were  programmed 
on  the  IBM  7094.  The  natural  frequencies  and  the  corresponding  modes  were 
calculated  and  are  plotted  in  Figures  33  through  35.  These  figures  show  that  in 
the  third  and-fourth  modes  a  translational  displacement  of  the  hub  occurs. 

6.3  VIBRATION  OF  COMPRESSION-MEMBER-CONNECTED  SPACE 
STATIONS 

The  vibrations  of  the  space  station  configurations  under  consideration 
may  be  divided  into  two  classes,  which  are  practically  independent  of 
each  other:  (1)  vibration  in  the  plane  of  the  configuration  which  contains  the 
central  axes  of  all  the  compartments  and  spokes  and  (2)  vibration  normal  to 
the  plane  of  the  configuration  involving  both  flexural  displacement  and  twist. 
In  the  following  analysis,  the  space  stations  are  idealized  by  mathematical 
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models  of  multiple-mass  systems.  The  solution  of  the  problem  is  obtained 
by  using  transfer  matrices  that  consist  of  arrays  of  coefficients  that  relate 
conditions  of  load  (moment  and  torque)  and  deformation  (longitudinal  and 
lateral  translation,  rotation  and  twist)  across  an  element  of  the  system.  The 
effects  of  rotary  inertia  and  shear  deformation  are  included  in  the  considera¬ 
tion. 


For  in-plane  vibration,  the  transfer  equation  at  each  lumped  mass  may 
be  expressed  by 

{w,  V,  </>,  Q,  P,  Mj}.  +  1  =  [Rj]  {w,  V,  Q,  P,  Mj}. 

where,  Q,  P,  and  Mj  are  respectively  transverse  force,  longitudinal  force, 
and  moment,  and  w,  v,  and  0  are  displacements  and  rotation  in  the  direction 
of  Q,  P,  and  M. 

Similar  equations  for  vibration  normal  to  the  plane  at  each  lumped 
mass  can  be  written  as 

{u,  0,  Ip,  F,  Mn,  T}.  +  1  =  [Rn]  {u,  e,  Ip,  F,  Mn,  t}. 

where  F,  M^,  and  T  are  force  normal  to  plane,  moment  and  torque,  and  u, 

0,  and  ij;  are  displacement  and  rotations  in  the  direction  of  F,  M^,  and  T, 
respectively. 

Rj  and  Rj^  are  transfer  matrices  for  the  i-th  element,  which  is  a  point 
mass  and  rotary  inertia  equivalent  to  the  inertias  of  the  adjoining  half¬ 
segments.  R i  and  Rn  are  derived  by  the  energy  method  (also  known  as 
Castigliano 1  s  Theorem)  and  lead  to  the  following  results: 


w  v  <f>  Q  PM 
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The  transfer  matrices  of  the  compartment  or  a  section  of  the  space 
station  are  obtained  by  successive  multiplication  of  transfer  matrices  at 
each  lumped  mass.  The  frequency  equations  for  in-plane  and  normal-to- 
plane  vibrations  are  formed  from  boundary  conditions. 

6.3.  1  Configuration  7 -A 


The  two-compartment  space  station  is  idealized  and  divided  into 
sections  a,  b,  d,  and  e  as  shown  in  Figure  24.  Let  the  transfer  matrix  of 
each  section  be  denoted  by  Ajj,  Bij,  Djj  and  Ejj  which  are  computed  by 
successive  multiplication  of  transfer  matrices  of  lumped  masses  in  each' 
section.  From  the  boundary  conditions  at  the  joint  of  intersection  of  sections 
a,  d,  and  e,  we  have  for  in-plane  vibration 
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a. TWO-COMPARTMENT  SPACE  STATION 


b.  IN-PLANE  VIBRATION 
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Figure  24.  Configuration  7 -A 
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Since  Qn  =  =  0,  by  introducing  [F]  =  [E]  [D] 
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If  the  preceding  equation  is  written  as 
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where  [U]  =  [T]  [S].  Similarly,  for  spoke  b, 
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By  combining  the  load  vectors  at  aQ  and  bc 
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From  equation  (69) 
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Combining  the  preceding  two  equations 
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From  the  condition  of  continuity  at  the  intersection  of  spokes  a  and  b 
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The  preceding  equations  may  be  rewritten  as 
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which  can  be  rearranged 
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By  substituting  equations  (70)  and  (71)  into  the  above  equations. 
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The  preceding  equation  is  the  characteristic  equation.  The  frequencies  are 
computed  from  the  condition  that  the  determinant  of  the  coefficients  of  the 
equation  (the  residue)  must  be  zero. 

For  normal- to-plane  vibration,  the  following  equations  are  obtained 
at  the  intersection  of  sections  a,  d,  and  e 


e  d 

u  =  u 
o  n 


_  e  d 

6  =0 
o  n 


i  e  id 

o  n 


=  u 


= 


=  e 


101 


F6 

=  Fd 

-  Fa 

o 

n 

o 

^  ,  e 

d 

a 

M 

=  M 

+  T* 

o 

n 

o 

m  e 

d 

a 

T 

=  T 

-  M 

o 

n 

o 

therefore 


u 

e 

u 

e 

u 

d 

0 

e 

0 

0 

0 

+ 

F 

=  [EN] 

F 

=  [EN]  [Dn| 

0 

+  [En] 

0 

-F 

M 

M 

0 

T 

T 

n 

T 

O 

0 

- 

o 

-M 

Since  F  =  M  =  T  =0,  with  the  notation  [F^l  = 
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The  above  equation  may  be  written  as 
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Thus, 
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From  equation  (73) 
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Combining  the  above  two  equations 
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From  the  condition  of  continuity  at  the  hub 
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The  above  equation  may  be  rewritten  as 
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which  may  be  rearranged  as 
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By  substituting  equations  (74)  and  (75)  into  the  above  equations 
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The  preceding  equation  is  the  characteristic  equation  from  which  the 
frequencies  of  normal- to -plane  vibration  can  be  computed. 


The  natural  frequencies  for  both  in-plane  and  no  rmal- to  -  plane 
vibration  of  Configuration  7 -A  with  5 -foot  diameter  spokes  are  computed 
with  the  aid  of  the  IBM-7094.  The  mode  shapes  corresponding  to  each 
frequency  have  been  calculated  and  plotted  in  Figures  36  and  3  7.  The  mode 
shapes  for  the  same  configuration  with  10 -foot  diameter  spokes  are  shown 
in  Figures  38  and  39.  Figures  36  through  39  will  be  found  at  the  end  of  this 
section. 


6.3.2  Configuration  Y  -  A 

In  analyzing  the  Y -A  configuration,  the  space  station  is  divided  into 
sections  a,  b,  c,  d,  and  e  as  shown  in  Figure  25.  The  transfer  matrix 
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are  computed  by  successive  multiplication  of  the  transfer  msti  ices  of 
lumped  masses  in  each  section.  By  an  approach  similar  to  that  employed  in 
analyzing  Configuration  7 -A,  the  load  vectors  and  deformation  vectors  at  aQ, 
b0,  c 0  may  be  expressed  in  terms  of  deformation  vector  at  daQ,  dbQ,  and 
dc 0 .  Applying  equations  (70)  and  (71),  we  have  for  the  in-plane  vibration 
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The  spokes  a,  b,  and  c  are  rigidly  joined  together  at  the  hub.  The 
conditions  of  equilibrium  and  elastic  compatibility  at  the  joint  are  expressed 
in  equation  (84)  in  the  analysis  of  the  Y-Configuration.  By  expressing  the 
state  vectors  at  the  hub  in  terms  of  those  at  aQ,  bQ,  and  c  ,  the  equation  (84) 
may  be  written  as 
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Substituting  equations  (7  6)  and  (77)  into  (78) 
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By  setting  the  determinant  of  coefficients  of  the  preceding  equations  to  zero, 
natural  frequencies  corresponding  to  the  in-plane  vibrations  of  the  system 
can  be  computed. 


For  normal -to -plane  vibration,  equations  (74)  and  (75)  may  be  applied 
from  which 
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By  using  the  conditions  of  continuity  at  the  hub,  the  equation  (85)  in  the  Y- 
Configuration  analysis  is  expressed  as 
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Substituting  equations  (80)  and  (81)  into  (82) 
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The  preceding  equation  is  the  characteristic  equation  from  which  the 
frequencies  corresponding  to  the  normal- to -plane  vibrations  are  computed. 

6.  4  VIBRATION  OF  Y- CONFIGURA TION  SPACE  STATIONS 

It  is  advantageous  to  consider  structural  and  inertial  symmetry  of  the 
Y- Configuration.  A  convenient  orientation  of  an  inertially  fixed  right-handed 
Cartesian  coordinate  system  is  one  with  the  origin  at  the  hub,  the  positive 
x-axis  coincident  with  the  central  axis  of  Compartment  a  (Figure  26),  and 
the  positive  z-axis  perpendicular  to  the  plane  of  the  paper  and  directed 
toward  the  reader.  In  this  coordinate  system  the  Y-C onfiguration  is  con¬ 
sidered  to  have  two  planes  of  structural  and  inertial  symmetry,  the 
X-Y  plane  and  the  X-Z  plane. 

Because  of  the  symmetry  relative  to  the  X-Y  plane,  deflections  and 
accelerations  in  the  plane  will  cause  no  interval  or  inertial  loads  normal  to 
the  plane.  The  statement  is  also  true  when  the  words  "in'*  and  "normal  to" 
are  interchanged.  Therefore,  there  is  neither  elastic  nor  inertial  coupling 
between  the  in-plane  and  normal -to -plane  vibrations.  The  inertial  coupling 
due  to  coreolis  accelerations  of  the  spinning  vehicle  can  be  computed  during 
subsequent  calculations  of  stability  or  responses  of  the  system  to  externally 
applied  loads. 

For  those  modes  which  exist  in  pairs  (Figures  40  and  41)  it  might  be 
expected  that  there  would  be  three  mutually  orthogonal  pairs,  one  for  each 
of  the  possible  selections  of  the  X-Z  plane  of  symmetry.  This  is  not  the 
case.  The  modes  rotated  by  120  degrees  are  not  orthogonal  either  to  the 
unrotated  pair  or  to  the  pair  rotated  240  degrees.  The  dynamic  response  to 
a  load  applied  parallel  (or  perpendicular)  to  the  axis  of  the  compartments 
b  or  c,  can  be  computed  from  the  unrotated  pair,  and  the  resulting  motion 
will  be  symmetric  (or  anti  -  symmetric)  relative  to  the  plane  of  symmetry 
containing  that  compartment  axis. 

6.4.1  In-Plane  Vibration 


The  radial  compartments  (a,  b,  and  c,  Figure  26)  are  divided  into 
segments,  and  the  transfer  matrices  of  these  segments  are  computed  by  the 
equations  given  in  Section  6.3.  Let  the  transfer  matrix  of  the  compartments 
be  denoted  Ajj,  B^j,  and  Cij  which  are  computed  by  successive  multiplication 
of  transfer  matrices  of  the  lumped  masses  in  each  segment.  By  designating 
the  free  end  of  the  compartment  as  station  zero  and  the  hub  end  of  the  com¬ 
partment  as  station  n,  the  transfer  matrix  of  the  entire  compartment  is  a 
product  of  [Rn]  .  .  .  [R2]  [r^  [rq]. 

It  is  worthwhile  to  examine  closely  the  transfer  matrices.  Because 
the  compartments  are  considered  to  be  structurally  and  inertially  identical, 
the  transfer  matrix  from  the  free  end  to  the  hub  of  each  compartment  is 
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identical  to  that  of  the  others.  Also,  certain  of  the  elements  of  this  transfer 
matrix  always  will  be  zero.  The  non-zero  elements  are  indicated  below  by 
xfs  and  1.0fs. 
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It  also  can  be  seen  from  the  locations  of  the  zeros  that  no  coupling 
exists  between  the  longitudinal  and  lateral  degrees  of  freedom  along  the 
compartment. 


Figure  26.  Y-Configuration  —  In-Plane  Vibration  Parameters 
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At  the  free  end  of  each  compartment,  the  load  vectors  disappear, 
i.e.,  Qq  =  PQ  =  Mq  =  0.  Therefore,  we  have  only  three  deformation 
vectors  at  each  free  end  or  a  total  of  nine  deformation  vectors  for  the  three 
compartments:  (w,  v,  <|))|  ,  {w,  v,  j>.  and  (w,  v,  <(>)§.  Since  the  three 
modules  are  joined  rigidly  at  the  hub,  the  conditions  of  static  equilibrium 
and  elastic  compatibility  at  the  hub  yield  the  following  nine  equations: 

a  b  c 

M  +  M  +  M  =0 

n  n  n 


■Qa  ♦'f  Pb  +  ljQb  -4  PC  +  Q°  =  0 
n  Z  n  2  n  2n2n 


Da  lb  yr  b  1  _C  y/T  c 

■p„  +  -5-  P  -VTQ  +  -y  P  +  Q  =0 

nZn  2n2n  2n 


a  1  b 

w  +  —  w 
n  2  n 


a  yr  b  ib 

v  -  —  w  +  —  V  =  0 

n  2  n  2  n 


a  1  c 

w  +  —  w 
n  2  n 


a  /T  c  1  c 

v  +  —  w  +  —  v  =  0 

n  2  n  2  n 


6 


a 

n 


b 

6=0 

n 


6a  -  6°  =  0 

n  n 


(84) 


When  deflections  in  the  X-Y  plane  are  symmetric  relative  to  the 
X-Z  plane,  i.e., 

wa  =  <t>a  =  0,  w£  =  -w£,  =  vg,  and  0^  =  -<?>£ 

both  the  interval  and  inertial  forces  and  moments  are  also  symmetric,  i.e., 
Qa  =  Ma  E  0,  Qu  =  -  QS,  p£  =  P£,  and  m£  =  - 
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And,  when  deflections  are  anti-symmetric 


v a  =  0.  wb  =  wc, 

9  n  n* 

then 

Pa  =  0,  Qb  =  QC, 


vn  =  and 

pb  =  -Pc,  and  Mb  =  M£ 


Substitution  of  these  expressions  into  equations  (84)  yields  two  sets  of  non¬ 
trivial  equations: 


Symmetric 

-Pn  +  Pn’^  Qn  =  0 

wn  +  vn  =  0 

2v*  -  >JT  Wb  +  vb  =0 
tn  =  0 


Anti -Symmetric 

Mn  +  2Mn  =  0 
-Qn  +  n/3  Pj  +  Qn  =  0 
2wa  +  +  *s/~3  vb  =  0 


nT3  w°  -  =  0 


,a 

0n 


Lb  =  0 


(85) 
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Equations  (85)  may  be  expressed  in  the  matrix  form: 
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The  expanded  determinants  of  coefficients  are  set  equal  to  Rs  and  R^, 
respectively 


where 


=  -18  S'"' A 


(I)A(I) 


and 


=  (B32  B2i  -  B31  B22)  -  B£,5  (B 1 1  B22  -  B12  B21) 


a(i)  =  (Bn  b42  -  b12  B41) 
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These  equations  show  that  whenever  the  symmetric  residue  (Rs)  equals  zero 
the  anti- symmetric  residue  (Ra)  also  equals  zero,  and  therefore  at  each 
natural  frequency  at  which  a  symmetric  in-plane  mode  exists  an  anti¬ 
symmetric  in-plane  mode  also  exists.  Solution  of  a  sub-set  of  these  matrix 
equations  for  wQ  =  1.0  yields  the  deflections  at  the  free  ends  of  the 
compartments: 
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The  natural  frequencies  and  corresponding  mode  shapes  of  the  in-plane 
vibration  are  shown  in  Figure  40. 

6.4.2  Normal-to- Plane  Vibration 

The  radial  compartments  (a,  b,  and  c,  Figure  27)  are  divided  into 
segments,  and  the  transfer  matrices  of  these  segments  are  computed  by 
the  equations  given  in  Section  6.3.  The  transfer  matrices  of  the  whole 
compartments  are  computed  by  successive  multiplication  of  the  transfer 
matrices  of  each  segment  and  are  denoted  as  Ay,  By,  and  Cy,  which  are 
identical  because  of  structural  and  inertial  identity.  Certain  ‘of  the  elements 
of  this  out-of-plane  transfer  matrix  will,  as  of  the  in-plane  matrix,  be  zero. 
Non-zero  elements  are  indicated  on  the  following  page  by  x' s. 
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Figure  27.  Y -Configuration  —  Nor mal -To -Plane  Vibration  Parameters 
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The  location  of  the  zeros  show  that  no  coupling  exists  between  the  torsional 
and  bending  degrees  of  freedom. 

At  the  free  end  (station  zero)  of  each  compartment,  the  load  vectors 
disappear,  i.  e.  ,  FQ  =  MQ  =  TQ  =  0.  Therefore,  we  have  only  three 
deformation  vectors  at  each  free  end,  or  a  total  of  nine  deformation  vectors 
for  the  three  compartments:  {u,  0,  {u,  0,  and  {u,  0,  i|,}c.  These 

nine  deformation  vectors  can  be  determined  from  the  nine  equations  that 
resulted  from  the  conditions  of  static  equilibrium  and  elastic  compatibility 

at  the  hub.  If  the  state  vectors  at  the  hub  are  denoted  as  u  0  F 
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When  deflections  normal  to  the  X-Y  plane  are  symmetric  relative  to 
the  X-Z  plane,  i.e., 

4»a  SO,  ub  =  u£,  0B  =  0£,  and  4^  =  -  4£ 

then 

T*  sO,  F&  =  Fg,  Mg  =  Mg,  and  Tg  =  -Tg 

and  when  deflections  are  anti- symmetric,  i.e., 

ua  =  ga  5  o,  u&  =  -  u&,  0&  =  -0£,  and  =  i|>c 

then 

Fa  E  Ma  E  0,  Fb  =  -F^,  Mn  =  -M®,  and  Tb  =  Tg. 


Substitution  of  these  expressions  into  equations  (86)  yields  the  two  sets  of 
non-trivial  equations: 
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The  expanded  determinants  of  coefficients  are  set  equal  to  Rg  ^  and 
,  respectively 


r's°>  =  18S<0'  A<°> 


R^  =  6  B55  A 


where 


S 


(0) 


=  b31  b22  -  B 2 1  b32 


and 


-  B65  (B12  B21  -  Bp  B22)  +  B55  (B12  B41  -  Bn  B42) 

The  equations  show  that  whenever  an  anti-symmetric  normal-to-plane 
mode  exists  a  symmetric  normal-to-plane  mode  also  exists.  The  deflections 
of  the  free  ends  of  the  compartments  are  given  below. 
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The  natural  frequencies  and  corresponding  mode  shapes  of  the  normal-to- 
plane  vibration  are  shown  in  Figure  41. 
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6.  5  CABLE  MODES  FROM  A  CONTINUOUS  REPRESENTATION  BY 
PARTIAL  DIFFERENTIAL  EQUATIONS 

In  transverse  oscillation,  the  arbitrary  displacement  £  (r),  t)  can  be 
represented  by  the  sum  of  the  normal  modes  <j>  (r|)  multiplied  by  the  gener 

alized  coordinates  <In(t)  associated  with  the  mode.  See  Figure  28. 
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where  n  denotes  the  mode  number. 
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Figure  28.  Compartment-Cable-Counterweight  Configuration 
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and  the  cable  tension  for  the  negative  r|  axis  is 
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Z2  2  Wpf2/2 


s2  “  /  w  r)pdr)  +  ^2rn2U> 


2  Cw 


where 


a,  =  1  + 


2m 


P  *, 


=  1  + 


2m, 


P  ^ 


is 


The  dynamic  equilibrium  equation  of  transverse  oscillation  of  the  cable 
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Similarly,  for  the  negative  r)  axis 
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The  preceding  two  equations  are  reduced  to 


0 


0 


The  preceding  equations  can  be  reduced  to  the  standard  form  of  the 
Legendre  equation  by  letting  r\  =  a^  x,  so  9^4ri/ =  (®^<t)n/  9x^) 

d<t>n/  9*1  =  ( 1/aiii  )  (a<t>n/  9x) 


thus 


by  taking  into  account  that  the  linear  and  angular  momenta  of  the  vibration 
modes  are  zero,  i.e., 


/  *« 


<t>  dn  +  m  H>  (f  )  +  m  <t>  (i  )  =  0 

~  1  n  1  2  n  2 


p  [  r|4)  dr|  +  l  m  4>  (f  )  -  f  m  *  (£  )  =  0 

r  J  n  llnl  22n2 


-L 


the  two-final  equations  of  transverse  vibration  can  be  solved  simultaneously 
for  4>n  and  pn  for  given  a^,  a^,  an<^  satisfying  the  continuity  of  slope 

and  displacement  at  rj  =  0. 
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Figure  29.  Longitudinal  Vibration — Normal  Mode 


Figure  30.  Lateral  Vibration — Normal  Mode 
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Figure  31.  Torsional  Vibration — Normal  Mode 
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Figure  32.  Lateral  Vibration  With  Rotary  Inertia  of  Compartment  and 

Counterweight — Normal  Mode 
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Figure  35.  Two-Compartment  Configuration  Connected  With  Cables; 

Modes  7  and  8 
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Figure  36.  Two -Compartment  Configuration  Connected  by  5-Foot-Diameter 

Spokes — In-Plane  Vibration  Mode  Shapes 
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Figure  37.  Two -Compartment  Configuration  Connected  by  5-Foot-Diameter 
Spokes — Normal -To -Plane  Vibration  Mode  Shapes 
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Figure  38.  Two -Compartment  Configuration  Connected  by  10-Foot- 
Diameter  Spokes — In-Plane  Vibration  Mode  Shapes 


131 


Figure  39.  1  wo -Compartment  Configuration  Connected  by  1  0 -Foot -Diamete r 

Spokes — Normal-To-Plane  Vibration  Mode  Shapes 
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g>  =174.22 


Figure  40.  Y- Configuration— In- Plane  Vibration  Mode  Shapes 
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Figure  41.  Y- Configuration  —  Normal-to- Plane  Vibration  Mode  Shapes 
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7.0  A  GENERAL  APPROACH  TO  THE  EQUATIONS  OF 
UNSTEADY  MOTIONS  OF  ELASTIC  SPACE  STATIONS 


7.1  ANALYTICAL  APPROACH 

In  a  general  analysis  of  the  motion  of  an  orbiting  elastic  space  station 
during  a  six-month  period  or  more,  it  is  desirable  that  the  earth's  orbit 
angle  degree  of  freedom  about  the  sun  be  considered  in  the  inertial  frame  of 
reference.  The  ellipticity  of  the  earth's  orbit  and  the  perturbations  of  the 
orbit  due  to  the  moon  are  sufficiently  small  to  be  considered  as  zero  in  the 
analysis.  Also,  the  oblateness  of  each  of  these  bodies  and  the  gravitational 
effects  of  the  moon  are  sufficiently  small  to  be  considered  as  zero. 

The  unit  vectors  in  this  inertial  Cartesian  coordinate  system  are 
shown  in  Figure  42. 
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Figure  42.  Inertial  Coordinate  System 


The  remainder  of  the  development  follows  the  development  shown  in 
ASD  TR  61-171.  It  varies  only  in  the  sequence  of  Euler  angular  rotations 
of  the  rigid  space  station,  and  in  that  elastic  degrees  of  freedom  of  the 
space  station  are  considered. 


^Reference  12 
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When  the  expression  for  the  kinetic  energy  is  obtained  and  explicit 
terms  are  written  that  lead  to  expressions  of  forces  that  couple  the  earth 
orbit  angle  to  the  elastic  degrees  of  freedom,  it  will  be  assumed  that  these 
forces  are  so  small  that  they  will  not  affect  the  motion  of  the  system.  This 
assumption  will  be  justified  when  it  is  subsequently  shown  that  elastic 
deformations  within  elastic  limits  do  not  significantly  affect  even  the  mean 
orbit  of  the  space  station  about  the  earth. 

In  this  analysis  the  earth  is  considered  to  be  spherical  and  of  uniform 
density.  The  origin  of  the  earth-fixed  coordinate  system  lies  at  the  center 
of  the  earth,  and  is  oriented  so  that  the  zE  axis  points  toward  the  North 
Pole,  and  at  the  time  of  some  particular  autumnal  equinox,  the  xE  axis  is 
coincident  with  the  inertial  xj  axis.  See  Figure  43. 


CELESTIAL  NORTH  POLE 


Figure  43.  Earth-Fixed  Coordinate  System 
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A  point  located  at  xg,  y^,  zg,  relative  to  the  center  of  the  earth  is, 
in  the  inertial  system,  located  at 
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the  earth's  orbit  angle  (Figure  42) 
cos  (23  1/  2  °,  ®,  £2  t) 
sin  (23  1/2°,  ®,  £2  t) 
the  earth's  spin  rate 
a  column  matrix 

a  rotational  transformation  matrix 


The  origin  of  the  vehicle  geocentric  coordinate  system  is  defined 
as  the  center  of  mass  of  the  space  station,  and  the  coordinates  are 
oriented  so  that  the  positive  zv  axis  points  toward  the  center  of  the  earth, 
and  the  first  quadrant  of  the  xv  -  zv  plane  contains  the  North  Pole.  Thus, 
a  point  located  at  xv,  yv,  zv,  relative  to  the  center  of  mass  of  the  space 
station  is,  in  the  earth-fixed  system,  located  at 
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where 


R 

o 

=  the  spac 

e  station  radius  of  orbit  about  the  earth 

CF,  $ 

=  cos  ( 

*) 

SF,  $ 

E  sin  (  'I', 

*) 

%  <t> 

are  define 

d  by  Figure  43. 

The  transformation  from  vehicle  geocentric  axes  to  vehicle  body  axes 
is  accomplished  by  successive  right-hand  rule  rotations  about  the  z,  y,  and 
x  axes,  respectively,  as  shown  in  Figure  44. 


♦ 


ROTATIONAL  SEQUENCE:  e,  f 


Figure  44.  Euler  Rotation  Angles 


138 


Thus,  a  point  at  Xg,  yg,  Zg,  relative  to  the  center  of  mass  of  the  space 
station  is,  in  the  vehicle  geocentric  system,  located  at 
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Symbolically,  this  transformation  can  be  written  as 
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The  velocities  relative  to  the  vehicle  geocentric  system  are 
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where  the  symbol,  *,  indicates  the  transpose  of  the  matrix,  and 
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Carrying  out  the  indicated  matrix  multiplication 
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The  parallel  development  in  vector  notation  of  the 
to  the  vehicle  geocentric  system  makes  use  of  dyadics. 


veloci tie s  relative 
Define 


II  E  i  i  +  j  j  +  k  k 
c r  a  cr  cr  cr  cr  cr 


(95) 


Then,  the  radius  vector  and  velocity  vector  in  the  geocentric  system  can 
be  written  as 


Ry  =  nv  •  Rb  (96) 

and 
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Ry  =  HV  •  [RB  +  n  X  V  (97) 

where  ft  is  the  rotation  vector  of  the  body  axis  system  relative  to  the 
geocentric  system.  The  components  of  this  vector  in  the  body  axis  system 
are  p,  q,  and  r;  i.e., 
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Thus,  the  velocity  in  geocentric  coordinates  can  be  written 
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or. 
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Term  by  term  comparison  with  equation  (94)  gives 

p  =  0  -  ijj  sin  0 

q  =  0  cos  0  +  \\)  cos  0  sin  0  >  (  102) 
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which  agree  with  equations  (4.5,  3).  1  In  matrix  notation  these  equations 
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Equivalent  expressions  relative  to  the  inertial  frame  of  reference  are 
obtained  by  substituting  equations  (88)  and  (89)  into  equation  (87)  and 
writing  equation  (87)  in  symbolic  form  as 
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Differentiation  results  in 
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Carrying  out  the  indicated  operations 
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From  equations  (105)  and  (106)  we  can  write  the  total  kinetic  energy  (T) 
of  the  space  station  spinning  freely  and  in  orbit  about  the  rotating  and 
revolving  earth. 
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The  total  kinetic  energy  of  the  earth  and  space  station  system  would 
require  integration  over  the  volume  of  the  earth,  too.  The  equation  (  1  07 ) 
has  already  been  specialized  to  the  case  in  which  the  earth's  orbit  radius 
about  the  sun  is  constant.  At  this  point  it  will  be  further  specialized  to  the 
case  in  which  (1)  the  center  of  the  earth  is  considered  to  be  fixed  in  space, 
i.e.,  ®  =  0,  (Z)  the  earth  is  not  rotating,  i.e.,  ft  =  0,  and  (3)  the  space 
station  is  in  an  equatorial  orbit,  i.e.,  =  i  =  0.  For  this  specialized 

case  the  total  kinetic  energy  can  be  written  as 
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The  expression  for  the  kinetic  energy  can  be  used  to  develop  equations 
of  motion  for  systems  that  are  not  elastically  restrained  as  well  as  for 
those  that  are  elastically  restrained.  In  the  latter  case,  the  expression  can 
be  further  specialized  and  simplified  as  shown  in  Section  1.2. 


The  expression  for  the  potential  energy  is  needed  in  order  to  complete 
the  Lagrangian.  The  potential  energy  of  an  elastically-restrained  system 
can  be  written  as  the  sum  of  the  potential  due  to  elastic  deformations  and 

gravity,  i .  e  .  , 

U  =  U_  +  u„  (109) 
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Generally  the  potential  due  to  elastic  deformations  can  be  written  as 
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The  more  detailed  expression  will  be  developed  later  in  this  section. 

The  potential  (dU^),  of  an  incremental  mass  (dmn),  due  to  gravity 
can  be  written  as 
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G  =  gravitational  constant 
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|R  +  r  I  =  distance  of  the  incremental  mass  from  the  center 

°  n 1  r  , 

of  the  earth 

The  forces  due  to  mutual  gravitational  attraction  are  negligible  by  com 
parison  to  the  centrifugal  forces  of  the  spinning  space  station. 
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th. 

The  location  of  the  n  incremental  mass  in  earth  geocentric 
coordinates  is 
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Using  equations  (88)  and  (89) 
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Expanding  the  binomial,  retaining  only  second  order  terms,  and  integrating 
over  the  volume  of  the  space  station 
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Because  the  origin  of  the  body  axes  is  at  the  center  of  mass  of  the  space 
station 
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are  retained  to  emphasize  that  during  an  analysis  of  deployment  or  docking 
maneuvers,  the  instantaneous  principal  axes  must  be  considered  in  addition 
to  the  instantaneous  center  of  mass.  Therefore,  the  gravitational  potential 
is  written  as 
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Substituting  equation  (117)  into  equation  ( 1  09 ) ,  and  using  equation  (108) 
we  can  write  the  Lagrangian  using  the  expression 
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and  generate  the  equations  of  motion  from  the  general  equation 
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7.2  CABLE-COUNTERWEIGHT  CONFIGURATION— FULLY  DEPLOYED  AND 
SPINNING 


The  general  analysis  of  a  spinning  elastic  space  station  in  orbit 
about  an  inertially  fixed  earth  is  applied  in  this  section  to  an  idealized 
configuration  as  shown  in  Figure  45. 

The  motion  of  the  elements  of  the  space  station  is  restricted  to  the 
y-g  direction  in  the  spin  plane  and  the  spin  plane  is  coincident  with  the 
orbit  plane,  i.  e.  , 

0  =  4j=“T;0=4j  =  z  =  x  =0  (  120) 
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Figure  45.  Idealized  Cable -Counterweight  Space  Station 
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The  approach  taken  in  this  analysis  is  to  assume  that  fluctuating  elastic 
deflections  are  small,  then  to  determine  whether  mechanical  devices  will  be 
required  to  keep  them  small.  From  equation  (108)  we  get 
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and  from  equation  (117) 
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+  product  of  inertia  terms  assumed  equal  to  zero 


The  potential  energy  caused  by  deformation  of  the  springs  is 
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Now,  by  allowing  small  perturbations  on  R  ,  and  0, 
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where 


co  =  0.  4  rad/ sec 
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and 


sin  0  =  sin  go  t  +  60  cos  go  t;  cos  0  =  cos  co  t  -  60  sin  co  t  (  129) 

The  degree  of  freedom  q  =8  R  yields  the  equation 
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By  retaining  only  first-order  terms  in  the  perturbations, 
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Substituting  the  relationships 
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into  equation  (130), 
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where 
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At  this  point  'I'  is  defined  as 
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In  the  fully  deployed  configuration 

Y0  =  -870.  763  feet; 


°C  =  -370.  763  feet; 


*2  =  129.  237  feet 
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Then 
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(134) 


*  =  0.  001196833  rad/sec  (135) 
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_  o 

The  elastic  limit  deflection  of  a  one-inch  cable  is  about  7.  04  x  10 
(ft/ft  of  cable).  Direct  substitution  of  limit  deflections  and  equation  (  133  ) 
shows  that  equation  (132)  reduces  (when  Q1  =  0)  to 
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It  may  be  noted  that  elastic  effects  can  only  enter  this  equation  through 
6'i.  The  equation  of  motion  in  that  degree  of  freedom  is 
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By  retaining  only  first-order  terms  in  the  perturbations,  one  gets 
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It  can  be  shown  that  because  of  orthogonality  of  the  vibration  modes  to  the 
rigid  body  degrees  of  freedom 
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The  equation  of  motion  in  the  spin  degree  of  freedom  is 
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and  for  a  100-mile  orbit 
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And  retaining  only  first  order  terms 


Equations  (136),  (137),  and  (138)  are  linear  differential  equations.  They 
may  be  solved  by  substituting  equation  (138)  into  equation  (137)  to  get 

.  6R  3 
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and,  similarly,  equation  ( 1  36)  maybe  written 
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The  solution  of  these  simultaneous  differential  equations  is 
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By  setting 
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the  following  equations  are  obtained 
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and  to  further  simplify  calculations,  set 
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to  get 
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•  or 


6 0(t)  =  -3.  322  x  10'6  sin  2  co  t 


Now  it  may  be  stated  that  within  the  limitations  of  the  linearized 
analysis,  a  stable  orbit  has  been  achieved  and  that  the  small  perturbations 
on  that  orbit  caused  by  gravity  gradient  have  been  determined.  The  effects 
on  the  elastic  degrees  of  freedom  may  be  determined  as  follows 
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where 

i  =  n  +  3 
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Expanding  and  retaining  only  zero  and  first-order  terms  gives  (after  a 
considerable  amount  of  manipulation  and  substitution  of  previous  results) 
the  following: 
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The  trigonometric  functions  are  then  expressed  in  terms  of  multiple 
angles  and  numerical  substitutions  reveal  insignificant  terms.  When  all 
these  terms  are  eliminated,  a  set  of  three  simultaneous  linear  differential 
equations  is  the  result.  The  Laplace  transform  of  these  equations  follow: 
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where 
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The  spring  constant  for  500  feet  of  one-inch  steel  cable  whose  solid 
cross-section  area  is  0.  57  6  square  inches  is 
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The  steady  state  solution  (i.  e.  ,  for  the  term  Aq  on  the  right  hand  side) 


yields 
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(149) 


The  remainder  of  the  analysis  shows  that  a  small  amount  of  damping  is 
required  to  prevent  divergence  of  the  flexible  degrees  of  freedom. 

The  determinant  of  the  coefficients  of  r|n(S)/R0e  in  equation  (148) 
yields  the  polynomial 

(S2  -  0.  159045)  (S2  +  73.  2407)  (S2  +  726.  451)  =  0 

The  positive  root  indicates  divergence  and  gives  a  measure  of  the  amount 
of  damping  required. 

Structural  damping,  as  commonly  used  by  the  flutter  analyst,  cannot 
provide  the  stabilizing  forces  for  the  elastic  degrees  of  freedom.  This  fact 
can  be  anticipated,  because  there  are  no  forces  90  degrees  out  of  phase  with 
the  displacements  when  aerodynamic  forces  or  other  forces  proportional 
to  velocity  are  absent. 

If  a  sinusoidal  motion  were  assumed,  i.  e.  , 
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and  then  the  factor  (1  4  jg)  is  applied  arbitrarily  (to  account  for  forces 
proportional  to  displacement  but  in  phase  with  the  velocity)  wherever  k/m 
appears  in  the  equations,  the  determinant 
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is  used  to  find  the  natural  frequencies  of  the  system,  in  terms  of  gn. 

Then 


would  force  the  conclusion  that  no  factor  applied  to  the  spring  constant, 
whether  real  to  account  for  friction  forces,  or  complex  to  account  for 
hysteresis  forces,  will  avoid  getting  the  root,  =  -a. 

Thus,  it  is  shown  that  when  the  equation  representing  the  change  in 
angular  momentum  due  to  elastic  deflections  is  not  solved  simultaneously 
with  the  elastic  equations,  the  result  is  an  unstable  root  of  the  elastic 
equations.  This  suggests  that  when  determining  the  elastic  response  of  the 
system  the  linearized  equation  for  the  spin  rate  should  be  expanded  to  include 
those  terms  due  to  elastic  deflections  and  solved  simultaneously  with  the 
elastic  equations.  It  appears  that  if  structural  or  material  damping  is  to  be 
considered  in  the  analysis,  it  should  be  divided  into  two  parts:  (1)  the  very 
small  portion  that  can  be  shown  to  be  proportional  to  velocity,  and  (2)  the 
portion  that  is  proportional  to  displacement.  Artificial  viscous  dampers 
and  pendulum  dampers  could  also  be  accounted  for  in  the  analysis. 

When  these  damping  forces  are  added  to  the  system,  the  problem  of 
finding  the  amplitudes  of  oscillation  becomes  one  of  finding  resonant 

frequencies  and  amplitudes  in  response  to  the  forces  arising  from  gravity 
gradients. 


It  is  suggested  that  future  work  be  conducted  to  account  for  the 
damping  inherent  in  typical  configurations  of  space  stations.  An  accurate 
determination  can  be  made  of  the  magnification  factors,  transfer  functions, 
transient  responses  and  amplitudes  of  steady- state  responses  to  the  gravity 
gradient  and  other  oscillatory  forces  only  when  the  elastic  deformations  can 
be  shown  to  be  damped  after  an  initial  displacement  or  forced  response. 

It  is  also  suggested  that  the  amplitudes  of  the  elastic  responses  be 
used,  when  the  damping  is  properly  accounted  for,  to  check  numerically 
the  validity  of  neglect  of  higher  order  terms  in  the  complete  set  of  equations 
of  motion. 
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8.  0  PLANAR  MOTION  OF  ORBITING  SPACE  STATIONS 


8.  1  TECHNICAL  APPROACH 

Past  experience  in  the  analysis  of  orbiting  extended  bodies  in  a  non- 
uniform  gravitational  field  indicated  that  the  rotational  motion  of  a  system 
about  its  center  of  mass  cannot  be  treated  as  independent  of  its  orbital 
motion  without  violating  the  law  of  conservation  of  energy  and  the  law  of 
conservation  of  momentum.  In  the  case  of  manned  space  stations,  when  the 
connecting  members  are  made  of  long  flexible  cable  or  elastic  structural 
members,  the  stability  and  control  characteristics  may  be  significantly 
influenced  by  the  distortions  of  the  flexible  extended  members  under  tran¬ 
sient  loading  conditions.  The  effect  of  flexibility  and  vibrational  motion 
must  also  be  included  in  the  formulation  of  equations  of  motion. 

In  view  of  the  above  stated  reasons,  comprehensive  analyses  were 
conducted  of  the  planar  motions  of  some  extended  elastic  configurations  and 
are  presented  in  sections  8.  2,  8.  3,  and  8.  4  of  this  report.  These  space 
stations  are  assumed  to  be  spinning  in  the  orbital  plane  around  a  spherical 
earth  with  an  inverse-square-law  gravitational  field.  The  spin-up  phase  is 
not  included  in  the  analysis. 

The  equations  of  planar  motion  in  the  earth-fixed  coordinates  were 
derived  from  the  total  kinetic  energy  of  the  system,  the  strain  energy  of  the 
cable,  and  the  generalized  forces  that  resulted  from  the  work  done  by 
external  disturbances.  The  external  forces  included  in  the  derivation  are 
those  due  to  the  gravitational  gradient  over  the  extended  body.  The  effect 
of  control  forces  acting  on  the  end  modules  of  the  cable -connected  con¬ 
figuration  is  given  in  Appendix  A,  Control  Forces  on  the  Cable -Connected 
Space  Station. 

8.  2  PLANAR  MOTION  OF  A  COMPARTMENT -CABLE-COUNTERWEIGHT 
SPACE  STATION 

Figure  46  shows  a  moving  coordinate  frame  q  and  t,  (unit  vectors 
and  j3)  through  the  center  of  mass  of  compartment-cable -counterweight 
system. _  The  inertial  axes  through  the  center  of  earth  are  x  and  y  (unit 
vectors  i 4  and  j^).  These  two  sets  of  axes  are  related  by  R,  0  ,  and  <f>. 

Let  R|  be  the  vector  drawn  from  the  center  of  mass  of  the  earth  to 
any  point  on  the  cable.  The  inertial  velocity  of  this  point  is  given  by 

vi  =  Vc  +  Vr  +  w  x  di  (151) 
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j3 


Figure  46. 


Since 


Moving  Coordinate  Frame  Through  the  Center  of  Mass  of  a 
Compartment-  Cable- Counterweight  System 


=  -i^  [R8  sin  <p  +  R  cos  <j>]  +  [R  sin  <p  -  R0  cos  0] 


Vr  =  l3  +  *  V 


and 


we  get 


WX  di  =  "  S  ^  +  ^  +  ^3  +  ^ 


V  =  i^  [ti  -  R0  sin  <p  -  R  cos  0  -  t,  (0  +  0)] 


+  [£  +  R  sin  0  "  R6  cos  0  +  r|  (0  +  0)] 


(152) 

(153) 


(  154) 


(155) 
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The  kinetic  energy  of  the  system,  referred  to  inertial  axes,  is 


T  =  2mi 


+  i  \  +  Tij  )  (0  +  0)2  +  R2  +  R202  -  2r I1  [R0  sin  0 


+  R  cos  0  +  (0  +  0)]  +  2^  [R  sin  0  -  R0  cos  0  +  (0  +  0)]  +  2 ^  (0 

+  0)  [R0  sin  0  +  R  cos  0]  +  Zt)^  (0  +  0)  [R  sin  0  -  R0  cos  0] 


+  2m2 


T]2  +  i2  +  +  r)^  j  (0  +  0)2  +  R2  +  R202  -  2t)2  [R0  sin  0 


+  R  cos  0  +  (6  +  0)]  +  2.t  [R  sin  0  -  R0  cos  0  +  q  (0  +  0)]  +  2IL  (0 


+  0)  [R0  sin  0  +  R  cos  0]  +  2q (0  +  0)  [R  sin  0  -  R0  cos  0] 


i  / 


-t 


r|  +  t,  +  (£,  +Tl)(0  +  0)  +  R  +  R20  -  2r|  [R0  sin  0 


+  R  cos  0  +  C  (6  +  0)]  +  [R  sin  0  -  R0  cos  0  +  rj  (0  +  0)]  +  Zt,  (0 


+  0)  [R0  sin  0  +  R  cos  0]  +  Zr\  (0  +  0)  [R  sin  0  -  R0  cos  0] 


dr|.  (156) 


By  Lagrange's  method,  the  equations  of  motion  are  as  follows 

_d_  / 9T  \  9T 

dt  8,j  =  j 


(157) 


where  qj  are  the  generalized  coordinates  including  R,  0,  r,  0  and  qn;  qn  is 
the  generalized  coordinate  that  gives  the  displacement  in  the  nt^L  normal 
mode.  Qj  is  the  component  of  the  generalized  force  that  results  from  the 
work  done  by  the  external  forces .  When  the  external  forces  are  the  gravity 
forces  and  elastic  forces,  Qj  will  be  evaluated  from 

SQj  61j  =  Gj  '  (6x,  i4)  +  i4)  +  /  dGc  •  (6xc  r4)  +  Gj  •  (6yx  J4) 


au 


9U, 


+  G2*(6y2j4)+  /  dGc'  (6ycj4}'  a^61"  9qf6qn  (158) 
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These  virtual  displacements  are  to  be  given  as  functions  of  virtual 
displacements  of  generalized  coordinates.  This  can  be  done  by  considering 
the  vector,  R^,  drawn  from  the  center  of  the  earth  to  any  point  on  the  cable. 

Ri  =  i3  ^  "  R  COS  ^  +  h  ^  +  R  Sin  ^  (  159) 

Transferring  the  preceding  equation  to  inertia  coordinates  by  the 
relation 

i3  =  -  i4  cos  (0  +  0)  -  j4  sin  (0  +  0) 

j3  =  i4  sin  (6  +  0)  -  j4  cos  (0+0)  (  160) 

we  have 

R.  =  i.,  [-p  cos  (6  +  0)  +  £,  sin  (0  +  0)  +  R  cos  0] 
l  4 


+  J4  [-rl  sin  (0  +  0)  -  4  cos  (0  +  0)  +  R  sin  0] 


(161) 


Now  we  will  introduce  the  lateral  displacement,  £  (r|0,  t),  in  terms  of 
the  summation  of  the  normal  modes,  0n  (r|0),  multiplied  by  the  generalized 
coordinates,  qn  (t),  associated  with  the  mode. 


£  (t)0»  t)  = 


I 


*n  <V  qn  (t)- 


(162) 


n 


=  1 


The  extensional  displacement  of  any  point  at  the  cable  will  be  incorporated 
into  the  abscissa,  r|0,  by  the  assumption 


p  (r)  ,  t)  =  p  — 
o  or 

o 


and 


p  d  p  =  p  dp 
r  ro  o 


(163) 
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where 


r  =  the  length  of  cable  at  any  unsteady  state 


=  the  length  of  cable  at  steady  state 


t1q  =  the  abscissa  at  steady  state;  varies  from  to 
Thus,  from  equation  (  16  1 ) ,  virtual  displacements  are  determined  to  be 


6x^  =  6R  (cos  0)  +  6r 


- cos  (0+0) 

r 

o 


+  sin  (0  +  0)  Z0  6q 
n  n 


+  60 


riQ—  sin  (0  +  0)  +  Z,  cos  (0  +  0)  -  R  sin  0 
o 


+  60 


ri  -  sin  (0 

o  r 

o 


+  0)  +  £  COS  (0  +  0) 


6y^  =  6R  (sin  0)  +  6r 


-  sin  (0  +  0) 

r 

o 


-  cos  (0  +  0)  20  6q 


n  n 


+  60 


-  r^-^—  cos  (0  +  0)  +  £  sin  (0  +  0)  +  R  cos  0 
o 


+  60 


-  r^  —  cos  (0  +  0)  +  t,  sin  (0  +  0) 
o 


(164) 


Replace  subscript  i  by  1,  2,  or  c  for  denoting  virtual  displacements  of  mj, 
m2  or  P0of  any  point  of  the  cable,  with  r)  being  given  by  ij,  -lz>  and  r|0;  and 
£  being  given  by  i>l,  £2,  and  t,. 

The  differential  gravity  force  on  a  small  element  of  the  cable  is  given 
by 


Kp  dii 

dG  =  -T — V2 

C  4  R.3 


-  *no  —  cos  (0  +  0)  +  t,  sin  (0  +  0)  +  R  cos  0 


K  p  dn 
T  O  O 

-J4^T~ 


■t)  —  sin  (0  +  0)  -  £  cos  (0  +  0)  +  R  sin  0 
o 


(165) 
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From  equations  (  l6l)  and  (  1 6 3 ) , 


R. 

i 


3  .  R3 


1  - 


2rr|o  2C 

7TcosnI  sinS,+(T^ 


x  2  _  -,3/2 

rrl  \  2 


R 


„  -3  -3 

R.  ~  R 

i 


3rn  3 

1  + - —  cos  0  — —  sin  0  +  higher  order  terms 

o 


(  166) 


Thus 


dG  = 
c 


K  p  dri 
o  o 


-l 


4  R3 


-  ri  - cos  (0  +  0)  +  sm  (0  +  0)  +  R  cos  0 

o  r 

o 


K  p  dp 
o  o 

>4 - 3 - 

R 


■ri  - sm  (0  +  0)  -  cos  (0  +  0)  +  R  sm  0 

o  r 

o 


3K  p  dq 
ro  o 


4V  R3 


r  r\. 


cos  0  cos  0  -  t,  sin  0  cos  0 


2  2 
r  T 

r  2  R 
o 


rri  i 


rr|  £ 


cos  0  cos  (0  +  0)  + - —  cos  0  sin  (0  +  0)  + - —  sin  0  cos  (0 


r  R 
o 


r  R 
o 


+  0)  — 5-  sin  0  sin  (0  +  0) 
R 


/  3K  p  dri 
T  /  0  0 


-  J, 


R 


Tr\, 


cos  0  sin  0 


2  2 

r  ri  rti  L 

-  £,  sin  0  sin  0 - - —  cos  0  sin  (0  +  0)  -  — — 77  cos  0  cos  (0  +  0) 


r  2R 
o 


r  R 
o 


rV  ;2 

+ - ^  sin  0  sin  (0  +  0)  +  sin  0  cos  (0  +  0) 

r  R  R 


(167) 


For  masses  and  m^,  the  corresponding  values  of  Gj  and  are 
obtained  by  replacing  pQdr]0  by  mj  or  r\Q  by  or  and  by  ^  or 
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In  the  disturbed  state,  the  strain  energy  due  to  elastic  extensional 
motion  is 


u 

e  2r 


ot 


(r  -  rot>2  -  (ro  -  ro/ 


(  168) 


This  leads  to 


9U  AE  (r  -  r  ) 
e  '  ot' 


9r 


(  169) 


ot 


The  strain  energy  of  the  cable,  due  to  elastic  lateral  motion,  is 
obtained  from 


t 


=  i  /  si  (^)  d\>  +i  /  s2  (1^)  d,,< 


ui  -  - 


(  170) 


Tensions  Sj  and  Sg  have  now  been  introduced.  These  lead  to 

i, 

au  «“p  i, 

i  ro  ) 


1  /  2\ 

_  . 

f  2  %  \ 

.  ^  .2 

\l  2  ) 

W  +  Z  W  V 

o  \  *1  / 

m^n 

2  2  2 


<x>  p  £ 

ro  2 


/ 


where 


2  % 


2  i  2 
2 


qj0  ')2  +  y  q  0  '  0  ' 

n  n  m  m  n 


m^n 
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co  =  (6  +  0),  0  1  = 


d  0  ,  2m.  _  2m, 

n  2  ,  ,  1  2  ,  2 

j — .  a  =  1  + - —  ,  a_  =  1  + - 

n  dr)  1  p  i.  2  p  t. 

^  O  1  r  ~  ' 


(172) 


o  2 


Thus,  the  total  virtual  work  due  to  the  gravitational  potential  energy 
and  elastic  strain  energy  in  the  generalized  coordinates  is 
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2Q.  Sq.  =  6R 
J  J 


K 

R2 


M 


+  60  [o]  +  6r 


x  o  ' 


where 


Z  \  KA  x 

-  3  cos  0) - (r  -  r  ) 

r  ot 

ot 


+  60 


3K  .  .  /  r  T  2 

— j-  sin  0  cos  0  I - j  I  - 

R  \r  n 


+  6q 


m 


IT”  ^  '  3  sin2  + 


+  2q  N  ) 
m  mn 


(173) 


M  =  m.  +  m_  +  p  r 
1  2  ro  o 


and 


I 


m 


f,  +  m  f 


11 


2  2 


(174) 


In  deriving  equation  (  1 73) ,  the  important  properties  of  normal  modes 
of  free  vibration  were  used,  i.  e.  ,  the  zero  resultant  of  linear  and  angular 
momenta  in  each  mode  and  the  orthogonality  of  normal  modes. 

The  values  of  Mn,  Nn  and  are  defined  by  the  following  conditions 


p  f  0  0  dq  +m  0  (f  )  0  (f .  )  +  m  0  (-i  )  0  (-f  )  = 

ro  J  nm  o  1  n  l  m  l  Zn  Z  m  Z 


M  for  n  =  m 
n 

O  for  n  ^  m 


0*  dri 
m  'o 


+ 


o 


N  for  n  =  m 
n 


N  for  n  5*  m 
mn 


(175) 
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Routine  application  of  the  preceding  equations  leads  to  the  following 
set  of  system  equations 

R  -  equation 


MR  -  MR  G 


0  -  equation 


_d_ 

dt 


MR2  0  +  — — j  (0  +  0)  r2  +  (0  +  0)  2  qn2 
r 

o 


0 


(  176) 


(  177) 


r  -  equation 


[r  -  (0  +  0)2  r] 

r 

o 


3  cos 


EA  (r  -  r  J 
ot 

r 

ot 


(  178) 


0  -  equation 


<»  +  ♦»(  ^  +  2  M„  %)  +  2  (e  +  m  +  2  Mn  q„  % 


3K  .  ./It  2 

— —  sin  0  cos  0  I - —  -  2  M 


R' 


Ln% 


(179) 


q^  -  equation 


KM 

- [3  sin  0  -  1]  qn  -  (6  +  0)  (N  -  Mn)  qn 

R 


-  (0  +  0)  ^ 

m5%i 


q  N 
m  mn 


(n=l,2,...N;m=l,2,...)N)  (180) 

The  resulting  equations  reveal  that  the  rotational  and  vibrational  mo¬ 
tion  about  the  center  of  mass  represented  by  equations  (  178),  (  179)  and 
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(180)  are  coupled  with  the  orbital  motion  represented  by  equations  (176) 
and  (177)  through  the  terms  of  gravitational  gradient,  and  cannot  be  treated 
separately. 

In  the  case  where  only  the  extensional  motion  is  assumed,  i.  e.  ,  qn  =  0, 

equations  (176)  to  (180)  are  reduced  to  the  following  form 


R- equation 


0  -  equation 


r  -  equation 


_d_ 

dt 


mr2  e  + 


“4  (e  +  0)  r2 
r 

o 


0 


(181) 


(182) 


-  (6  + 


V*)2  r 


Kr 

R3 


(1-3  cos  0) 


EA  (r  -  r  )  r 
v  ot '  o 


(183) 


0  -  equation 


....  mm  V  TV"  -m 

(0  +  0)r  +  2(0  +  0)r  = - sin  0  cos  0  (184) 

R 

o 

The  preceding  four  equations  represent  the  planar  motion  of  a  com¬ 
partment  and  a  counterweight  connected  by  an  elastic  cable.  Equations 
(  181)  to  (  184)  are  much  more  simple  in  form  than  equations  (  176)  to 
(180),  but  in  both  cases,  satisfactory  computer  solutions  are  difficult  to 
achieve.  The  summation  of  a  very  large  number,  such  as  the  orbital  radius 
to  several  powers,  and  a  very  small  number,  such  as  gravity  forces,  may 
lose  the  significant  role  played  by  the  smaller  number.  In  fact,  the  effect  of 
small  forces  is  of  primary  concern. 

The  computer  solutions  will  be  discussed  in  a  subsequent  section. 
However,  the  stableness  of  circular  orbit  of  the  elastic  cable-connected 
space  station  (not  the  stability  of  configuration),  can  be  shown  here  from  a 
simplified  approach.  From  the  conservation  of  momentum  equation  (  182), 

R2  0  + - (0  +  0)  r2  =  C  (185) 

Mr  ° 

o 
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2  •  2 

Let  C,  = - —  and  C  =  R  0  +  C.  (0  +  0  )  r  ;  equation  (  185  ) 

1  . ,  2  o  oolooo 

M  r 

o 

yields 


0  = 


co- ci r  * 


(  186  ) 


Substituting  equation  (  186  )  into  equation  (181  ),  and  neglecting  higher  order 
terms  in  the  binomial  expansion 


R-(Co-C{  r S)2  (l  - 


-3  -2 

R  =  -  KR 


(  187  ) 


Let  R  =  R0  +  (3  and  substitute  into  equation  (  18  7  );  after  neglecting  higher 
order  terms,  the  equation  becomes 


P  + 


3Ro'  (Co-Cl  r  *)  - 


2  KR 


-3 


3  /  „  „  2  *  \2  -  2 


P  =  R„  (  C  -  C 


(co-Cl  r  if- 


KR 


In  steady  state,  R  =  R0,  R0  =  0;  from  equation  (  181  )  we  obtain 


KR 


(Co  -  C1  ro2  K)2 


-2 


R  '3  (C  -  C 
o  \  o 


1  +  C 


1  R  2 
o 


2  *  V  -3 
C  -  C,  r  0  )  R 

o  loo  /  o 


Hence 

P  + 

Thus,  only  when 

2 

a 

or 


(co-ci  ^y 


3  R  "4  I  C  -  C 
o  \  o 


2  K  R 


-3 


(Co’Cl'Z  *)' 


3  R  "4  (  C  -  C 
o  V  o 


2  K  R 


P  =  o 


>  0 


2Cl\2KRo  / 


(  188  ) 


(  189  ) 
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the  periodic  motion  in  (3  of  frequency  a  rad/sec.  will  give  a  stable  circular 
orbit. 


For  the  artificial  gravity  of  1  g  in  the  compartment,  and  using 


o 

R  =  0.  21454428  x  1 0  ft 

o 

0  =  0.  001 1939534  rad /sec 

K  =  0.  140775  x  1017  ft3/sec 

r  =  1000  ft 

o 

\  I  0. 49915338  rad/sec.  ;  when  mass  of  the  cable  is  included 
0  lO.  53811378  rad/  sec .  ;  when  mass  of  the  cable  is  not  included 

rrij  =  1.  242236  x  103  slugs 

3 

m^  =  0.  1552795  x  10  slugs 

p  =  0.  06832298  slugs /ft 

o 

we  find 


3  C 


2  C,  \  2  K  R 
1  \  o 


=  0.  13113073  x  10 


13 


*  O 

The  value  of  0r^  at  steady  state  is 


r  2  b  =  0.  499  x  106  «  0.  131  x  1013 
o  o 


o  • 

It  is  difficult  to  see  that  the  value  of  r  <p  in  the  unsteady  state  will  be  greater 
than  the  value,  0.  13  x  10^  Hence,  from  the  investigation  of  the  R-equation, 
it  is  shown  that  the  periodic  motion  in  (3  will  have  a  stable  circular  orbit. 


8.  3  EQUATIONS  OF  PLANAR  MOTION  OF  THE  Y -CONFIGURATION  SPACE 
STATION 

Consider  the  Y- configuration  space  station  rotating  in  the  plane  of  the 
orbit.  The  modules  are  designated  as  a,  b,  and  c;  x,  y  (unit  vectors  ij  and 
jj)  are  inertia  coordinates  (Figure  47  ),  with  their  origin  at  the  center  of  the 
earth;  q  and  t,,  with  subscripts  a,  b,  and  c  are  the  coordinates  of  the  mod¬ 
ules  along,  and  normal  to,  their  respective  longitudinal  axes;  and  q  and  £, 
with  subscript are  the  coordinates  of  the  hub  along,  and  normal  to, 
module  "a"  i,  j  and  k  are  rotating  coordinates  with  their  origin  at  the 
center  of  mass  and^i  coincides  with  module  "a"  of  the  undeformed  configura¬ 
tion.  The  vectors  R  and  Ra  are  directed  from  the  center  of  the  earth  to 
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b 


Figure  47.  Coordinate  Systems  of  Y—Configuration 


the  center  of  mass  of  the  Y- configuration,  and  a  point  on  module  a, 
tively.  The  inertial  velocity  of  the  point  on  module  a  is 

v_  -  v  +[r  ]+(0  +  0)kxir 
a  o  1  aJ  '  a 


where 


Vq  =  (R  sin  0  -  R  0  cos  0)  i  +  (R  cos  0  +  R  6  sin  0)  j 

7a  =  +  tU  =  n  I+i  T 


(0  +  0)  k  x  r 


-  (0  +  0)  i  +  rj  (0  +  0)  j 

ct  a. 


Therefore , 

V  =  h  +  R  sin  0  -  R  0  cos  0  -  t,  (0  +  0)]I+  [£  +  R 

+  R  0  sin  0  +  p  (0  +  0)]  j 

cl 


COS 


respec- 

(  190  ) 


0 

(  191  ) 
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Equations  for  vfo  and  vc  can  be  obtained  directly  from  equation  (191) 
with  the  following  substitution. 


For  vb, 


Replace  pa  by  (- ±  %  ^ 


replace  ^  by  ~y  lb 


For  v  , 
c 


replace  i,a  by  f-±, <c ic 


replace  ^  by  (■ ~  nc  - -g-ic 


(192) 


Thus , 


(’  '"T"  ^b)  +  R  sin  0  -  R  0  cos  0  -  (0  +  0) 

T4b)]  I+  [(t^  %  '  7 4b)  +Rcos  *  + 

i) 


R  0  sin  0 


+  (0  +  0) 


(193) 


and 


(”  J  \  +  ~T~  ^c)  +  R  sin  0  "  R  6  cos  0  -  (6  +  0)  ^  tic 

K) 


T4c  1  + 


n/3  . 

T^c 


+  R  cos  0  +  R  0  sin  0 


+  (0  +  #)  (y\nc  +  ^0j  j 


(194) 


Use  subscript,  H,  in  referring  to  the  hub,  then, 

rH  =  1  +  ^ 


H 


=  v  +  r  +  (0  +  0)  k  x  r  =  [iq  +  R  sin  0  -  R  0  cos  0 

O  ri  ri  ri 

-  iR  (0  +  0)]  i  +  [£„  +  R  cos  0  +  R  0  sin  0  +  ^  (0  +  0)]  J 


’H 


H 


(195) 
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Let  m  equal  the  mass  per  unit  length  of  modules  a,  b  and  c,  and  MH 
equal  the  mass  of  the  hub.  The  kinetic  energy  of  module  a  is 


f 

2T  =  |  m  v  •  v  dri 

a  J  a  a  'a 

o 


2  +  i  2  +  R2  +  r2  e2  +  (e  +  P)2  (r,  2 
a  a  \  'a 


+  £a2  )  +  2  r)a  [R  sin  0  -  R  0  cos  0  -  (0  +  0)]  +  2  £  [R  cos  0 

+  R0sin0  +  r|  (6  +  0)]  +  2  (6  +  0)[-Rsin0+R0  cos  0] 


+  2  q  (0+0)  [R  cos  0  +  R  0  sin  0] 


dr|^ 


(196) 


The  kinetic  energy,  and  Tc,  of  modules  b  and  c  can  be  obtained  by 
introducing  equation  (192)  into  equation  (196). 


The  kinetic  energy  of  the  hub  is 


2TH  =  MH  VH  •  VH  +  XMH  (e  +  =  MH 


%2  +  +  R2  +  R2  e2 


+  (e  +  0 )2  (r)H2  +  t,H2  )  +  2  qH  [R  sin  0  -  R  e  cos  0  -  (0  +  0)] 

+  2  iH  ^  COS  ^  +  R  6  sin  ^  +  9H  +  0)]  +  2  £  (G  +  0)  [-R  sin  0' 


+  R  6  cos  0]  +  2  t|  (0  +  0)  [R  cos  0  +  R  6  sin  0] 


+  I  (0  +  (p)‘ 
MH  V  yi 


(197) 


where 


=  rotary  inertia  of  the  hub 


The  total  kinetic  energy  is 


t(total) 


+  T  +  T,  +  T 
a  b  c 


(198) 


Let  the  coordinates  of  the  elastic  curve  of  the  deformed  configuration 
be  expressed  in  terms  of  normal  modes,  thus. 
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00 


where 


la  <V  *>  =  I  “an  <Za>  %  (t) 


n=  1 


r|  (z  ,  t)  =  z  +  y  w  q  (t) 
a  a  a  Z-t  an  n 


n=  1 


;b  <V  t)  =  ][  ubn  (2b)  qn  (t) 


n=  1 


q,  (z  ,  t)  =  z  +  >  w  q  (t) 

'b  b  b  bn  n 


n=l 


i  (z  »  t)  =  V  u  (z  )  q  (t) 
c  c  ZL  cn  c  n 


n=l 


q  (z  ,  t)  =  z  +  \  w  q  (t) 
'c  c  c  zL  cn 


n=l 


(ZH’  *>  =  I  UH„  V  qn  (t)  Where 


ZH=  ° 


n=  1 


'H  (t)  =  2  WH„  %  (t) 

n-  1 


(199) 


11 

n 

w 

n 


components  of  the  n^-h  normal  mode  shapes. 
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Subscripts  a,  b,  c  and  H  refer  to  modifies  a,  b,  c  and  the  hub. 

qn  (t)  =  the  generalized  coordinates,  giving  the  displacement 
in  the  n**1  mode. 

z  ,  z^,  and  z  =  positions  of  mass  elements  in  the  reference  steady 

state. 


By  Lagrange's  method,  the  equations  of  motion  are 


JL  /U_  \  8T  8U 

dtrv  8qj  8qj =  j 


(200) 


The  generalized  coordinates  are  R,  0,  </>  and  q^  Equation  (199)  represents 
orthogonal  modes.  From  the  orthogonal  conditions,  it  can  be  shown  that 

mi  [w  w  +  w  w,  +  w  w  1+m/fu  u  dz  -f-  u  u  dz 

an  am  bn  bm  cn  cm  J  L  an  am  a  bn  bm  b 


+  u  u  dz  ]  -t-  Mtt  [w  w  +  u  u _ _ 
cn  cm  c  H  Hn  Hm  Hn  Hm 


0  n  ^  m 


M  n  =  m 
n 


/r»"  »" 

J  L  an  a 


M  It  ||  II  It 

El  /  |u  u  dz  -I-  u,  u,  dz,  -I-  u  u  dz 
am  a  bn  bm  b  cn  cm  c 


]  ■ 


(201) 

0  n  ^  m 


N  n  =  m 
n 


(202) 


The  preceding  conditions,  in  addition  to  the  zero- linear  and  angular- 
momentum  conditions  for  each  normal  mode  of  free  vibration,  are  used  in 
the  derivation  of  equations  of  motion.  Another  condition  is  also  introduced 
in  the  derivation.  This  condition  is  written  as 


w^  +  w^  +  w^  =  0  (203) 

The  components  of  generalized  forces,  Qj,  are  evaluated  from  the 
work  done  by  external  forces.  If  the  gravitational  force  is  the  only 
consideration, 

SQ.  6q.  =  /  dGa-(6xaiI)+  /dGb-(6xbiI)+  /dGc  (6xc  ix)  +  Gh  (6xh  ix) 

+  /  dGa  (6ya  Ji)  +  /dGb-(6yb  V  +  /dGc  (6 Yc  Jj) 

I-  GH-(SyH  jj)  (204) 
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In  tiie  rotational  coordinate  system,  the  position  vector  of  H,  and  any 
point  on  modules  a,  b,  and  c  are 

Rh  =  (t1h  4-  R  sin  0)  i  4-  (t,H  4-  R  cos  0)  j 


R  = 


R.  = 


(t|  4-  R  sin  0)  i  4-  (t,  4-  R  cos  0)  j 

a  a 


/  1  Kd  •  J",  1  r  \ 

I  -  -j  pb  ■  —  j  +  R  Sln  ^  1  +  (  ~  "  ~z  ) 


-I-  R  cos  0 


R 


/  1  ,  \f3  ,  \ 

— 

7  \T3 

i .  \  „ 

("  2  %  +  2  Cc) 

4-  R  sin  0 

i  + 

‘T;c)tRcos  ♦ 

J 

(205) 


Using  the  relations  between  i,  j  and  ip  jj 

i  =  sin  (0  +  0)  i  -  cos  (0  4-  0)  j 

j  =  cos  (0  4-  0)  i  4-  sin  (0  4-  0)  j  (206) 


The  position  vectors  in  the  inertial  coordinates  are 

R  =  [R  cos  0  4  T]  sin  (0  4-  0)  4-  £,  cos  (0  4-  0)]  i  4-  [R  sin  0 
H  ri  H  I 

-  r)H  cos  (0  4-  0)  4-  sin  (0  4-  0)] 

R  =  [R  cos  0  4  ri  sin  (0  4-  0)  4-  t,  cos  (0  4-  0)]  i  4-  [R  sin  0 
a  a  a  1 

-  T)  cos  (0  4-  0)  4-  t,  sin  (0  4-  0)]  J  (207) 

a  a  jl 

The  values  of  and  Rc  can  be  easily  obtained  from  Ra  by  using  the  relation 
shown  in  equation  (192). 

From  the  preceding  equations ,  virtual  displacements  are  determined  to 
be 
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60 


6  x 
6  x 


H 


cos  0  6R  4- 

-  R  sin  0  4- 

cos  (0  4-0)- 

■‘h' 

Y 

sin  (0  -h  0) 

-^a  ■ 

^a  J 

4- 


COS  (0  +  0)  - 


sin  (0  4-  0) 


60 


sin  (0  4-  0) 


2  w 
2  w 


H 


+  COS  (0  +  0) 


2  u 
2  u 


H 


a  J 


>qn 


'6yH  ' 
.6ya  . 

=  sin  0  6R  4- 

R  cos  0  4- 

'%■ 

.V 

sin  (0  4-  0)  4- 

[&Hl 

,4aJ 

cos  (0  4-  0) 

60 


sin  (0  4-  0) 


'H 


a  J 


4-  cos  (0  4-  0) 


SH 


a  J 


60 


-  cos  (0  4-  0) 


2  w 
2  w 


H 


a  J 


4-  sin  (0  4-  0) 


2  u 


H 


u 


6q  (208) 


n 


Similarly,  the  virtual  displacements,  6x^,  6xc,  6y^,  and  6yc  can  be  obtained 
from  6xa  and  6ya  by  introducing  equation  (192). 

The  gravitational  forces  on  the  central  hub  and  on  a  small  element  of 
modules  a,  b,  c  are  given  by 

[R  cos  0  4-  r|H  sin  (0  4-0)4-  cos  (0  4-  0)]  ij 

4-  [R  sin  0  -  cos  (0  4-  0)  4-  sin  (0  4-  0)]  jj 

[R  cos  0  4  r|  sin  (0  4-  0)  4-  £,  cos  (0  4-  0)]  iT 
sl  a.  i 

T|  cos  (0  4-  0)  4-  £  sin  (0  4-  0)]  jT 

cl  3,  1 


dG 


K  m  dt) 


R 


4  [R  sin  0  - 
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dGb 


dG  =  - 
c 


+ 


+ 


The  assumption 


/I  J3  \ 

R  cos  0  +  (  '  ~l  ^  "  ~  ^b)sin  +  ^ 

(  T  \  '  1  lb  )  cos  (e  +  *>)  ri  +  I R  sin  6  '  ( - 1  \ 
T  S>)  cos  ,6+  *)+  (  T  \  'i4 b) sin  (e  +  ^'1  ij 

|rcos  0  +  ("“^Tlc  +  )  sin  (0  +  0) 

(-  1r  \  Ocos  (e  +  *>]  Ti+  lR  sine  ■  (-i% 
"f  ;c ) cos  |e  +  «>)  +  (•  ~r\  ~\k) sin (6  +  *>] t: 

-3  -3 

=  R  (i  =  a,  b,  c,  H) 


(209) 


(210) 


has  been  imposed  on  equations  (  209  ).  Substituting  the  relation  of  equations 
(  208)  and  (  209  )  into  equation  (  204),  the  components  of  the  generalized 
forces  due  to  gravitational  gradient  are  computed  to  be 


Qr  =  -  72  [3  +  Mh] 

R 


Q0  =  0 


Q 

q 


n 


K  XX 

= - -  M  q 

r3  „  „ 


(211) 


Since  the  extensional  elastic  deformation  of  the  modules  is  neglected 
in  equation  (  199),  because  of  its  small  magnitude  in  comparison  to  its  rigid 
body  movement,  the  total  strain  energy  of  modules  a,  b,  and  c  is  derived 
from  the  bending  deformation.  Thus, 
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2 


2 


2 


U 


-ff 


'E>2  l. 


a2  t 


a2  i. 


9  z. 


_  .  dz  + 
2  /  a 


9  z. 


2  /  dZb  + 


3  z 


9  i  dz 

2  /  c 


=  T.f  (2uIq)  dza+(Subq)  dzb  +  (2l,cq)  dz< 


(212) 


and 


QTT  /*  I  11  11  11  11  n  n 

—  =  El  /  u  Z  u  q  dz  +  u  Z  u  q  dz  +  u  Z  u  q  dz 

3q  J  I  an  am  a  bn  bm  bn  b  cn  cm  m  < 

n 


N 


n\ 


n  ^  m 


n  =  m 


(213) 


Substituting  the  values  of  equations  (198),  (211)  and  (213)  into  Lagrange's 
equations  of  motion  (200),  and  using  the  property  of  normal  modes  and 
conditions  in  equations  (201),  (202),  and  (203),  the  equations  of  planar 
motion  of  the  Y- configuration  are 


R  -  R62  =  - 

R 


(214) 


R  6  [3ml  +  M  ]  +  (6  +  0) 

ri 


3 

mi  + 


y  m  q  ‘ 

iL-i  n  n 


+  I 


mH 


n=  1 


-  I 


mH 


I  UHnqn  =  C1 


n=  1 


(215) 


(6  +  0) 


3 

mi  + 


^  M  q  ' 
Z-J  n  n 


+  I 


mH 


n=  1 


-  I 


mH 


2 

n=  1 


UHnqn  =  C  2  (216) 


q  + 

n 


—  -  (6  +  0)2  +  — 
3  '  V>  M 

R  n 


qn  =  (0  +  0) 


mH 


u 

M  Hn 
n 


(n  =  1,2,...)  (217) 
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By  using  equation  (216),  equation  (215)  becomes 


R2e  .  .  c3 

ri 


(218) 


where 


Cl’  C2’ 


M  and 
n 


K  =  the  product  of  gravitational  constant  and  mass  of  earth 
C3  =  numerical  constants  determined  by  initial  conditions 

N  =  constants  obtained  from  the  orthogonal  conditions  of 


n 


normal  modes  and  ujq  = 


d  zh 


It  can  be  seen  from  equations  (214)  and  (218)  that  the  orbital  motion 
is  independent  from  the  rotational  motion  of  the  station,  but  the  elastic  de¬ 
grees  of  freedom  are  coupled  with  the  rotational  degree  of  freedom  through 
equations  (216)  and  (217).  If  we  include  the  higher  order  terms  in  the  ex¬ 
pansion  of  instead  of  the  assumption  made  in  equation  (210),  then  the 

resulting  equations  will  show  that  the  orbital  and  rotational  motions  are 
coupled  by  the  gravitational  terms,  and  that  the  rotational  degrees  of  free¬ 
dom  are  coupled  with  the  elastic  degrees  of  freedom. 

8.4  EQUATIONS  OF  PLANAR  MOTION  OF  THE  H- CONFIGURATION 
SPACE  STATION 

Consider  the  H-configuration  (two  compartments  connected  with 
compression  members)  rotating  in  the  plane  of  the  orbit.  The  compart¬ 
ments,  spokes,  and  hub  are  designated  as  a,  b,  c,  d,  and  H,  respectively. 
Their  elastic  displacements  are  denoted  by  v  and  w  with  subscripts  a,  b, 
c,  d,  and  H.  xj,  yj  (unit  vectors  ij  and  jj)  are  inertia  coordinates  with 
origin  at  center  of  earth.  17  a ,  £a,  17  £5,  c,  £c>  V  £  d’  ^  H  anc*  £  H 

are  the  coordinates  of  the  modules,  spokes  and  hub  (as  shown  in 
Figure  (48  )  i,  j,  k  are  the  rotating  coordinates  with  origin  at  the  mass 
center  of  the  system  and  i  coincides  with  the  spoke  of  undeformed  con¬ 
figuration.  The  vector  R  is  directed  from  the  center  of  earth  to  the 
center  of  mass  of  the  system.  The  vectors  ra,  rfr,  rc,  **d  and  rjq  are 
drawn  from  center  of  mass  of  the  system  to  a  point  on  the  respective 
elements,  x,  y  are  steady-state  coordinates  with  origin  at  center  of 
mass  of  the  system.  By  expressing  the  coordinates  of  the  elastic  curve 
of  the  deformed  configuration  in  terms  of  normal  modes,  we  have 
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(a) 
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Figure  48.  Coordinate  Systems  of  H-Configuration 
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zH  =  ° 

Where 

w  and  v  =  the  nth  mode  functions, 
n  n 

q  (t)  =  generalized  coordinates  giving  the  displacement  in  the 
nth  mode. 

x,  y  and  r\,  t,  =  coordinate  systems  of  steady  state  and  deformed  state, 
respectively. 

The  inertial  velocity  of  center  of  mass  of  the  system  is 

v^  =  (R  sin  0  -  R0  cos  0)  i  +  (R  cos  0  +  R0  sin  0)  j 

The  inertial  velocity  of  a  point  on  spoke  c  is 


v  =  v  +[r]+(0  +  0)kXr 
c  o  L  c  c 
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where 


=  r)  i  +  £  j 


(0  +  0)  k  X  r  =  -  t,  (0  +  0)  i  +  r|  (0  +  0)  j 
c  c  c 


Therefore 


Similarly, 


v  =  [ft  +  R  sin  0  -  R0  cos  0  -  £  (0  +  0)]  i 

c  c  c 

+  [£,  +  R  cos  0  +  R0  sin  0  +  t|  (0  +  0)]  j 
c  c 

vd  =  [r|d  +  R  sin  0  -  R0  cos  0  -  £>d  (6  +  0)]  i 

+  +  R  cos  0  +  R0  sin  0  +  rid  (0  +  0)]  j 

v  =  [ri  +  R  sin  0  -  R0  cos  0  -  £  (0  +  0)]  i 

a  a  a 

+  [£,  +  R  cos  0  +  R0  sin  0  +  ri^  (0  +  0)]  j 

+  R  sin  0  -  R0  cos  0  -  (0  +  0)]  i 

+  [ i  +  R  cos  0  i  R0  sin  0  +  (0  +  0)]  j 

vTT  =  [iirr  +  R  sin  0  -  R6  cos  0  -  (0  +  0)]  i 

H  H  ri 

+  [t  +  R  cos  0  +  R0  sin  0  +  (0  +  0)]  j 


(220) 


(221) 


(222) 


(223) 


(224) 


Let  ma,  m.b,  mc,  and  md  be  the  mass  per  unit  length  of  the  elements  a,  b,  c 
and  d;  and  Ma,  Mb,  Mc,  Md,  and  MH  be  the  total  mass  of  the  elements  a,  b, 
c,  d,  and  the  central  hub;  and  designate  the  rotary  inertia  of  the  hub  as  IMH 
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m  dx 
c  c 


ml  =  M 
c  c  c 
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m.  dx, 
d  d 


m,  i ,  =  M,  =  M 

d  d  d  c 
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mdy  =  2  m  f  =  M 

a  a  a  a  a 
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dy,  =  2  m.  £,  =  M  =  M 

*b  b  b  b  c 


The  total  kinetic  energy  of  the  system  is 
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(TOTAL) 
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v  •  v  m  dx  +  /  v  '  v,  m  dx  +  / 

cccc  J  d  d  d  d 

-I  -  -I 


+  J  Vb-Vbdyb  +  MH7H-7H  +IMH(e  +  ^)‘ 


(225) 


v  •  v  dy 
a  a  7a 


Lr  |  .  Z  •  Z  •  Z  2  -2 

mi  /  |  ^-  ^"^i  *  ^  ^  ® 

+  (6  +  0)2  (  r|^2  +  £.2  )  +  2r).  [R  sin  0  -  R0  cos  0  -  (©  +  0)] 

+  2Z,  [Rcos  0  +  R0  sin  0  +  (0  +  0)]  -  2^  (6  +  0)  [R  sin  0 

-  R0  cos  0]  +  2r|i  (6  +  0)  [R  cos  0  +  R0  sin  0]  |  dx.^  +  MR  jr^2 

+  tH2  +  R2  +  R2  02  +  (0  +  0)2  (  bH2  +  4h2  )  +  2^  [R  sin  0 

-  R0  cos  0  -  (6  +  0)]  +  2iH  [R  cos  0  +  R0  sin  0 

+  tl_  (0  +  0)]  -  2£  (0  +  0)  [R  sin  0  -  R0  cos  0] 

H  rr 

+  2r|H  (0  +  0)  [R  COS  0  +  R0  sin  0]  |  +  IMH  (0  +  0)2  (226) 

where 

i  =  a,  b,  c  and  d. 
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The  equations  of  motion  are  obtained  by  applying  Lagrange's  method 


_d_ 

dt 


8T  au 

3q.  3q. 

J  J 


Q. 

J 


(227) 


The  generalized  coordinates  are  R,  0,  0  and  mode  coordinates  qn- 
Because  the  elastic  curves  are  expressed  in  terms  of  normal  modes  of  free 
vibration,  both  the  linear  and  angular  momentum  for  each  normal  mode  are 
zero.  From  the  orthogonal  conditions,  it  can  be  shown  that 


Mv  v  +  M  v  ,  v ,  +  M  v  v  +  M,  v  v 

c  cn  cm  d  dn  dm  a  an  am  b  bn  bm 


+  mc  /  wcn  wcm  dxc  +  md  /  Wdn  'dm  dxd  +  Ma  /  *  an  "am  dy; 
+  mb  f  ”bn  Wbm  dyb  +  MH  VHn  VHm  +  MH  WHn  WHm 


0  n  ^  m 


M  n  =  m 
n 


The  following  notations  are  used  for  simplicity 

M  +  M  ,  +  M  +  M,  +  M  =  M, 

c  d  a  b  H 

2  .  2 


3"mc  *c3  +  3  md  ^  +Ma  ecZ  +  Mb  <c2  +  lMa  ^  +fMb  *b  = 


(228) 


=  L 


CO 


Y  £  [Mv  +  M  ,  v  -2m  f  w  dy 
ZL  c  c  cn  d  dn  a  J  an  a 

n=  1 

'mb  /  Wbn  dyb  1  qn  =  2  Pn  % 


(229) 


The  components  of  generalized  forces  Qj  are  evaluated  from  the  work 
done  by  external  forces.  If  only  the  gravitational  force  is  considered,  the 
total  work  done  is 


195 


X  Q.  6q.  =  JdGc-(6xc  TjJ+yd^  ldXj  iI)+ydGa.{6XaTI)  +  ydGb-(6xbTI) 
+  SH<6xHTI>+/d5'c<6Ycil>+/d5d'<6Ydjl)  +  /d°a-(6Yail> 

+  ydGb.(6Yb7i)+GH.(aYHTI)  (230) 


In  the  rotational  coordinate  system,  the  position  vector  of  H  and  any  point  on 
modules  a  and  b  and  at  any  point  on  spokes  c  and  d  are 

Rj  =  (VR  sin  0)  i  +  ({^  +  R  cos  0)  j  (231) 

where 


i  =  a,  b,  c,  d,  or  H. 


Introducing  the  relations  between  i,  j  and  ij,  jj  systems 
i  sin  (0  +  ^>)  -  cos  (0  +  0) '  '  i 

j -I  cos  (0  +  0)  sin  (0  +  0)  J  L  j 


We  have  the  position  vectors  in  the  inertial  coordinates 

=  {r|^  sin  (0  +  0)  +  R  sin  0  sin  (0  +  0)  +  cos  (0  +  0) 

+  R  cos  0  cos  (0  +  0)}  ij  +  {- cos  (0  +  0) 

-  R  sin  0  cos  (0  +  0)  +  sin  (0  +  0) 


(232) 


+  R  cos  0  sin  (0  +  0)}  j 


(233) 


where  the  subscripts 

i  =  a,  b,  c,  d,  or  H 

From  the  above  equations,  the  virtual  displacements  are  determined  to 
be 
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(234) 
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Let  K  be  the  product  of  mass  of  earth  and  universal  gravitational  constant. 
With  the  assumption, 


-3  -3 

R.  =  R 
1 


(i  =  a,  b,  c,  d,  H) 


(235) 


the  gravitational  forces  on  a  mass  element  of  the  modules,  spokes,  and  hub 
are  given  by 


dG 


dG 


K  m  dx 
c  c 

R3 


[Rcos  0  +  r\  sin  (0  +  0)  +  £  cos  (0  +  0)]  i 
c  cl 


+  [R  sin  0  -  cos  (0  +  0)  +  sin  (0  +  0)]  j 


K  md  dX(J 
R3 


[R  cos  0  +  r|^  sin  (0  +  0)  +  cos  (0  +  d)]  i^ 


+  [R  sin  0  -  t)  cos  (0  +  0)  +  L  sin  (0  +  d)]  j 


dG 


dG, 


H 


K  m  dy 
a  a 

R3 


[R  cos  0  +  r)  sin  (0  +  0)  +  t,  cos  (0  +  0)]  i 

3.  cl  I 


+  [R  sin  0  -  r|  cos  (0  +  0)  +  £  sin  (0  +  0)]  j 

cl  Si  1 


Kmbdyb 


R' 


[R  cos  0  +  r|^  sin  (0  +  0)  +  cos  (6  +  0)]  ij 


+  [R  sin  0  -  r|^  cos  (0  +  0)  +  sin  (0  +  0)]  j 


K  M 


H 


R~ 


[R  cos  0  +  r|  sin  (0  +  0)  +  £  cos  (0  +  0)]  i 
n  ri  I 


+  [R  sin  0  -  r)H  cos  (0  +  0)  +  ^  sin  (0  +  0)]  jj. 


(236) 


By  substituting  the  relation  of  equations  (234)  and  (236)  into  equation 

(230),  the  components  of  the  generalized  forces  caused  by  gravitational 
gradient  are  computed 
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*R  2  MT 

K 


Q  =  0 


=  0 


(237) 


Because  the  extensional  elastic  deformation  of  the  modules  and  spokes  is 
neglected  in  equation  (219),  the  total  strain  energy  of  the  system  is  derived 
from  flexural  deformation  of  the  modules  and  spokes. 

EI  *c  /  92  £,  \  El,  °  /  92  C , 

U---J  (r^)dx c  +  k  '  dx 
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-(d  x  d 
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2£/('  2wcmqm)  dxc  +  “T  /  (2  wdm  V,)  dXd 

^2/(-SwLqm)  dya+-r-/(2wbmqm)  d*i 
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/Vzw"  q  \  w"  dx  +EI  f/sw"  q  \w" 

7  y  cm  my  cn  c  d  I  l  dm  HmJ  c 

+  EI  /[2w  q  \  w  dy+  EI  [(nw  q  \  w, 
a  7  y  am  my  an  a  b  J  I  bm  ^m  J  b 


dx 
cn  d 


N 


n 


n  *  m 


n  =  m 


(239) 
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Substituting  the  values  of  equations  (226),  (237),  and  (239)  into  (227), 
and  observing  the  properties  of  normal  modes  and  conditions  of  (228)  and 
(229),  the  equations  of  planar  motion  of  the  H-configuration  are 

R-  equation 


(240) 


0-equation 


R  0  Mrp  +  (0  +  0) 


IT  +  SMn%  +SPnS>  + 


MH 


=  C. 


2  WHn  %.  ~  1 

(241) 


0-equation 


(6  +  *>  [iT  +  ZMn  V"  +  2  Pn  qn  ♦  1^]  -  IMH 


2wknqn  =  C, 


(242) 


q- equation 


% + 


4-  + 

LR  n 


••  .  .  *MH 


q^  -  (0  +  0) 


w  ’  4 - 

M  Hn  2 
n 


^  -  (0  +  0)2 
R 


n 


M 


n 

(243) 


8.  5  RESULTS  AND  DISCUSSIONS 


Equations  (175)  to  (180)  are  coupled  nonlinear  ordinary  differential 
equations.  If  the  first  three  normal  modes  of  lateral  vibration  were 
introduced  into  equation  (180),  i.  e.  ,  n  =  3,  m  =  3,  there  would  be  seven 
equations  with  seven  degrees  of  freedom.  After  a  careful  study  of  these 
equations  which  involve  some  parameters  of  very  large  magnitude  and  some 
equally  important  parameters  of  negligible  quantity,  it  is  obvious  that  not 
only  an  analytical  solution  is  out  of  consideration,  but  also  the  computer 
solution  needs  careful  planning. 
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From  the  equation  of  conservation  of  momentum  (177),  the  value  of 
0  can  be  solved  in  terms  of  other  variables,  thus 


where 


=  m  r  0+1(0  + 


0  )  + 
O 


(0 


n 


I 


M  q 
n  n 


(244) 


(245) 


n  =  1,  2,  3. 

Eliminating  0  from  equations  (176),  (178),  (179),  and  (180)  by  using  equation 
(Z44),  we  have  six  equations  with  six  degrees  of  freedom;  R,  r,  0,  q^,  q£, 
and  q^.  Each  of  these  equations  is  a  second  order  coupled  nonlinear  differ¬ 
ential  equcttion  solved  in  IBM  7094  by  using  Runge-Kutta  numerical  integration 
procedure  and  by  perturbing  the  variables  R  and  r  according  to 


R  =  R  +  AR 
o 


r  =  r  +  Ar 
o 


(246) 


For  investigation  the  effect  of  different  artificial  gravities  on  the 
motion,  the  equations  of  four  degrees  of  freedom  (181)  to  (184)  were  used. 
Because  this  set  of  equations  considers  only  the  extensional  motion  of  cable, 
only  the  variation  of  spin  rate  changes  the  length  of  cable.  It  differs  from 
the  case  of  seven  degrees  of  freedom,  in  which,  once  the  spin  rate  is 
changed,  the  lateral  vibration  modes,  the  orthogonal  constants,  and  the 
initial  conditions  of  normal  coordinates  are  changed^  Furthermore,  by 
letting  the  cable  mas s  p  =  0,  it  will  make  I  =  (m  i  +m9i?^)  and 
M  =  mj  +  m2*  Now  the  four  equations  represent  the  case  of  the  planar 
motion  of  an  extensible,  massless-cable-connected  compartment  and 
counterweight  space  station.  These  four  equations  are  solved  by  the  same 
technique  as  that  for  the  seven  degree  equations. 
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The  physical  conditions  used  in  the  computer  solutions  are  a  hundred 
miles  circular  orbit  and  the  following  initial  conditions: 


R  =  0.  21454428  x  108  ft 
o 

K  =  0.140777  x  101  7  ft3/ sec2 
m^  =  1.242236  x  103  slug 

m  =  0.  1552795  x  103  slug 
pQrQ  =  0.06832298  x  103  slug  (247) 

r  =  1000  ft 

o 


4> 


o 


7T 

2  ra-d 


EA 


0.  10944  x  10 


8 


lb 


The  initial  spin  rate  4>Q  is  determined  by  the  required  artificial  gravity  in 
the  living  compartment.  In  the  four  degrees  of  freedom  case,  the  motions 
under  artificial  gravities  of  1  g,  0.42  g,  and  0.  25  g  are  studied  separately. 
In  the  seven  degree  case,  only  the  motions  having  1  g  in  the  living  compart¬ 
ment  with  two  sets  of  arbitrary  initial  conditions  of  qn,  besides  the  condi¬ 
tions  (247)  were  studied.  The  initial  conditions  of  q  are  determined  from 

n 

3 

t  (V  t]  =  L  qn(t) 

o  ,  n  o  n 

n=l 


The  conditions  of  q 
nn 

£  (station  1 ) 

£  (station  50) 

£  (station  101) 
£  (station  1 ) 

£  (station  50) 

£  (station  1  01 ) 


are : 

=  1  in. 

=  -2  in. 

=  3  in. 

=  -3  in/ sec 

=  2  in/ sec 

=  -1  in/ sec 


qj  =  51.4 

q2  =  58.  8 

qo  =  54.2 

at  t  =  0  (248) 

qj  =  -in 
q2  =  -279 
43  =  -136 


202 


and, 


f  (station  1 )  =  1 " 

C  (station  50)  =0 

► 

£  (stcition  101)  =0 

^(station  1,  50,  101)  =  0 


qj  =  34.9 
q2  =  96*? 

at  t  =  0 

q3  =  44.7 

4.  =  0  (i  =  1,  2,  3) 


(249) 


For  the  study  of  damped  motion,  a  viscous  damping  term  was  intro¬ 
duced  into  equation  (183),  the  four  degrees  of  freedom  case,  and  into 
equations  (178)  and  (180),  the  seven  degrees  of  freedom  case.  In  both  cases, 
a  critical  damping  factor  of  1  percent  was  considered  under  the  1-g  artificial 
gravity  condition. 


Four  representative  cases  of  the  computer  results  are  shown  in 
Figures  49,  50,  51,  and  52.  The  first  two  figures  represent  extensional 
oscillations  of  a  spinning  massless-cable-connected  compartment  and 
counterweight  space  station  in  a  100-mile  circular  orbit.  The  last  two 
figures  present  the  results  of  extensional  and  lateral  oscillations  of  the 
same  space  station  including  the  mass  of  the  cable. 

Figures  49a  to  49f  show  the  time  histories  of  Ar,  AR,  R,  4>  ,  r  and  0;  1-g 
in  compartment  ;  and  without  damping.  A  stable  orbit  is  shown,  Ar 
oscillates  around  a  length  a  little  above  the  steady  state  length  of  the  cable 
and  shows  a  state  of  neutral  stability.  4  shows  a  corresponding  fluctuation 
and  decreases  very  slowly.  The  natural  frequency  of  the  extensional 
oscillation  of  the  cable  is  about  35.  2  radians  per  second  in  comparison  with 
the  initial  spin  rate  0.  53833  radians  per  second. 

Figures  50a  to  50f  show  the  effect  of  the  addition  of  1  percent  critical 
damping  into  the  four  degrees  of  freedom  system.  It  can  be  seen  from 
Figure  50a  that  only  a  very  short  time  is  required  to  damp  the  transient 
oscillation  of  the  extensional  motion  and  the  spin  rate.  However,  the  figures 
show  that  as  the  cable  configuration  continues  spinning,  the  spin  velocity 
retains  a  very  small,  steady  oscillatory  component.  The  spin  velocity 
deteriorates  continuously  at  a  very  slow  rate,  and  the  length  of  the  cable 
decreases  correspondingly. 

The  computer  solutions  of  the  four  degrees  of  freedom  equations  under 
the  artificial  gravities  of  0.  42-g  and  0.  25-g  show  a  motion  similar  to  that 
under  the  1-g  condition.  A  slight  increase  in  the  natural  frequencies  of  the 
extensional  oscillation  of  the  cable,  23.  8  rad/ sec  for  0.  42  g  and  1  9.  2  rad/ sec 
for  0,  25  g,  did  not  warrant  repetition  of  these  figures. 
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Figures  51a  through  5  Id  show  the  time  historie s  of  Ar ,  AR,  q  ^ ,  q 2  »  ^3  » 
R,  4>,  r,  q^,  q  ^  q^»  and  0;  1-g  in  compartment  and  without  damping. 

As  in  the  four  degree  of  freedom  case,  a  stable  orbit  is  shown.  Ar  oscillates 
around  a  length  a  little  below  the  steady  state  length  of  the  cable  and  shows  a 
state  of  neutral  stability.  The  time  histories  of  q^,  q2>  and  q^  show  neutral 
stability  and  oscillate  around  the  steady  state  position;  fluctuates  about  a 
very  slowly  decreasing  mean  value.  The  natural  frequency  of  the  extensional 
oscillation  of  the  cable  is  8.  55  rad/  sec.  The  natural  frequencies  of  q^, 
and  q^  are  3.  39  rad/sec,  6.  72  rad/  sec,  and  10.  1  rad/ sec,  respectively. 

Figures  52a  through  521  show  the  effect  of  the  addition  of  1  percent 
critical  damping  into  the  seven  degrees  of  freedom  system.  The  transient 
extensional  and  lateral  oscillations  are  damped  out  completely  in  a  very 
short  time.  The  damped  spin  rate  shows  a  very  slight  tendency  to  degenerate. 

The  computer  solution  of  the  seven  degrees  of  freedom  equations  using 
the  second  set  of  initial  conditions,  qj,  q2>  and  q^,  shows  results  similar 
to  those  in  Figure  52. 

Within  the  limit  of  the  assumptions  established  for  this  specific  investi¬ 
gation,  and  from  the  results  which  have  been  summarized,  a  conclusion  may 
be  drawn  for  the  planar  motion  of  a  cable- connected  compartment  and 
counter- weight  space  station  as  follows: 

The  spinning  cable  -  connected  space  station  has  a  stable  circular  orbit, 
but  the  cable  will  oscillate  under  the  influence  of  the  gravitational  gradient 
and  will  be  neutrally  stable.  Positive  elastic  stability  can  be  achieved  by  the 
addition  of  a  velocity -proportional  damping  device.  For  stabilization  of  the 
motion  induced  by  the  gravitational  gradient  alone,  only  a  small  percentage 
of  the  critical  damping  factor  is  required.  When  the  cable  tension  caused  by 
spin  is  of  the  same  order  of  magnitude  as  the  tension  caused  by  gravitational 
gradient,  the  cable-connected  configuration  may  no  longer  be  stable  because 
then  the  cable  may  go  slack  during  portions  of  the  rotation  cycle. 

However,  physical  and  mathematical  approximations  have  been 
assumed  in  the  formulation  of  equations:  the  restriction  of  the  motion  to 
the  orbital  plane,  the  spherical  earth,  the  neglect  of  dissipation  energy,  the 
neglect  of  other  forces  other  than  the  gravity  force,  the  neglect  of  change  of 
cable  length  in  the  derivation  of  lateral  vibration  modes,  and  the  neglect  of 
terms  of  higher  than  the  second  degree  in  the  expansion  of  R^#  If  one  or 
more  of  these  approximations  are  corrected  with  rigor,  it  may  change  the 
conclusion  drawn  from  this  investigation. 
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Consideration  of  these  approximations  reveals  that  if  serious  consider¬ 
ation  is  to  be  given  to  the  application  of  tension  members  to  connect  living 
modules  of  a  future  space  station,  an  extensive  research  program  must  be 
conducted  with  emphasis  in  the  areas  of  three  dimensional  cable  dynamics, 
the  cable  material  and  its  internal  dissipating  mechanism,  the  non-linear 
phase  of  slacking  cable,  the  deployment  and  control  problems,  and  other 
areas  to  be  defined. 

The  equations  of  planar  motion  of  the  Y-  and  H-Configurations 
described  in  Sections  8.  3  and  8.  4  may  be  investigated  in  a  manner  similar 
to  that  of  the  cable-connected  compartment-counterweight  configuration. 

A  continuation  of  the  study  is  recommended  to  extend  the  solution  of  the 
equations  of  motion  for  these  configurations. 
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Figure  49.  Four -Degrees -of-F reedom  Equations  Without  Damping  (R,  6,r,  <f>) 
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Figure  50.  Four -Degrees -of-Freedom  Equations  "With 
One-Percent  Critical  Damping  Factor  (R,  $,  r ,  <p) 
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Figure  51.  Seven-Degrees -of-Freedom  Equations  Without  Damping 

(R,  6  ,  r,  <j>,  qls  q2,  q3)  (Sheet  1) 
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Figure  51. 


Seven-Degreesyof-Freedom  Equations  Without  Damping 
(R,  6  ,  r,  4>,  qj,  q2,  q3)  (Sheet  2) 
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Figure  51.  Seven-Degrees-of-F reedom  Equations  Without  Damping 

(R,  0  ,  qp  q2»  q3)  (Sheet  3) 
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Figure  52.  Seven-Degrees-of-Freedom  Equations  With  One-Percent 
Critical  Damping  Factor  (R,  d  ,  r,<f> ,  q^,  q^,  q3)  (Sheet  1) 
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Figure  52.  Seven-Degrees  -  of- Freedom  Equations  With 
One  -  Per  cent  Critical  Damping  Factor 
(R,  6  ,  r,  <h  qlf  q2,  q3)  (Sheet  2) 
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Figure  52.  Seven-Degrees-of-Freedom  Equations  With 
One-Percent  Critical  Damping  Factor 
(R,  <9  ,  r,0,  qj,  q2,  q3)  (Sheet  3) 
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9.  0  SPIN  DYNAMICS  OF  ROTATING  SPACE  STATIONS 


9.1  GENERAL  MOMENT  EQUATIONS 

I 

The  general  motion  of  a  rigid  body  has  six  degrees  of  freedom  which 
can  be  conveniently  separated  into  two  sets:  (1)  three  degrees  of  freedom 
which  define  the  motion  of  the  mass  center  of  the  body,  and  (2)  three  degrees 
of  freedom  which  define  the  orientation  of  the  body  about  its  mass  center. 
When  the  body  is  free  from  external  forces  or  the  angular  motion  of  the 
body  is  independent  from  the  linear  velocity,  only  the  three  rotational 
degrees  of  freedom  need  be  considered  to  determine  its  orientation. 

Consider  a  body,  free  from  external  forces,  rotating  about  its  mass 
center  which  can  be  considered  fixed  in  space.  The  angular  momentum 
vector  about  the  mass  center  is 
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in  which  co  is  the  body  angular  velocity.  Resolving  the  angular  momentum 
vector  equation  (250)  into  components  along  the  x,  y,  z  axes  system  gives 
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in  which  p,  q,  and  r  are  the  components  of  angular  velocity  about  the  body 
x,  y,  and  z  axes,  respectively,  and  Ix,  ly,  Iz  and  Ixz,  Iyz  are  the  instan¬ 
taneous  moments  of  inertia  and  products  of  inertia  with  respect  to  the  body 
axes  indicated  by  the  subscripts. 

The  motion  of  the  body  is  expressed  in  terms  of  the  external  moment 
about  the  mass  center  which  is  equal  to  the  time  derivative  of  the  angular 
momentum  vector  about  the  mass  center.  Since  information  regarding  the 
orientation  of  the  space  station  is  desired,  the  x,  y,  z  body  axes  system  is 
considered  to  be  fixed  to  the  rotating  space  station.  The  vector  equation 
of  motion  is 
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(252) 


The  equations  of  motion  for  a  rotating  space  station  with  variable 
moments  of  inertia  are 
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The  orientation  of  the  space  station  relative  to  inertial  space  is 
defined  by  a  set  of  Euler  angles  relating  the  x,  y,  z  body  axes  to  the  X,  Y, 

Z,  inertiallv- fixed  axes.  The  transformation  is  accomplished  by  successive 
righthand  rule  rotations  about  the  z,  y',  and  x"  axes,  respectively  as  shown 
in  Figure  53. 

The  Euler  angular  velocities  4>,  0  and  4>  may  be  expressed  in  terms  of 
the  body  angular  velocities  p,  q,  and  r 

0  =  p  +  4*  sin  0 
0  =  q  cos  0  -  r  sin  0 

di  -  _  (r  cos  0  +  q  sin  0).  (254) 
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The  angular  motion  of  the  space  station  is  completely  defined  by  the 
equations  (253)  and  (254).  Numerical  solutions  of  the  first  set  of  simul¬ 
taneous  equations  for  the  body  angular  velocities,  and  of  the  second  set  of 
equations  for  the  Euler  angles  were  obtained  using  a  fourth-order  Runge- 
Kutta  integration  procedure  with  variable  time  increments  programmed  for 
the  IBM  7  094  digital  computer. 

The  angular  motion  of  the  space  station  is  represented  by  the  trace  of 
a  point  on  the  x-body  axis  on  the  fixed  reference  plane  Y-Z.  The  angle  a 
is  the  wobble  angle  between  the  x-body  axis  and  the  X-fixed  axis  (Figure  53). 
The  angle  p  is  the  angle  between  the  Y-fixed  axis  and  the  projection  of  the 
x-body  axis  on  the  Y-Z  fixed  reference  plane.  A  polar  plot  of  a  in  degrees 
as  the  radial  coordinate  against  p  in  degrees  gives  a  simple  physical  picture 
of  the  space  station  motion  with  respect  to  the  fixed  coordinate  system. 

The  transformation  from  the  body  axes  system  to  the  fixed  axes 
system  is 
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in  which  S  and  C  represent  the  sine  and  cosine  of  the  subscript. 
Thus , 


-1 

a  =  cos 


p  =  tan 


(cos  ijj  cos  0) 

/  -  sin  6  \ 

Vsin  ijj  cos  0  / 


9.  2  INTERNAL  MASS  MOTIONS 


(256) 


The  motion  of  a  space  station  as  given  by  the  equations  (253) 
depends  upon  the  moments  and  products  of  inertia  of  the  system.  The  inertia 
terms  are  dependent  upon  the  mass  distribution  of  the  space  station  and  will, 
of  course,  be  affected  by  any  mass  transfer  within  the  space  station  system. 
The  moving  masses  are  simulated  by  discrete  point  masses,  m  ,  and  the 
moments  and  products  of  inertia  are  written  as  functions  of  the  time 
dependent  position  coordinates  (xn,  yn,  zn)  of  the  moving  masses  mn 
relative  to  the  x,  y,  z  body  axes  system  as  follows. 
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The:  time  rates  of  change  of  the  inertia  expressions  in  equation  (257) 
are  then 
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In  the  previous  equations  (Z57)  and  (Z58), 

M  =  Mass  of  the  space  station  excluding  moving  masses 

m  =  Mass  of  the  n^  moving  mass 
n 


n 
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n 


Instantaneous  position  coordinates  of  the  n  moving 
mass  relative  to  the  x,  y,  z  body  axes 


I  T  ,1  =  Moments  of  inertia  of  the  space  station,  excluding 

Mx  My  Mz 

7  moving  masses 


^Mxy’  ^Mxz’  Myz 


Products  of  inertia  of  the  space  station  excluding 
moving  masses 


The  position  coordinates  and  velocity  components  of  the  instantaneous 
mass  center  of  the  whole  space  station  relative  to  the  x,  y,  z  body  axes  are 
given  by  the  following  expressions: 
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The  computed  responses  for  several  cases  of  internal  mass  motion 
are  presented  in  graphical  form  in  Figures  54  through  66.  The  period 
during  which  the  masses  are  in  motion  is  indicated  by  the  heavy  portions  of 
the  curves  and  is  marked  by  the  plotting  symbol  (x);  subsequently,  the  curves 
are  light  and  are  marked  by  the  symbol  (•  ). 

In  each  case,  the  weight  of  each  of  the  discrete  masses,  m^,  is  200 
pounds,  corresponding  to  the  approximate  weight  of  a  space  station  crew 
member.  Also,  the  external  moment  on  the  vehicle  is  zero  and  the  initial 
spin  rate,  p,  is  that  which  is  required  to  develop  the  artificial  gravity  level 
at  the  command  module.  Other  initial  conditions  are  q  =  r  =  <|>  =  0  =  iji  =  0  at 
t  =  0.  The  moments  of  inertia  for  each  configuration  are  given  in  Section  2.  0. 

9#  2.  1  Configuration  I-A 


The  responses  for  three  cases  of  internal  mass  motion  were  computed 
for  Configuration  1-A.  The  initial  positions  of  moving  masses  m^  are  given 
below. 
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Case  1 


The  artificial  gravity  is  l/2-g.  Masses  move  in  the  x-direction  such 
that  Ixz  ^  0.  The  final  moments  and  products  of  inertia  are 
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The  time 


dependent  position  coordinates  of  the  masses  m 
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are  given  below. 
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Figure  54  shows  that,  for  l/2-g  artificial  gravity,  the  maximum 
wobble  angle  is  0.  4  degrees  and  the  maximum  transverse  body  velocity  is 
0.  1  5  deg/  sec.  The  maximum  body  angular  acceleration  is  0.  058 
deg/ sec2.  The  variation  in  the  spin  rate  is  negligible. 
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Case  2 


The  artificial  gravity  is  1/2- g.  Masses  move  in  the  x-direction  such 

that  I  k  0.  The  final  moments  and  products  of  inertia  are 
xy 
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The  time  dependent  position  coordinates  of  the  masses  are  given  below: 
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Figure  55  shows  that,  for  l/2-g  artificial  gravity,  the  maximum 
wobble  angle  is  0.  26  degrees  and  the  maximum  transverse  body  velocity  is 
0.  1  deg /  sec#  The  maximum  body  angular  acceleration  is  0.  02  deg/  sec# 

The  variation  in  the  spin  velocity  is  negligible. 

Case  3 

The  artificial  gravity  is  1/2—  g.  Masses  move  in  the  y-direction  and 
oscillates  in  the  x-direction.  The  final  moments  and  products  of  inertia  are 
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The  time  dependent  position  coordinates  of  the  masses  m  are  given 
below  (  u>  =  0.  31416  rad/ sec): 
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Figure  56  shows  that,  for  l/2-g  artificial  gravity,  the  maximum 
wobble  angle  is  3.  3  degrees  and  the  maximum  transverse  body  velocity  is 
1.  2  deg/ sec.  The  maximum  body  angular  acceleration  is  0.  45  deg/  sec1". 
The  maximum  variation  in  the  spin  rate  that  is  shown  is  0.  2  percent. 
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9.  2.  2  Configuration  6 -A 


The  responses  for  three  cases  of  internal  mass  motions  were 
computed  for  Configuration  6-A.  The  initial  positions  of  moving  masses 
are  given  below: 
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Case  1 

Three  artificial  gravity  levels  were  considered  —  1/2- g,  1/4-g,  and 

1/10-e.  Masses  move  in  the  x-direction  such  that  I  ^0.  The  final 
h  .  xz 

moments  and  products  of  inertia  are 

I  =  17.  5558  x  106  slug-ft2 

X 

I  =  16.  2228  X  106  slug-ft2 

y 

I  =  1.  3818  x  106  slug-ft2 

z 

I  =  11,180  slug-ft2 

xz 

I  =  I  =  0 

xy  yz 

Time  dependent  position  coordinates  of  the  masses  mn  are  given 
below.  The  values  of  yn  and  z  remain  the  same  as  the  initial  values. 
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Figure  57  shows  that,  for  1/2-g  artificial  gravity,  the  maximum 
wobble  angle  is  0.37  degrees  and  the  maximum  transverse  body  velocity  i| 

0.  16  deg/ sec.  The  maximum  body  angular  acceleration  is  0.  063  deg/ sec  . 
The  variation  in  the  spin  rate  is  negligible. 

Figure  58  shows  that,  for  1/4-g  artificial  gravity,  the  maximum 
wobble  angle,  is  0.  4  degrees  and  the  maximum  transverse  body  velocity  is 
0.  13  deg/ sec.  The  maximum  body  angular  acceleration  is  0.  035  deg/ sec  . 
The  variation  in  the  spin  rate  is  negligible. 

Figure  59  shows  that,  for  1/10- g  artificial  gravity,  the  maximum 
wobble  angle  is  0.  42  degrees  and  the  maximum  transverse  body  velocity  is 
0.  09  deg/ sec.  The  maximum  body  angular  acceleration  is  0.  0144  deg/sec^. 
The  variation  in  the  spin  rate  is  negligible. 

Case  2 

These  artificial  gravity  levels  were  considered  —  1/2-g,  1/4-g,  and 
1/10-g.  Masses  move  in  the  x-direction  such  that  I  £  0.  The  final 
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Time  dependent  position  coordinates  of  the  masses  mn  are  listed 

below.  The  values  of  y  and  z  remain  the  same  as  the  initial  values. 
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Figure  60  shows  that,  for  1  /  2- g  artificial  gravity,  the  maximum 
wobble  angle  is  0.  26  degrees  and  the  maximum  transverse  body  velocity  is 
0.  108  deg  /  sec.  The  maximum  body  angular  acceleration  is  0.  0193  deg  /  sec^. 
The  variation  in  the  spin  rate  is  negligible. 

Figure  61  shows  that,  for  1/4- g  artificial  gravity  the  maximum 
wobble  angle  is  0.  27  degrees  and  the  maximum  transverse  body  velocity  is^ 

0.  08  deg/ sec.  The  maximum  body  angular  acceleration  is  0.  0109  deg/  sec  . 
The  variation  in  the  spin  rate  is  negligible. 

Figure  62  shows  that,  for  1/1  0-g  artificial  gravity,  the  maximum 
wobble  angle  is  0.  28  degrees  and  the  maximum  transverse  body  angular 
velocity  is  0.  05  deg /  sec.  The  maximum  body  angular  acceleration  is  0.  0047 
deg /  sec^.  The  variation  in  the  spin  rate  is  negligible. 

Case  3 

The  artificial  gravity  is  1/2-g.  Masses  move  in  the  y-direction  and 
oscillate  in  the  x-direction.  The  final  moments  and  products  of  inertia  are 
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The  time  dependent  position  coordinates  of  the  masses  mn  are  given 
below,  (co  =  0.31416  rad/sec): 
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Figure  63  shows  that,  for  l/2-g  artificial  gravity,  the  maximum 
wobble  angle  is  2.  5  degrees  and  the  maximum  transverse  body  velocity  is 
1.  1  deg/sec.  The  maximum  body  angular  acceleration  is  0.  387  deg/sec  . 
The  variation  in  the  spin  rate  is  0.  3  percent. 
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9.  2.  3  Configuration  Y-A 


The  responses  for  three  cases  of  internal  mass  motions  were 
computed  for  Configuration  Y-A.  The  artificial  gravity  is  1/2-g  for  these 
three  cases.  The  initial  positions  of  moving  masses  mn  are  shown  below: 


n 

X 

n 

(ft) 

Yn 

(ft) 

zn 

(ft) 

i 

0 

-100 

+45 

2 

0 

-100 

0 

3 

0 

-100 

-45 

4 

0 

+  11.03 

-109.  1 

5 

0 

+  50 

-  86.  6 

6 

0 

+  88.  97 

-  64.  1 

7 

0 

+  88.  97 

+  64.  1 

8 

0 

+  50 

+  86.  6 

9 

0 

+11. 03 

+  109.  1 

Case  1 

Masses  move  in  the  x-direction  such  that  I  *  0.  The  final  moments 
and  products  of  inertia  are: 

=  28.  5533  x  10  slug-ft^ 

I  :=  13.  3164  x  10^  slug- ft^ 

Iz  :=  10.  2828  x  10^  slug-ft 

2 

I  =  1 1 ,  1  80  slug-ft 
xy 

I  =  I  =  0 
xz  yz 

Time  dependent  position  coordinates  of  the  masses  mR  are  listed  below 
The  values  of  yn  and  remain  the  same  as  the  initial  values. 
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n 

Time  Interval 
(seconds ) 

X 

n 

1,2,  3 

0  <  t  <  6 

-0.  5  t 

6  <  t 

-3 

4,5,6 

0  <  t  <  6 

+  0.  5  t 

7,  8,9 

6  <  t 

+  3 

Figure  64  shows  that,  for  l/2-g  artificial  gravity,  the  maximum 
wobble  angle  is  0.  066  degrees  and  the  maximum  transverse  body  angular 
velocity  is  0.  038  deg/sec.  The  maximum  body  angular  acceleration  is 
0.  0125  deg/sec^.  The  variation  in  the  spin  rate  is  negligible. 


Case  2 

Masses  mg  and  mg  move  in  the  radial  direction  and  oscillate  in  the 
x-direction.  All  other  masses  remain  in  their  initial  positions.  The  final 
moments  and  products  of  inertia  are: 

I  =  28.  42896  x  106  slug-ft2 
x 

6  ,  2 

I  =  1  3.  22276  x  10  slug-ft 

y 

I  =  10.  25117  x  106  slug— ft^ 
z 

I  =  I  =  I  =0 
xy  xz  yz 


The  maximum  value  of  I  during  the  mass  motion  was  +  1520 
slug-ft^.  The  time  dependent  position  coordinates  of  the  masses  mg  and 
mg  are  given  below  (co  =  0.  82467  rad/ sec): 


n 

Time  Interval 
(seconds) 

xn 

(ft) 

yn 

(ft) 

zn 

(ft) 

5 

0  <  t  <  40 

-1.5  sin  to  t 

+  50-1.  25  t 

-86.  6+2.  165  t 

40  <  t 

-1.5 

0 

0 

8 

0  <  t  <  40 

+  1.5  sin  co  t 

+  50-1.  25  t 

+  86.  6-2.  165  t 

40  <  t 

+  1.  5 

0 

0 
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Figure  65  shows  that  for  1/2 -g  artificial  gravity,  the  maximum 
transverse  body  angular  velocity  is  0.  013  deg/sec.  The  maximum  body 
acceleration  is  0.  0095  deg/ sec^.  The  wobble  angle  and  the  variation  in  the 
spin  rate  are  negligible. 

Case  3 

Masses  m^  and  m^  move  in  the  tangential  direction  and  oscillate  in 
the  x-direction.  All  other  masses  remain  in  their  initial  positions.  The 
final  moments  and  products  of  inertia  are 

I  =  28.  55302  x  106  slug-ft2 

X 

I  =  1  3.  21919  X  106  slug-ft2 

y 

I  =  10.37897  x  10^  slug-ft2 

z 

2 

I  =  2389.  0  slug-ft 

xz 

I  =  I  =0 

xy  yz 

The  time  dependent  position  coordinates  of  the  masses  m^  and  m^ 
are  given  below  (w  =  0.  31416  rad/sec): 


n 

Time  Interval 
(seconds) 

xn 

(ft) 

(ft) 

zn 

(ft) 

4 

0  <  t  <  45 

-  3  sin  u)  t 

+  1  1. 03+1. 7  32t 

-109. 1+t 

45  <  t 

-3 

+  88.  97 

-  64.  1 

9 

0  <  t  <  45 

+  3  sin  a)  t 

+  11.  03+1. 732t 

+  109.  1-t 

45  ■  <  t 

+  3 

+  88.  97 

+  64.  1 

Figure  66  shows  that,  for  1/2-g  aritficial  gravity,  the  maximum 
transverse  body  velocity  is  0.  02  deg/sec.  The  maximum  body  acceleration 
is  0.  0094  deg/sec^.  The  wobble  angle  and  the  variation  in  the  spin  rate  are 
negligible. 

9.  3  DOCKING  AND  LAUNCHING  OPERATIONS 

Docking  and  launching  disturbances  are  similar  in  that  both  involve  a 
change  in  the  total  mass  of  the  rotating  space  station  system.  During  the 
docking  operation,  the  space  station  is  also  subject  to  an  impulsive  force 
due  to  impact  between  the  docking  vehicle  and  the  space  structure.  If  the 
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line  of  action  of  the  impulsive  force  does  not  pass  through  the  mass  center  of 
the  space  station  as  in  a  misaligned  docking  maneuver,  an  impulsive  torque 
will  be  applied  to  the  space  station,  as  discussed  in  Section  3.  1.2. 


Docking  to  and  launching  from  a  space  station  configuration,  such  as 
Configuration  1-A  which  does  not  have  a  stationary  platform  or  a  despun 
central  hub,  present  formidable  dynamic  problems  of  dubious  feasibility 
unless  the  entire  space  station  is  despun.  For  this  reason,  only  configura¬ 
tions  with  central  hubs  are  considered. 


The  docking  vehicle  which  is  used  in  this  study  has  weight  and  inertia 
properties  comparable  to  the  Apollo  command  module  (W  =  9800  pounds, 

Ix  =  4500  slug-ft2,  I  =  Iz  =  4000  slug-ft2,  and  5.  4  feet  is  the  distance 
between  the  docking  face  and  the  mass  center  along  its  x-body  axis.  The 
docking  vehicle  is  simulated  by  eight  discrete  masses  distributed  in  a  three- 
dimensional  array,  such  that  the  combination  has  the  weight  and  inertia 
properties  given  above. 

The  vehicle  docks  directly  above  the  Y  inertia  axis  parallel  to  the 
station  x-body  axis  at  a  misalignment  distance  of  two  feet  from  the  x-axis. 
The  time  interval  for  the  docking  operation  is  assumed  to  be  three  seconds. 
During  this  time,  the  mass  of  the  docking  vehicle  is  added  to  the  space 
station  as  a  linear  function  of  time  and  a  400  foot-pound  rectangular  torque 
pulse,  attributed  to  docking  impact  and  thrusting  of  the  docking  vehicle,  is 
applied. 

The  docking  of  this  vehicle  to  Configurations  6-A  and  1-A  is  com¬ 
pletely  similar .  The refore ,  only  the  results  for  Configurations  1-A  and  Y-A 
at  1/2-g  artificial  gravity  are  presented  below. 

9.  3.  1  Configuration  7 -A:  Apollo  Docking 

Figure  67  shows  that,  for  1/2-g  artificial  gravity,  the  maximum 
wobble  angle  is  0.  09  degrees  and  the  maximum  transverse  body  velocity 
is  0.  035  deg/sec.  The  maximum  body  angular  acceleration  is  0.  0165 
deg/ sec2.  The  variation  in  the  spin  rate  is  negligible. 

9.3.  2  Configuration  Y-A:  Apollo  Docking 

Figure  68  shows  that,  for  1/2-g  artificial  gravity,  the  maximum 
transverse  body  velocity  is  0.  0055  deg/sec.  The  maximum  body  angular 

2 

acceleration  is  0.  0025  deg/ sec  .  The  wobble  angle  and  the  variation  in  the 
spin  rate  are  negligible. 
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9.  4  ANGULAR  ACCELERATION  OR  DECELERATION  AND  CONTROL 
FORCES 

Angular  acceleration  (spin-up)  and  deceleration  (de-spin),  about  the 
spin  axis  of  the  space  station,  is  achieved  by  application  of  an  external 
rectangular  moment  pulse,  M  about  the  spin  axis,  until  the  desired  spin 
velocity,  p,  is  developed.  Spin  up  or  de-spin  of  a  vehicle  in  the  absence  of 
transverse  body  velocity  components  (q  and  r)  does  not  present  any  particu¬ 
lar  difficulty  since  a  moment  about  the  spin  axis  will  cause  only  a  change  in 
the  spin  velocity. 

However,  in  the  presence  of  small  transverse  body  velocity  compo¬ 
nents,  an  increase  or  decrease  in  the  spin  velocity  will  change  the  wobble 
amplitude  and  frequency.  Several  cases  of  spin-up  with  transverse  body 
velocity  are  presented  in  graphical  form  in  Figure  69  through  77.  The 
period  during  which  the  spin-up  pulse  moment  (Mx)  is  applied  is  indicated  by 
the  heavy  portions  of  the  curves;  subsequently,  the  curves  are  light.  The 
moments  of  inertia  for  each  configuration  are  given  in  Section  Z.  0. 

Figures  69  and  70  show  the  spin-up  response  of  Configuration  1-A 
to  300,  000  foot-pounds  torque  with  0.  1  degrees  per  second  initial  transverse 
body  velocity.  The  maximum  wobble  angle  is  Z.  15  degrees.  Note  that  the 
motion  of  the  space  station  is  shifted  90  degrees  when  the  initial  transverse 
body  velocity  is  shifted  90  degrees. 

Figures  71  and  7Z  show  the  spin-up  response  of  Configuration  6-A 
to  60,  000  foot-pounds  and  1Z0,  000  foot-pounds  torque,  respectively,  with 
0.  1  deg/sec  initial  transverse  body  velocity.  The  maximum  wobble  angles 
are  Z.  05  degrees  and  1 . 45  degrees,  respectively.  In  Figure  73,  the  response 
to  60,000  foot-pounds  torque  with  0.  5  deg/sec  initial  transverse  body 
velocity  achieves  10.  05  degrees  maximum  wobble  angle. 

Figure  74  shows  the  spin-up  response  of  Configuration  6-A,  where 
Ixz  was  arbitrarily  set  at  100,  000  slug-ft2,  to  60,  000  foot-pounds  torque 
with  0.  1  deg/ sec  initial  transverse  body  velocity.  The  maximum  wobble 
angle  is  6.  5  degrees.  Note  that  the  wobble  motion  and  the  transverse  body 
velocities  are  greatly  affected  by  the  large  degree  of  unbalance,  while  the 
time  required  to  spin-up  is  identical  to  the  case  in  Figure  71. 

Figure  75  shows  the  spin-up  response  of  Configuration  7- A  to 
60,  000  foot-pounds  torque  with  0.  1  deg/sec  initial  transverse  body  velocity. 
The  maximum  wobble  angle  is  Z.  1Z  degrees,  which  is  slightly  larger  than 
for  Configuration  6-A  (Figure  71). 
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Figure  76  shows  the  spin-up  response  of  Configuration  Y  to  60,  000 
foot-pounds  torque  with  0.  1  deg/sec  initial  transverse  body  velocity.  The 
maximum  wobble  angle  is  1.  25  degrees. 

Figure  77  shows  the  spin-up  response  of  Configuration  Y-A  to  90,  000 
foot-pounds  torque  with  0.  1  deg/sec  initial  transverse  body  velocity.  The 
maximum  wobble  angle  is  1.9  degrees. 

Reaction  jets  may  be  used  to  produce  external  moments  on  the  space 
station  for  wobble  damping  and  spin  rate  control.  The  proportional  control 
laws  which  were  investigated  are  functions  of  the  body  angular  velocities. 

The  general  form  of  the  control  laws  is 

MX  =  -  kl  (P  -  Pc> 

M  =  -  k  q 
y  2 

M  =  -  k  r 
z  3 

Several  cases  are  presented  to  show  the  effect  of  these  control  laws  when 
used  simultaneously. 

Figures  78  and  79  show,  for  l/2-g  artificial  gravity,  the  undamped 
and  damped  response,  respectively,  of  Configuration  6- A  with  0.  1  deg/sec 
initial  transverse  body  velocity.  All  wobble  is  damped  after  18  seconds,  the 
spin  rate  is  controlled  within  30  seconds,  and  the  control  moments  become 
zero  after  damping  is  complete. 

Figure  80  shows  the  controlled  response  of  Configuration  1A  to  the 
disturbance  arising  from  the  same  internal  mass  motion  that  produced 
uncontrolled  response  shown  in  Figure  54.  The  controlled  wobble  motions 
are  almost  entirely  damped  and  the  steady  state  control  moments  are 
nearly  zero. 

Figure  81  shows  the  controlled  response  of  Configuration  1A  corre¬ 
sponding  to  Figure  56.  It  is  seen  that  the  velocity  proportioned  control 
system  cannot  completely  damp  out  the  wobble.  A  further  deficiency  of 
the  damping  system  is  that  constant  moments  must  be  applied  to  the 
unbalanced  vehicle  alter  the  wobble  has  been  damped  to  a  minimum. 

Figure  82  shows  the  controlled  response  of  Configuration  6- A  corre¬ 
sponding  to  Figure  57.  Again,  due  to  the  unbalance  of  the  vehicle,  the 
wobble  is  not  entirely  damped  out  and  constant  moments  must  be  applied 
alter  it  is  damped  to  a  minimum. 
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The  angular  velocity  proportional  control  laws  presented  here  are  not 

adequate  for  the  wobble  control  of  vehicles  which  are  unbalanced  such  that 

I  r  or  I  is  not  zero.  They  are,  however,  adequate  for  the  control  of 
XV  xz 

balanced  vehicles. 
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90  DEG 


Figure  54. 


Internal  Mass  Motions,  Artificial 
(Configuration  1-A,  Case  1) 


Gravity  1  /  2  -  g 


Figure  55.  Internal  Mass  Motions,  Artificial  Gravity  1/2-g 
(Configuration  1-A,  Case  2) 
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Figure  56.  Internal  Mass  Motions,  Artificial  Gravity  1/2-g 
(Configuration  1-A,  Case  3) 


Figure  57.  Internal  Mass  Motions,  Artificial  Gravity  1/2-g 
(Configuration  6-A,  Case  1) 
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Figure  58. 


Internal  Mass  Motions,  Artificial  Gravity  1/4-g 
(Configuration  6-A,  Case  1) 
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Figure  59.  Internal  Mass  Motions,  Artificial  Gravity  1/10-g 
(Configuration  6-A,  Case  1) 
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Figure  60. 
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Figure  61.  Internal  Mass  Motions,  Artificial  Gravity  1/4-g 
(Configuration  6-A,  Case  2) 
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Figure  62.  Internal  Mass  Motions,  Artificial  Gravity  1/10-g 
(Configuration  6-A,  Case  2) 


Figure  63.  Internal  Mass  Motions,  Artificial  Gravity  1/2-g 
(Configuration  6-A,  Case  3) 
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Figure  64. 


Internal  Mass  Motions,  Artificial  Gravity  1  / 2- g 
(Configuration  Y-A,  Case  1) 
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Figure  65.  Internal  Mass  Motions, 
Artificial  Gravity  1/2-g 
(Configuration  Y-A,  Case  2) 


Figure  66.  Internal  Mass  Motions, 
Artificial  Gravity  1/2-g 
(Configuration  Y-A,  Case  3) 
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Figure  67. 


Apollo  Docking,  Artificial  Gravity  1/2-g 


(Configuration  7-A) 


Figure  68.  Apollo  Docking,  Artificial  Gravity  1/2-g  (Configuration  Y-A) 
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Figure  69.  Spin-Up,  Mx  =  300, 
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Figure  70.  Spin-Up,  Mx  -  300,  000  Ft-lb 


(Configuration  1-A, 


Case  2) 
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Figure  71.  Spin-Up,  Mx  =  60,  000  Ft-lb  (Configuration  6-A,  Case  1) 


Figure  72.  Spin-Up,  Mx 


120,  000  Ft-lb 


(Configuration  6-A,  Case  1) 
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Figure  73.  Spin-Upf  Mx  =  60,  000  Ft-lb 


(Configuration  6-A, 


Case  Z) 


r  =  0.  1  Degrees  per  Second  at  t  =  0 
(Configuration  6-A,  Case  3) 
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Figure  75.  Spin-Up,  Mx  - 


60,  000  Ft-lb  (Configuration  7-A) 


Figure  76.  Spin-Up,  Mx  =  60,  000  Ft-lb 


(Configuration  Y) 
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Figure  77.  Spin-Up,  Mx  =  90,  000  Ft-lb  (Configuration  Y-A) 
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Figure  78.  Moment-Free  Wobble,  Artificial  Gravity  1/2-g 
(Configuration  6-A,  q  =  1.  0  Degrees  per  Second  at  t  =  0) 
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Figure  79.  Control  Moments 
Response  (Corresponding  to 
Figure  78) 
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Figure  80.  Control  Moments  Response  (Corresponding  to  Figure  54) 
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Figure  81.  Control  Moments  Response  (Corresponding  to  Figure  56) 
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APPENDIX  A 


CONTROL  FORCES  ON  THE  CABLE-CONNECTED  SPACE  STATION 


When  control  forces  are  introduced,  the  change  in  generalized  force, 
AQj ,  caused  by  control  effects,  must  be  added  to  the  right  side  of  equations 
(176)  to  (180).  The  derivation  of  the  components  of  AQj  is  presented  below. 
For  this  purpose,  some  notation  is  added  here  (Figure  A-l):  x  and  y  are 
inertial  coordinates;  i^  and  is  the  moving  coordinate  frame  with  an  origin 
that  passes  through  the  center  of  mass  of  the  system  (mj,  ^2*  anc*  cable). 

The  coordinate  system  ,  yi  is  determined  by  the  slope  of  the  cable  at 
mi,  xi  being  parallel  to  the  cable.  Similarly  x2  and  y2  are  determined  at 
the  point  where  mass  m2  is  attached. 

Control  forces  Fxi,  Fx2,  Fyi,  Fy2  and  couples  N,  and  N2  are  shown. 
Some  of  these  are  arbitrary,  and  different  combinations  have  been  used. 


y2,  J*2 


Figure  A-l.  Moving  Coordinate  Frame  Through  the  Center  of 
Mass  of  a  Compartment -Cable  Counterweight  System 
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Using  the  relationships  for  inertial  virtual  displacements  given  in 
Section  8.  0,  the  change  in  virtual  work,  caused  by  control  forces  and  couples 
is  given  by  equation  (A-l)  with  the  following  shorthand  notations: 

C  =  cos  (0  +  0) 
o 

S  =  sin  (0  +  0) 
o 

=  sin  (0  +  0  +  ®^) 

C  i  =  cos  (0  +  0  +  ) 

Sz  =  sin  (0  +  0  +  ®  ) 

=  COS  (0  +  0  +  ©  ) 

and 


The  equations  are 


A2Q.6q.  =  [-F.C.+F.SjLrf-icUs  2  0  (i,  )  6q 
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as  before 


&  =  2  0n  (n)  qn  (t) 
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n  dr] 

Because  of  the  definition  of®,  equation  (A- 1)  reflects  the  facts  that 
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«(&) 
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Equation  (A-l)  is  easily  reduced  to  equation  (A-3). 
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(A-3) 


The  bracketed  terms  are  the  changes  in  generalized  forces  that  must 
be  added  to  show  the  effects  of  control  couples  and  forces. 
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It  is  now  necessary  to  determine  the  control  forces  and  couples. 
These  forces  and  couples  are  resolved  along  inertial  axes  x  and  y  to  give 
the  total  force  and  total  couple  acting  on  the  system. 


F  _  _  jr  (C)c  -  F  ^  ^  C  +  F  ^ )  g  _j_  p  (c )  g 


1  x2 


y2 
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(A-6) 


The  superscript  c  represents  computed  values  that  differ  from  the 
actual  control  forces  (F,  previously  given)  according  to  the  equation 


F  +  r  F  =  k  F(C) 

where  t  is  the  time  constant  and  k  is  not  quite  1.  000. 


( A-7) 


Fx,  Fy,  and  N  are  computed  from  measured  deviations  from  the 
standard  trajectory  and  desired  attitude,  thus: 


F  =  Cx  Ax  +  CxAx  +  C^x/dx 

X 

(A-8) 

F  =  Cy  4  y  +  A  y  +  C  A  y ftiy 

(A-9) 

N  =  C^dp  +  C-  dp  +  CAJ  dP 

(A-  10) 

where  the  deviations  from  the  predicted  (p)  standard  trajectory 

(P) 


A  x 

Ay  =  y 


x  -  x 


(p) 


(3  -  (g  +  +  ®)  ■  (o  +  +  ® 


(p) 


are  discussed  later  in  this  section.  Study  might  reveal  that  some  of  the  gain 
constants  (c)  in  these  equations  can  be  zero. 
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Two  of  the  control  forces  and  one  of  the  control  moments  in  equations 
(A-4,  (A-5),  and  (A-6)are  arbitrary.  Because  it  is  desired  to  investigate 
different  combinations,  the  following  may  be  used: 


"  x2 

'  y2 
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(c) 

=  £6FXl<C)  +  £7 

(A-  1 1 ) 

(c) 

=  £8Fyl<C>  +  £9 

(A- 12) 

(c) 

=  £.oNi<C)  +  £n 

(A- 13) 

where  f^,  £7,  .  .  .  fjj  are  numerical  constants. 


Substitution  of  the  latter  three  equations  and  neglect  of  small  order 
terms  gives 
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is  the  sensed  or  measured  value  of  (6.  +  0.  +  ©. ). 
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The  actual  control  forces  and  couples  for  the  equations  of  motion  pre¬ 
viously  derived  are  given  by  equation  (A-7).  For  example, 


F1+t1F  -k,F1 
xl  xl  xl  xl  xl 


(c) 


(A- 17) 


where 


r  ,  =  time  constant 

xl 


k  ,  =  not  quite  1.  000. 

xl 


It  is  assumed  that  an  Mx-axis  accelerometer"  is  mounted  on  mass  m], 
measuring  accelerations  (minus  gravity)  along  an  axis  which  makes  an  angle 
of  measured  counterclockwise  from  axis  xj.  A  similar  assumption  is 
made  for  the  "y-axis  accelerometer"  with  respect  to  the  y^  axis,  and  there¬ 
fore  along  an  axis  counterclockwise  from  yj. 

For  mass  m^  replace  subscript  1  by  Z. 


The  inertial  acceleration  of  mass  mj  or  m2  is  given  from  previous 
work,  by 

a  =  |  q  -  R  0  0  cos  0  +  sin  0  [-R0  -  R0]  +  R0  sin  0  -  R  cos  0  -  t,  (0  +  0) 


-  £  (0  +  0)  -  (0  +  0)  [t  +  R  sin  0  -  R0  cos 

+  R  sin  0  +  R  0  cos  0  -  cos  0  [R0  +  R0]  + 
+  q  (0  +  0)  +  (0  +  0)  [q  -  R0  sin  0  -  R  cos 


<P  +  ri  (e  +  0)]|  +  j3  |  i 
R  0  0  sin  0  +  p  (0  +  0) 

0  -  &  (e  +  0)] 


(A-  1 8) 


Let  us  make  the  definition 


a  =  a3x  l3  +  a3y  h  (A‘19) 

where  unit  vectors  i3  and  J3  correspond  to  r)  and  £,  axes  respectively. 

It  is  necessary  to  subtract  the  gravitational  acceleration  to  determine 
that  acceleration  which  is  an  input  to  the  accelerometers. 

The  gravitational  acceleration  for  miss  mj  along  inertial  axes  x  and  y 
is  given  by 
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gl 


-  i  —  cos  (0  +  0)  +  £,  sin  (0  +  0)  +  R  cos  0  (A-20) 

1  r  1  J 


gl 


R 


-  (  — —  sin  (0  +  0)  -  4i  cos  (0  +  0)  +  R  sin  0  I  (A-21) 

1  r  1  * 


where  is  the  artificial  gravitational  acceleration  at  the  orbital  height. 

In  equations  (A-20)  and  (A-21),  by  replacing  t  by  -  i  2,  we  have  the 
gravitational  acceleration  for  mass  along  the  inertia  axes.  Thus  the 
actual  accelerations  fed  into  the  x  and  y  accelerometers  are 

a  =  a„  .  cos  (®.  +  a. )  +  a_  .  sin  (®.  +  a. )  -  x  cos  (0  +  0  +  ®.  +  a  ) 
xi  3xi  l  l  3yi  l  l  gi  ii 

-  y  .  sin  (0  +  0  +  ®.  +  O'.)  (A-22) 

ygi  i  i 

a  .  =  a3y.  cos  (©.  +  -  a.^  sin  (®.  +  o\)  +  xgi  sin  (0  +  0  +  ®t  +  a^) 

-  y  .  cos  (0  +  0  +  ®.  +  O'.)  (A-23) 

ygi  i  1 

Subscript  i  is  either  1  or  2,  corresponding  to  mj  or  m2. 

The  actual  acceleration  sensed  a^5  ^  is  given  by 

a  (S)  +  T  .  a  SS)  —  k  .  a  .  (A-24) 

xi  ai  xi  ai  xi 

This  is  similar  for  the  y  instrument.  Again,  t  is  the  time  constant  and  k  is 
not  quite  1.  000- 

The  measured  inertial  components  of  acceleration  (minus  gravity)  are 
given  by 


(s ) 

x  .  =  a  .  cos 

ai  xi 


(0  +  0  +  ®.  )^S  ^  +  a.  I  -  a  .^S  ^  sin 
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(A-25) 
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ai  yi 


[  (0  +  0  +  ®. /S  ^  +  a.  1  +  a  .  sin  I  (0  +  0  +  ®.  )^S  ^  +  o'. 
I  1  1  J  xi  l  i  i 


(A-26) 

To  obtain  Ax  and  Ay  computed  values  of  gravitational  acceleration 
have  to  be  added. 
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The  gravitational  acceleration  components  (along  the  inertial  axes)  that 
are  "to  be  computed"  for  mass  m^  are  (using  equations  A-20  and  A-21). 


(tbc )  ^h  ^1 

xgl  "  R 

&  o 


cos  J  (0  +  <p  +  ®.  ) 


<s)  -  <B>,(P>|  -glcoSe<p)  (A-27) 
1  J  h 
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ygl  Rq 


sin  |(0  +  0  +  ®1)(s)  -  ®^p)]  -  gh  sin  0(p)  (A-28) 


(P) 


For  mass  m  ,  replace  subscript  1  by  2  and  f  by  -l  . 

C,  1  L. < 

The  superscript  (p)  indicates  the  predicted  value. 

The  ’’actual  computed”  values  are  related  to  the  inputs  or  ”to-be- 
computed”  values  by 


(ac)  ...  (ac)  ..  (tbc) 

X  _  '  +  T  X.'  =  K  X 

gl  g  gl  g  g1 


(A-29) 


etc. 


We  are  now  in  a  position  to  evaluate  Ax  and  Ay. 


£1  //X al  +  -  fl  >//Xa2  +  £1  //Xgl(aC) 

+  U-£i)//Xg2(aC)-x<P) 

(A-30) 

£2  fjX  1  +  11  '  V  IX a2  +  £2  ffi gl<aC) 

(A-3 1) 

+  ffy£c)  -y  lp) 

Superscript  (p)  again  refers  to  predicted  value  corresponding  to  a 
standard  "trajectory.  ” 

fj  and  are  weighting  values  to  be  optimized. 

/J  is  given  by 


0  =  f3  (G  +  0  +  ©j/8*  +  (1  -  f3)  (0  +  0  +  ®2)(S) 

-  f  (6  +  0  +  ®j)(p)  -  (1  -  f3)  (6  +  0  +  ®2)(p) 

The  calculations  are  now  complete. 
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(A-32) 


APPENDIX  B 


DEPLOYMENT  OF  A  CABLE-CONNECTED  COMPARTMENT  AND 
COUNTER- WEIGHT  SPACE  STATION 


Prior  to  the  deploying  operation,  the  cable  is  assumed  to  be  wrapped 
around  the  cylindrical  compartment  in  the  neighborhood  of  the  centroidal 
cross  section  of  the  compartment  with  the  counterweight  attached  at  the  free 
end,  and  the  system  is  assumed  to  have  an  initial  spin  The  weight  of 

the  cable  is  neglected  in  this  analysis.  In  the  case  where  there  is  no  exter¬ 
nal  force  acting  on  the  system  during  deployment,  the  center  of  gravity  of 
the  system  remains  stationary.  We  attach  a  set  of  rotating  unit  vectois, 

I,  j,  k  at  the  center  of  gravity  of  the  system  with  i  parallel  to  the  deployed 
portion  of  the  cable  and  with  k  parallel  to  the  axis  of  rotation.  Deployment 
of  a  cable-connected  counterweight  configuration  is  shown  in  Figure  B-l. 


Figure  B-l.  Deployment  of  a  Cable -Connected  Counterweight 
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Designating  the  rotation  of  the  system  by  £2,  it  is  observed  from  the 
above  figure  that 


rotation  of  =  (£?  -  0)  k 


rotation  of  =  (£2  -  0  +  0)  k 


rotation  of  ijk  =  (£2)k 


(B-l) 


Let  Rj,  M]_,  Ij,  and  represent  the  radius,  mass,  and  the 

moment  of  inertia  of  the  compartment  and  counterweight,  respectively;  the 
positions  of  Mj  and  are  then 


with 


M  M 

(R1  0  +  Rji  -  w  R,  j 


1  M  +  M  1  2'  M  +  M  1 

1  La  L* 


M. 


M, 


r2  M,  +  *R1  ^  +  1  +  M,  +  M„  R1  * 


1  2 


1  2 


M  M 

1  _  2 

nl  "  Mx  +  M  ’  n2  ~  M 1  +  Mz 

the  velocities  are 

v  =  r  +  (£2  -  0  +  0)  k  Xr1  =  [l^  (£2  -  0 )]  T 

-  n2  [(Rj  0  +  R2)  (12  -  e  +  0)]  J 

+  (£2  -  0  +  0)  k  X  [-  R^  (ft  -  0 )]  i 

+  nj  [(Rj  0  +  R2)  (ft  -  6  +  0)]  I 


(B-2) 


(B-3) 


(B-4) 
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The  total  kinetic  energy  T  of  the  system  is 

2T  =  Ij  (£2  -  6)2  +  I2  (12  -  0  +  <t>)Z  +  Mj  vx  •  Vj  +  M2 


I  (12  -  0)2  +  I2  (£2  -  6  +  0)Z  +  (Mj  n. 


•  • 


+  M  nj)  |  Rj  (o  -  er  +  (Rj  ^  +  r2)  (n-e  +  0) 


(B-5) 


The  total  angular  momentum  of  the  system  is 
Hk  =  k  {[  (12  -  0)  +  I  (0  -  0  +  ^)}  +  X  Mj  Vj  +  r2  X  Mj  v2 


i  (12  -  e)  +  i2  (12  -  e  +  fr)  +  (mx  n22  +  m2  nx2  )  |(Ri  0 


+  R  )2  (12  -  e  +  0)  +  Rj2  (12  -  0) j 


(B-6) 


The  system  has  no  external  forces,  and  assuming  there  is  no  dissipa¬ 
tion  of  energy,  the  kinetic  energy  and  angular  momentum  must  remain  con¬ 
stant  and  equal  to  their  initial  values. 


At  t  =  0 


2T 


t=0 


H 


t=  0 


1  h  +  *2  +  M1  \  (R1  +  V"  +  M2  “j"  <R1  +  R2,Z  I  "o' 

[  Ij  +  I2  +  (Mj  n22  +  M2  nx2)  (R1  +  R2)2  ]  12Q2  (B-7) 

[  Ix  +  I2  +  Mj  n^2  (Rx  +  R2)2  +  M2  n  2  (^  +  R^2]  12Q 

Ih+h*  K  ^  +  M2  "I")  <R1  +  R2)2|  C0  (B-8) 


Thus , 


H 


[  1l  +  1Z  +  (M1  \  +  M2  ni2)  (R1  +  R2)21  ^0  =  *1  "  Q)  +  12 

-  e  +  0)  +  (m  n  2  +  M2  n^)  [  (Rx  0  +  R2  )2  (12  -  0  +  0)  +  R^  (12  -  6 )  | 

(B-9) 
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2T  = 


J1  +  :2  +  (M1  n22  +  M2  "I")  (R1  +  Vi  %Z  -  h  (S!  -  ®>2 


+  I  (12  -  0  +  0)2  +  (m  n  2  +  M2  n  2) 


(R1  0  +  r2)  (S2  -  e 


.  2  Z  ,  • .2 

+  0)  +  R  (12  -  0) 


(B  - 1 0) 


From  the  equation  for  H,  with  the  notation, 

I 


1 


1  2  2 
Min2 


2  2  2 
M1  "2  +M2  "l 


c3  =  c1  +  c2  +  (r1  +  r2) 


L  =  R  </>  +  R 


(B  - 1 1) 


we  get 


(12-0)  = 


C3S!0-  ♦ 


C2  +  L 


c1+c2  +  ri2  +  l2 


(B  - 1 2) 


Substituting  into  the  equation  of  T  and  simplifying,  we  have 

C, 


l2  +  Ri2-(R1  +  R2)2 


(C1  +  R12)  (c2  +  l2) 


ft 


0 


(B  - 13) 


The  relation  between  0  and  0  is  established  from  the  geometrical 
configuration 


tan  (0-0)  = 


R!  *+R2 
R. 


or 


(0-0)  = 


Rj2  0 


Rj 2  +  (Rj  <P  +  R2)2 
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Therefore, 


e  =  <t>  - 


Rj2  *> 


l2  j> 


Rx2  +  (R1  +  R2)2 


Rl2  +  L2 


(B  - 14) 


Substituting  equations  (B-13)  and  (B-14)  into  (B-12),  the  spin  rate  fl  is 
obtained 


a  = 


C3  (R^+I^XCj  +  R^f  (c,  (c,  L2  -  C2  RtZ)  |lZ  +  R,2  -  (R,  +  V 


l 

z 


■n. 


(Rj2  +  L2)  (C1  +  c2  +  V  +  J  (C1  +R12)  (C2  +  lZ) 


2 


(B  - 15) 


The  time  required  for  deployment  may  be  computed  from  equation  (B-13). 


t 


(R,  0+  RJ  +  C 

- !_ - 2- - 2 - -  d  (R  <p  +  R  ) 

(r  t  +  r  r  +  R,  '  (»!  +  v 


(B-16) 


This  is  an  elliptic  integral  that  may  be  used  to  find  t  (either  from  tables  or  by 
numerical  integration). 


When  the  length  is  large  compared  with  Rj  and  R^,  it  can  easily  be 
seen  from  equations  (B-13)  and  (B-14)  that  0  and  <j>  are  approximately  equal  to 
n0  and  a  approaches  zero.  After  being  fully  deployed,  the  compartment  tends 
to  wind  up  in  the  reversed  sense.  A  jet  couple  should  then  be  applied  to  avoid 
the  reverse  wind-up  and  to  create  a  spin  of  the  whole  system  for  artificial 
gravitation. 

With  the  physical  data  of  the  compartment-cable-counterweight  config- 

uration  (M  =  103.52  1b-  sec2/in,  M  =  12.94  1b-  sec2/m,  RJ  =  90  in, 

1  C 


R2  =  60  in,  Ix  =  838,  000  in-Lb-sec2,  I2  =  31 , 000  in- lb-sec2),  the  results 

of  calculation  are  shown  in  Figure  B-2. 

A  preliminary  investigation  of  the  mechanics  of  deployment  of  a  cable- 
connected  space  station  has  been  completed.  A  clear  relationship  is  shown 
between  the  deployed  length  of  the  cable  and  the  rotational  velocity  of  the 
system.  An  extension  of  the  analysis  to  include  the  effect  of  dissipation  of 
energy  during  the  deployment  and  the  effect  of  a  control  couple  to  avoid  the 
reverse  wind-up  is  suggested  for  future  study.  It  is  also  suggested  that 
other  deployment  procedures  and  mechanisms  be  studied. 


Figure  B-2.  Deployment  of  Compartment-Cable -Counter  - 
Weight  Configuration 


APPENDIX  C 


HUMAN  FACTORS  RELATING  TO  AN  ARTIFICIAL  GRAVITY  ENVIRONMENT 


The  purpose  of  a  human  factors  investigation  of  the  rotating  space 
station  is  to  establish  conditions  that  are  satisfactory  with  respect  to  the 
effect  of  the  induced  gravity  environment  on  the  crew.  The  problem  is  the 
creation  of  a  design  that  will  permit  the  crew  to  work  with  comfort,  effi¬ 
ciency  and  safety.  Since  providing  a  favorable  environment  for  the  human 
occupants  of  a  space  station  is  the  primary  justification  for  creating 
artificial  gravity,  it  is  necessary  to  ensure  that  the  induced  environment 
does  not  create  more  problems  than  it  solves.  The  psychological,  medical, 
and  physiological  literature  shows  many  examples  of  severe  discomfort, 
major  decrease  in  the  performance  of  operators,  and  sickness  which  are 
all  produced  by  experience  of  unusual  gravity  environments.  However,  it 
appears  that  there  are  conditions  within  the  gravity  stimuli  that  may  be 
controlled  to  avoid  undesirable  response. 

There  has  been  a  great  deal  of  discussion  regarding  the  requirement 
for  artificial  gravity  provisions  in  a  manned  space  station.  To  date,  there 
is  no  conclusive  evidence  that  man  can  or  cannot  survive  in  a  weightless 
environment  for  extended  periods  of  time.  In  fact,  evidence  can  be  found 
to  support  either  argument.  In  reality,  the  question  of  artificial  gravity 
provisions  should  be  independent  of  man's  ability  to  survive  in  the  zero- 
gravity  environment.  The  real  question  is  what  environment  should  be 
provided  aboard  a  space  station  to  enable  the  crew  to  perform  their  tasks 
most  effectively.  There  is  no  doubt  that  the  artificial- gravity  environment 
is  much  more  convenient  for  the  crew  members  than  the  zero-gravity 
environment.  This  is  not  meant  to  imply  that  there  is  no  need  for  a  zero 
gravity  environment  aboard  a  space  station.  Rather  it  is  believed  that  a 
fundamental  advantage  can  be  achieved  if  the  same  vehicle  can  provide  both 
a  zero-gravity  and  an  artificial- gravity  environment.  The  factors  associated 
with  the  design  of  a  zero-gravity  vehicle  are  fairly  well  understood;  however, 
the  human-factors  implications  associated  with  a  rotating  vehicle;  i.  e.  , 
rotation  radius,  rotational  rate,  etc.  ,  must  be  further  analyzed  in  order  to 
conclusively  establish  these  particular  design  parameters. 

Rotation  of  the  vehicle  will  produce  a  centrifugal  acceleration  which 
is  dependent  on  the  rotational  speed  and  the  distance  from  the  spin  axis. 

It  has  been  postulated  that  many  of  the  normal  physiological  functions  will 
be  complicated  by  weightless  environment.  Draining  of  sinus  cavities  may 
be  reduced  which  may  lead  to  minor  infection;  problems  may  arise  concern¬ 
ing  food  retention  and  gas  accumulation  over  long  term  periods;  and  elimina¬ 
tion  of  body  excreta  is  more  complicated  in  the  zero-gravity  environment. 


Artificial  gravity  would  tend  to  minimize  these  problems,  if  not  eliminate 
them  entirely.  In  the  artificial- gravity  environment,  task  performance  will 
not  have  to  be  relearned  in  the  sense  of  compensating  for  the  lack  of  gravity, 
as  would  be  necessary  in  the  zero-gravity  environment,  and  experimental 
capacity  is  increased.  For  example,  the  gravitational  acceleration  can  be 
altered  by  varying  the  rotational  rate  and,  thus,  supply  pertinent  data 
regarding  the  artificial  gravity  level  necessary  to  establish  comfort  in  any 
given  space  vehicle. 

Rotation  is  not  a  cure-all,  and  there  are  many  problems  associated 
with  man  being  exposed  to  this  type  of  environment.  As  is  well  known, 
movement  of  the  head  while  being  rotated  at  a  sufficient  velocity  produces  a 
disturbance  in  the  vestibular  apparatus  and  viscera  which  often  leads  to 
nausea,  regurgitation  and,  in  some  cases,  complete  immobilization.  In 
addition,  visual  and  other  illusions  of  body  position  or  motion  can  be  induced 
by  stimuli  associated  with  the  rotating  system. 

There  is  also  the  possibility  that  movement  in  any  direction  could 
cause  a  pitching  sensation  during  acceleration  and  deceleration. 

The  semicircular  canals  are  stimulated  by  angular  accelerations.  On 
earth,  the  semicircular  canals  should  be  stimulated  by  a  Coriolis  force  each 
time  the  head  is  moved  out  of  the  plane  of  the  earth's  spin.  However,  the 
radius  of  the  earth  compared  to  the  size  of  a  man  is  so  large  that  this  force 
does  not  stimulate  the  cristae  ampullaris.  If  the  radius  of  rotation  is 
smaller,  rotation  of  the  body  in  one  plane  and  rotation  of  the  head  in  another 
plane  will  produce  stimulation  of  the  semicircular  canals.  This  can  occur 
if  a  pirouetting  ballerina  nods  her  head,  if  a  pilot  nods  or  shakes  his  hea‘d 
during  3-g  to  4-g  pullout  in  an  airplane,  if  a  man  moves  in  a  rotating  room, 
or  tries  to  walk  or  move  while  being  spun  on  a  centrifuge.  Similar  motions 
occur  in  a  ship  rolling  or  pitching  in  a  high  sea,  or  in  an  airplane  flying 
through  turbulence.  Locomotion  in  a  small  spinning  spacecraft  would 
produce  the  same  effect. 

Angular  accelerations  set  up  waves  in  the  endolymph  which  displace 
the  cupola  of  the  cristae  ampullaris  of  the  semicircular  canals.  Stimulation 
of  the  semicircular  canals  produces  an  involuntary  jerky  motion  of  the  eyes 
called  nystagmus  in  which  the  eye  moves  slowly  in  a  direction  opposite  to 
that  of  the  rotation  and  then  quickly  in  the  same  direction  as  the  rotation. 
Since  the  eye  movement  is  not  felt,  the  tracking  of  the  visual  field  across 
the  retina  during  the  slow  component  is  interpreted  as  motion  of  the  external 
objects  in  a  direction  opposite  to  that  of  the  eye  movement;  i.  e.  ,  in  the 
direction  of  rotation.  The  fast  component  is  so  rapid  that  any  visual  sensa¬ 
tions  that  occur  during  this  period  are  disregarded.  The  result  is  a  visual 
illusion,  the  oculo-gyral  illusion,  that  an  observed  object  is  moving  in  the 
direction  of  the  turn.  The  threshold  for  stimulation  has  been  reported  as 
0.  1  2  deg/  sec^  to  0.  2  -  2.  0  deg/  sec^.  As  soon  as  uniform  rotation  in  only 
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one  plane  is  resumed,  the  perceived  object  will  return  to  its  original 
position,  or  even  move  slightly  in  the  opposite  direction.  This  latter  com¬ 
ponent  of  the  oculo-gyral  illusion  is  much  weaker  and  is  not  observed  by  all 
subjects.  With  angular  deceleration,  the  observed  object  and  the  cristae 
will  fog  replaced  by  two  minor  pendulous  motions.  Displacement  of  the  after¬ 
image  is  in  a  direction  opposite  to  that  of  the  object. 

Stimulation  of  the  semicircular  canals  also  produces  postural  illusions 
and  results  in  vertigo,  a  subjective  sensation  of  rotation  with  respect  to  the 
environment.  Vertigo  can  be  inhibited  by  visual  stimuli.  It  is  most  severe 
when  there  are  conflicting  stimuli,  such  as  in  the  cabin  of  a  tossing  ship  or 
plane,  where  vision  suggests  rest  while  vestibular  stimuli  suggest  violent 
motion.  Such  a  conflict  also  occurs  in  a  spinning  space  cabin  where  turning 
of  the  head  stimulates  the  semicircular  canals  and  produces  a  sensation  of 
tilt  while  vision,  kinesthesis,  and  otoliths  suggest  no  change  in  the  body 
relation  to  its  environment. 

When  such  conflicting  stimuli  are  severe,  motion  sickness  may  result. 
Motion  sickness  includes  nausea,  vomiting,  headache,  dizziness,  prostration, 
excessive  salivation,  pallor,  sweating,  difficulty  in  walking,  oliguria,  and 
mental  depression.  Motion  sickness  is  known  as  seasickness,  airsickness, 
or  spacesickness,  depending  on  the  situation  under  which  it  occurs.  Since 
the  condition  is  produced  by  the  stimulation  of  the  semicircular  canals,  the 
term  canalsickness  is  often  used. 

Locomotion  in  the  direction  of  rotation  increases  the  angular  velocity 
of  the  man  in  motion  and,  therefore,  increases  the  artificial  gravity  level 
that  he  senses.  Performance  of  tasks  in  a  high-induced  gravity  field  will 
cause  unnecessary  fatigue  and  should  be  avoided.  Also,  the  artificial 
gravity  level  can  be  so  low  that  locomotion  is  difficult  due  to  the  lack  of 
traction.  Devices  such  as  hand  rails  and  special  shoes  can  be  used  as  aids 
but  they  are,  in  general,  inconvenient  and  will  reduce  the  comfort  and 
efficiency  of  the  crew.  The  term  locomotive  effect  is  used  for  these  condi¬ 
tions. 


Differential  accelerations  or  gravity  gradient  on  the  body  could  pro¬ 
duce  novel  sensations.  Since  the  artificial  gravity  is  a  function  of  distance 
from  the  spin  axis  for  a  constant  rotational  rate,  a  man  in  a  standing  position 
would  experience  a  greater  acceleration  at  his  feet  than  at  his  head.  Motion 
in  the  radial  direction,  as  standing  up  from  a  reclining  position,  could  add 
to  the  confusion  of  sensory  inputs  when  the  gravity  gradient  is  large. 

Figure  C- 1  denotes  the  human  factors  design  envelope  as  adopted  from 
the  work  of  Loret1.  The  angular  rotation  rates,  p,  and  the  artificial  gravity 
levels  at  distance,  Rg,  from  the  axis  of  rotation  used  in  the  analyses  in  this 
report  were  selected' in  such  a  manner  that  they  bracket  the  design  envelope. 


1  Reference  19 
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p,  RAD/SEC 


V 


FT 


-  UPPER  LIMIT  ON  p  (CANAL  SICKNESS) 

- UPPER  LIMIT  ON  g  (LOCOMOTIVE  EFFECTS) 

- LOWER  LIMIT  ON  g  (LOCOMOTIVE  EFFECTS) 

X -  LOWER  LIMIT  ON  Rg  (GRAVITY  GRADIENT) 


Figure  C~  1  Human  Factors  Design  Envelope 
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APPENDIX  D 


PROGRAM  FOR  ROTATIONAL  STABILITY  OF 
A  SPINNING  ELASTIC  SPACE  STATION 


An  analysis  of  the  rotational  stability  of  a  moment-free  elastic  space 
station  spinning  about  its  axis  of  maximum  moment  of  inertia  is  presented  in 
Section  4.3.  The  motion  of  the  vehicle  is  described  by  relations  between  the 
nutation  angle  (depicted  in  Figure  D-l)  and  the  energy  dissipation  in  the  fixed- 
space  system.  In  a  finite  time  interval,  the  kinetic  energy  and  the  angular 
momentum  of  the  moment-free  rotating  system  are  considered  to  be  invari¬ 
ants.  The  FORTRAN  computer  program  written  for  this  investigation  is 
described  in  this  appendix. 

Figure  D-2  depicts  the  logic  of  the  program.  The  purpose  of  the  pro¬ 
gram  is  to  determine  the  relationship  between  the  nutation  angle  a  and  the 
precession  angle  X.  by  step-wise  integration  of  equation  (34).  This  relation¬ 
ship  is  dependent  on  the  moments  of  inertia  of  the  vehicle  and  the  energy- 
dissipation  level  AT/Te.  The  maximum  and  minimum  values  of  the  nutation 
angle  a  are  given  by  equations  (30)  and  (31),  respectively. 


a  max 


ab 


a 


a 


a  min 


0 


0 


A 


a 


«b  =  PCT(2)  *  („ 


max 


PCT(l)  <  PCT  (2) 


Figure  D-l.  Definition  of  aa  and  a 
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Figure  D  -  2  Rotational  Stability  Program  Logic 
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In  the  integration  of  equation  (34),  a  is  the  independent  variable,  \  is 
the  dependent  variable,  and  the  current  values  of  the  variables  are  and 
The  interval  of  the  next  integration  step  is  Aa^.  Then,  a  =  +  l/2Aaq 

and  d a  -  A cq  are  used  in  equation  (34)  to  compute  d\  =  AXq.  The  new  values 
of  the  variables  are  thus  =  oq  +  Acq  and  Xq+i  =  Xq  +  AXq. 

Since  the  upper  and  lower  limits  of  a  are  known  and  a  is  periodic,  only 
the  first  half-cycle  fromam^n  t°amax  needs  to  be  computed.  The  values  of 
a  and  the  corresponding  values  of  A\  for  the  first  half -cycle  (starting  with 
a(  1)  =  or  j  and  \(1)  =  0.0)  are  stored  in  arrays  and  are  used  to  determine 
the  coordinate  points  within  successive  half-cycles  without  further  evalua¬ 
tion  of  equation  (34). 

Figure  D- 1  shows  the  relationships  of  a  a  and  to  Qfmin  and  to  max. 
The  values  of  PCT  are  selected  by  the  user.  It  may  become  apparent  from 
the  results  of  a  run  that  different  integration  intervals  Aar  are  required 
within  the  three  ranges  of  a .  User -supplied  values  of  Aa(l),  Aa(2),  and 
Aa(3)  are  used  within  the  ranges  <xm^n  to  aa,  <*a  to  and  to  amax, 
respectively. 

Computations  are  terminated  at  ^max»  which  is  supplied  by  the  user  or 
at  program- supplied  KMAX,  depending  upon  which  is  encountered  first  by 
the  program.  Upon  completion  of  the  computations,  the  stored  values  of 
a  and  \  are  printed  and/or  plotted  on  a  polar  grid,  depending  upon  the  user- 
supplied  value  for  0UTPUT.  Polar  graphs  are  plotted  on  the  S-C  4020  CRT 
plotter  by  using  a  subroutine  package  that  requires  the  CAMRAV,  PGRIDV, 
PPL0TV,  PLABEL,  and  PLINE  subroutines  to  be  called  by  the  program. 

The  floating-point  input  data  are  defined  on  the  sample  data  sheet. 
Included  on  the  sample  data  sheet  are  the  data  used  to  obtain  the  two  polar 
graphs  for  Configuration  1-A  in  Figure  3. 

The  listing  of  the  FORTRAN  II  coded  program  is  also  included. 
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FORTRAN  FIXED  10  DIGIT  DECIMAL  DATA 
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For*  lLli-C-17  Rr».  7-58  (nil'*) 


oooooooooooo 


STABILITY  OF  SPINNING  ELASTIC  BOOIES 


ARE  EXPRESSED  IN  DEGREES 


*  INPUT  DATA  AND  CALCULATED  VALUES 

*  CODING  OF  VARIABLES 

*  RIXY  =  IX/IY 

*  RIXZ  =  IX/IZ 

*  RT  =  DELTA  T/TE 

*  A  =  ALPHA 

*  B  =  LAMBDA  *  DALAMB 

*  DELTAA  =  DELTA  ALPHA 

*  BMAX  *  LAMBDA  MAX 

*  DEFINE  THE  ARCSIN  FUNCTION  IN  DEGREES 

ASINDF(X)  =  ATANF(X/SQRTF( 1.0  -  x**2 ))• 57. 29578 

COMMON  R I XY, R I XZ,RT, DELTAA, PCT, BMAX, OUTPUT 

DIMENSION  DALAMB ( 6000 ) ,  ALPHA(600G),  DELBI3500),  DEL T A A ( 3 ) , 

X  PC T ( 2 )  ,  R I XY ( I ) 

10  CALL  DEC RD (RIXY) 

WRITE  OUTPUT  TAPE  6,  15 

15  FORMAT ( 1H0,15X,  51H**  STABILITY  OF  SPINNING  ELASTIC  BODIES  IN 

l PACE  **/lHG) 

PRINT  20, RIXY, RIXZ, RT, DELTAA 
20  FORMAT ( 1H0 , 5X , 10H I NPUT  DATA//8X,  5H I X/ I Y , 12X , 5H I  X/ I Z , 1 OX , 9HDEL T A T/00002200 
XTE,7X,14H0ELTA  ALPHA ( 3 ) / ( /6E 17 . 8 ) )  00002300 

30  FORMAT (/6E17.8)  00002500 

PRINT  40  ,  PCT , BMAX  00002600 

40  FORMA  T ( 1H0,6X,9H PERCE NT  1 , 7X , 9HPERC ENT  2 , 6X , 10HL  AMBDA  MAX/ / 3E 1 7 . 8 ) 00002 700 

WRITE  OUTPUT  TAPE  6,  50  00003000 

50  FORMATl 1H0,5X,1 7HCALCULA TED  VALUES/ /6X , 9HALPHA  M IN, 8X , 9HALPHA  MAX)00003100 


00000100 

00000200 

00000300 

00000400 

00000500 

00000600 

00000700 

00000800 

00000900 

00001200 

00001300 

00001400 

00001500 

00001600 

00001700 

00001800 

00002000 

00002010 

S00002020 

00002030 

00002100 


100 


110 


130 


140 

150 

160 


AMIN  *  ASINDF(SQRTF(RT/(RIXZ  -  1.0))) 
AMAX  =  ASINDF(SQRTF(RT/(RIXY  -  1.0))) 
WRITE  OUTPUT  TAPE  6,  30,  AMIN,  AMAX 

RANGE  =  AMAX  -  AMIN 
ALPHA ( 1 )  =  AMIN 
DALAMB ( 1  )  *  0.0 
l  =  1 
IP  T  =  1 

APRT  =  PCT(IPT)  *  RANGE  ♦  AMIN 
DEL  *  DELTAA ( I PT ) 

1*1*1 

CORR  *  DEL/2.0 

ALPHA ( I  )  *  ALPHA ( I- 1 )  *  DEL 

IF ( ALPHA (  I  )  -  APRT)1 60, 130,110 

CORR*  (APRT  -  ALPHA (  I  —  1 )  )/2. 0 

ALPHA ( I ) = APRT 

IP T  *  IPT  *  1 

DEL  *  DEI TAA(IPT) 

IF ( I P T  -  2)140,140,150 

APRT  *  PCT ( IPT)  *  RANGE  *  AMIN 

GO  TO  160 

APRT  *  AMAX 

A  =  ALPHA (  I  )  -  CORR 

SA2  *  S I NOF ( A ) **2 


00003200 

00003300 

00003400 

00003500 

00003600 

00003700 

00003750 

00003800 

00003900 

00004000 

00004100 

00004200 

00004300 

00004400 

00004500 

00004600 

00004700 

00004800 

00004900 

00005000 

00005100 

00005200 

00005300 

00005400 

00005500 
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C0TA2  *  C0SOF (A)**2/SA2 
DELB(I-l)  =(1.0  ♦  (1.0  ♦  COT A2 ) *RT ) * 
XT/SA2 )  •  (RT  — ( R I XY— 1 . ) • SA2 ) ) 

DALAMB ( I ) =  DALAMBt 1-1 )*DELB( 1-1 ) 

IF ( IPT-4  )  100,200,200 
200  IMAX  =■  I 


IS  = 
IL=2 
KMAX 
NP  = 


IMAX+l 
«  I  MAX- 1 
=  3  *  IL  + 
IL  -1 


I  MAX/2 


IL 


400 


410 

510 


520 

530 


600 

700 

710 

720 


3000 


3020 


IP=NP  +  IMAX/5 
DO  400  K  =  IS, 

J=  IL  -  K  *1 
ALPHA(K)  =  ALPHA ( J ) 

OALAMB ( K ) =  DALAMB(K-1)+DELB(  J) 

OELB(K-l)  =  DELB(J) 

IF (DALAMB (K)-BM AX >400,700,700 

CONTINUE 

DO  41C  I  =  I L  ,  I P 

J=  I  -NP 

DELB ( I )=DELB ( J) 

IS  =  IL*1 
JF  =  IL-1 
IL  =  IL^NP 

IF ( IL  -  KMAX)530,530,520 
IL=KM AX 

DO  60C  K  =  I S  ,  I L 
J=K- JF 

ALPHA (K  )  =  ALPHA ( J ) 

OALAMB ( K  )  =  DALAMB (K-l  )  ♦  DELB(J-l) 

IF ( DALAMB ( K )  -  BMAX ) 600 ,  700,700 
CONTINUE 

IF ( IL-KMAX) 510,  700,  700 
KEND  =  K 

IF (OUTPUT  )  710,  3000,  710 

PRINT  720 , IMAX, KEND, (ALPHA(K ) .DALAMB (K ), DELB (K) ,  K=1 

FORMAT ( 1H1,5X,6H1MAX  =  1 5 ,6X , 6HKE NO  = 1 5 / / 5X , 10H AL PHA , 
XBDA,  DEG.5X, 12HDELTA  LAMBDA/ ( /3E 17 . 8  )  > 

IF (OUTPUT  )  3000,3000,5000 
CONTINUE 

AMAX  =  5.0*1 NTF ( ( AMAX  «•  5.01/5.0) 

CALL  CAMRAV  (9) 

CALL  PGRIDVll,  AMAX,  5.0,  2,  2,  3,  9,  3,  -1) 

CALL  PLABEL  (10) 

DO  3020  K  =  1,  KEND 

DALAMB ( K  )  =  D AL AMB ( K ) /57 .295 78 

CALL  PPLOTV(K,  ALPHA,  DALAMB,  1,  1,  -1,  1HX,  I  ERR ) 
CALL  PL  I NE (  K, ALPHA, DALAMB, 1 ,1, 1, IERR) 


00005600 

2.0  *  CORR/SQRTFl IRIXZ  -  1.-R00005700 

00005800 
00005900 
00006000 
00006100 
00006200 
00006300 
00006350 
00006400 
00006500 
00006600 
00006700 
00006800 
00006900 
00007000 
00007100 
00007200 
00007300 
00007400 
00007500 
00007600 
00007700 
00007800 
00007900 
00008000 
00008100 
00008200 
00008300 
00008400 
00008500 
00008600 
00008700 
00008800 
00008900 
IP, 10  )  00009000 

DEG.7X, 1 1HLAM00009100 
00009200 
00009300 
00010230 
00010235 
00010240 
00010250 
00010260 
00010262 
00010264 
00010270 
00010300 


CALL  PR  I NTV ( -36 , 36HST  ABILITY  OF  SPINNING  ELASTIC  BOD  I  E S , 368 , 102 3 )  00010400 
CALL  PRINTV(-50, 50HALPHA  IS  RADIUS  LAMBOA  IS  AN00010500 


1GLE, 312,0) 

WRITE  OUTPUT  TAPE  6,  4910 
4910  FORMAT l 1H0, 10X, 23H***  CRT 
1A  IS  RADIUS  AND  LAMBDA  IS 
5000  WRITE  OUTPUT  TAPE  6,  5010 
5010  FORMAT ( 1H0.5X, 11HEND  OF  CASE , 15 X , 1 1 HEND 
1/  1 H 1 ) 

GO  TO  10 
END 


OUTPUT  INCLUDED/20X .54HP0LAR  GRAPH, 
POLAR  ANGLE) 


OF  CASE, 15X, 11HEND  OF 


00010550 

00010600 

ALPH00010700 

00010800 

00010900 

CASE00011000 

00011100 

00011200 

00011300 


282 


APPENDIX  E 


PROGRAM  FOR  LINEARIZED  MOMENT  EQUATIONS 
FOR  PARTICULAR  DISTURBANCES 


A  linearized  analysis  of  the  rigid  body  angular  response  of  a  space 
station  rotating  at  a  constant  angular  velocity  about  its  axis  of  maximum 
moment  of  inertia  is  presented  in  Section  5.0.  The  F0RTRAN  computer 
program  written  for  this  investigation  is  described  in  this  appendix. 

Figure  E-l  depicts  the  logic  of  the  program.  The  purpose  of  the  pro¬ 
gram  is  to  determine  the  angular  response  of  the  space  station  to  externally 
applied  moments  through  the  solution  of  the  linearized  Euler  moment 
equations  (42)  and  (43).  Externally  applied  moments  are  expressed  as 
Fourier  series  in  equations  (47).  Integration  of  the  linearized  Euler  moment 
equations  is  accomplished  through  the  use  of  Laplace  transforms,  which 
results  in  equations  (49)  and  (50)  for  the  body  angular  velocities  q  and  r. 

Orientation  of  the  space  station  relative  to  inertial  space  is  defined  by 
the  linearized  equations  (45),  which  relate  the  Euler  angles  and  the  body 
angular  velocities.  Expressions  for  the  orthogonal  wobble  angle  components 
9  and  i(j  are  given  by  equations  (51)  and  (52). 

Storage  locations  are  allocated  for  a  maximum  of  30  Fourier  coeffi¬ 
cients  for  each  summation  term  in  the  external  moments  expressions  and  a 
maximum  of  500  computed  points  per  plotted  variable.  It  should  be  noted 
that  the  Fourier  coefficients  that  are  read  in  as  data  describe  periodic 
moment  functions  of  unit  amplitude;  these  input  data  are  internally  modified 
by  the  factors  read  in  at  EQUIVALENCE  indexes  143  and  144  to  obtain  the 
desired  moment  function  amplitudes. 

The  computed  results  are  printed  and/or  plotted  on  rectilinear  grids, 
depending  upon  the  input  value  of  0UTPUT.  Either  the  variables  X.,  q,  r,  9, 
i|>  and  t  or  the  variables  \,  q,  r,  9,  4>,  and  t  are  printed  (when  0UTPUT  /  0), 
depending  upon  the  input  value  of  CHECK.  The  graphs  that  are  plotted  when 
0UTPUT  ^  0  are  9  -  4»,  9  -  t,  4»  -  t,  9  -  t,  4»  -  t,  q  -  t,  r  -  t,  q  -  t,  r  -  t, 

0  -  t,  and  X.  -  t.  An  Mx  -  t  graph  is  plotted  when  (Iy  -  Iz)  ^  0.  The  My  -  t 
and  Mz  -  t  graphs  are  also  plotted  when  the  input  value  of  SERIES  ^0. 
Dimensions  of  the  printed  and  plotted  output  are  optionally  either  in  radians 
or  in  degrees,  depending  upon  the  input  value  of  UNITS. 
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Figure  E  -  1  Linearized  Euler  Moment  Equations  Program  Logic 
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Computations  are  terminated  at  t  =  (input  data)  or  when  the 

number  of  points  per  variable  to  be  plotted  equals  500.  Upon  completion 
of  the  computations,  the  stored  values  of  the  variables  are  plotted  (when 
0UTPUT^.O)  on  the  S-C  4020  CRT  plotter  by  using  the  rectilinear  graph¬ 
ing  subroutine  package  GRAPH  (S&ID  Deck  No.  9J  -  400). 

The  floating-point  input  data  are  defined  on  the  sample  data  sheets. 
Included  on  the  sample  data  sheets  are  the  data  used  to  obtain  the  graphs 
for  Configuration  Y  shown  in  Figure  15. 

The  listing  of  the  FORTRAN  II  coded  program  is  also  included. 
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FORTRAN  FIXED  10  DIGIT  DECIMAL  DATA 
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FORTRAN  FIXED  10  DIGIT  DECIMAL  DATA 

DECK  NO _ PROGRAMMER _  DATE _ l _  PAGE — 8  of  .  JOB  NO. 
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Fom  llii-C-17  Key.  7-58 


FORTRAN  FIXED  10  DIGIT  DECIMAL  DATA 
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FORTRAN  FIXED  10  DIGIT  DECIMAL  DATA 

PECK  NO-  PROGRAMMER  DATE  PAGE  4  nf  8  J0B  *o. 
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For*  1  lh-C-17  IU».  7-58 


FORTRAN  FIXED  10  DIGIT  DECIMAL  DATA 

PECK  NO.  PROGRAMMER  DATE  PAGE  5  nf  8  J0B  NQ 

NUMBER  IDENTIFICATION  DESCRIPTION  DO  NOT  KEY  PUNCH 
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111*-C-17  R«.  •’-58  (7*U«) 


FORTRAN  FIXED  10  DIGIT  DECIMAL  DATA 
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1U4-C-17  Re».  7-58  (V*lli») 


FORTRAN  FIXED  10  DIGIT  DECIMAL  DATA 

DECK  NO _ PROGRAMMER _ _  DATE  _  PAGE  1  of - § -  JOB  NO. 
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turn 
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IB 


J  LseJ 
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FORTRAN  FIXED  10  DIGIT  DECIMAL  DATA 

PECK  NO.  PROGRAMMER _  DATE _  PAGE  8  nf _ 8_ 


293 


u  o  o  o  o  o  o 


ANGULAR  MOTIONS,  GENERAL  FOURIER  Y  AND  Z  BODY  MOMENTS 
**  RIGID  BODY  ANGULAR  MOTIONS  OF  SPINNING  BODIES  IN  SPACE 

*  CONSTANT  SPIN  RATE,  PO 

*  IX  MAY  NOT  EQUAL  IY  AND/OR  IZ 

*  MY  =  AYO/2  ♦  AY(N)*COS(N*PI»T/TY)  ♦  BY ( N ) *S I N ( N*P I *T/TY ) 

*  MZ  =  AZO/2  ♦  AZIM)*COS(M*PI*T/TZ)  ♦  BZ ( M ) *S I N(M*PI *T/TZ I 

*  LAMBDA  =  PSIDOT*THETA/PO 
WRITE  OUTPUT  TAPE  6,  3 

3  FORMAT ( 1HO ,  10X,  79H**  RIGID  BODY  ANGULAR  MOTIONS,  GENERAL 

1ER  Y  AND  Z  BODY  MOMENTS  **  /  IHO) 

WRITE  OUTPUT  TAPE  6,  4 

4  FORMAT (IHO,  SX ,  19H0UTPUT  CONTROL  DATA//  10X,  23H0UTPUT*  l  = 


OOOOOOOl 
00000002 
00000003 
00000004 
00000005 
00000006 
00000007 
00000008 
FOUR I  00000009 
00000010 
00000011 
PR  INOOOOOOI2 


IT  ONLY/  17X,  14H  0  =  CRT  ONLY/  17X,  24H  -1  =  BOTH  PRINT  AND  CRT/00000013 
2  10X,  20HUN ITS  *  L  =  RADIANS/  I7X,  13H  -1  =  DEGREES/  10X,  47HCHEC00000014 
3K  *  1  =  PRINT! LAMBDA,  Q,  R,  THETA,  PSI,  T ) /  17X,  46H  -1  =  PRINTIL00000015 
4AMBDA,  QDOT ,  RDOT,  THETA,  PSI,  T)/  10X,  80HZER0  *  I  =  LET  F0URI00000016 
5ER  MOMENT  COEFFICIENTS  REMAIN  UNCHANGED  FOR  NEXT  DATA  CALL/  17X,  00000017 

6  66H  -l  =  SET  FOURIER  MOMENT  COEFFICIENTS  TO  ZERO  BEFORE  NEXT  DATA00000018 
7CALL/  10X,  40HSERIES*  1  =  GRAPH  FOURIER  MOMENT  SERIES/  17X  ,  00000019 

8  4 OH  -1  =  DO  NOT  GRAPH  FOURIER  MOMENT  SERIES ) 

WRITE  OUTPUT  TAPE  6,  5 

5  FORMAT ( 1H- ,  5X,  1  SHF  OUR  I ER  MOMENTS//  10X,  56HMY  =  AYO/2 
1S(N*PI*T/TY)  ♦  BY(N)*SIN(N*PI*T/TY)/  10X,  56HMZ  *  AZO/2 
2S(M*PI*T/TZI  +  BZ(M)*SIN(M*PI*T/TZ)/////  10X,  25HLAMB0A 
3THETA/P0/  1H1) 

DIMENSION  SN1 (30) ,SN2 (30) ,SN3(30> , SN4 ( 30 ) , SN5 ( 30 ) , SMI (30) , 

1  SM2 (30)  ,  SM3 ( 30 ) ,SM4(30) , SMS ( 30 ) , A Y<  30 ) , BY ( 30 ) , AZ <  30 ) , BZ ( 30 ) 

2  ,THcTA (500) ,PSI ( 500) , ATI  500) ,AAMPY(500) , AAMPZ(SOO) 

3  ,  ATHDOT ( 500 ) ,  APSDOT(SOO),  AQDOT(SOO),  ARD0TI500),  AQ(500) 

4  ,  AR ( 500 ) ,  APHI(SOO),  AL AMBD ( 500 ) ,  AMX(500),  EMPTY(IO) 


00000020 
00000021 
AY ( N ) • CO 0000 002 2 
AZ ( M ) • CO 0000 002 3 
PS  I -DOT *000000 2 4 
00000025 
00000026 
00000027 
00000028 
00000029 
00000030 


EQUIVALENCES!  1)  ,P0)  ,(0(2)  ,00)  ,  (D(3),R0),(D(4),THETA0),(D(5)  ,  PS  1000000031 
),(D(6) , TO ) , ( D( 7) .DEL TAT) , (0(8) , TMAX ) , (0(9) , TY ) , ( D( 10 ) , TZ ) , ( D ( 1 1 ) 00000032 


7 

10 


,XI),(D(12),YI),(D(13),ZI),(D(14) , ANMAX ) , ( D ( 1 5 ) , AMMAX ) , (D( 16) , 
OUTPUT) ,(D(17), UNITS) , (D( 18) .CHECK) , ( D ( 19 ) , AYO ) , ( D ( 20 ) , AZO ) , 

( D( 21 ) ,  AY ) , ( D ( 51 ) ,  BY ) , ( D( 81 ) ,  AZ),  (D(lll),  BZ)  ,( D ( 141 ), ZERO ) 
,  ( D ( 142  )  ,  SERIES) , (D( 143) ,  CMY ) , ( D( 144 ) ,  CMZ) 

ANMAX  =*  1.0 
AMMAX  *  1.0 
TY  =  1.0 
TZ  =  1.0 
DELTAT  =  1.0 
TMAX  =  2.0 
CMY  =  1.0 
CMZ  =  1.0 
AYO  =  0.0 
AZO  =  0.0 
DO  7  N=  1 ,  30 
AY(N)  =  0.0 
BY ( N )  *  0.0 
AZ ( N )  =  0.0 
BZ ( N )  *  0.0 
CALL  DECRD(D) 

NMAX  =  ANMAX 


00000033 

00000034 

00000035 

00000036 

00000037 

00000038 

00000039 

00000040 

00000041 

00000042 

00000043 

00000044 

00000045 

00000046 

00000047 

00000048 

00000049 

00000050 

00000051 

00000052 

00000053 
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MM AX  =  AMMAX 
PRINT  INPUT  DATA 
WRITE  OUTPUT  TAPE  6,  3 
WRITE  OUTPUT  TAPE  6,  20 

20  FORMAT ( 1H0»  4X,  10HINPUT  DATA//  5X,  11HP0,  RAD/SEC,  6X,  11HQ0, 

1D/SEC,  6X,  11HR0,  RAD/SEC*  6Xt HHTHETAOt  RADt  7Xt  9HPSI0t  RAD) 

WRITE  OUTPUT  TAPE  6 , 30 , PO, QO , RO,  THETAO.PSIO 
30  F0RMATI/6E17.8) 

WRITE  OUTPUT  TAPE  6t  32 

32  FORMATIIHO,  6X,  7HT0,  SEC,  8X,  I2HDELT A  T,  SEC,  6X.10HT  MAX,  SEC00000063 

1,  4X.14HIX,  SLUG-FT..2,  3X,  14HIY,  SLUG-FT*»2,  3X.14HIZ,  SLUG-FT*. 00000064 


00000054 
00000055 
00000056 
00000057 
RA00000058 
00000059 
00000060 
00000061 
00000062 


22) 

WRITE  OUTPUT  TAPE  6,  30, TO , DELT AT, TMAX , X I , Y I  ,Z 1 
WRITE  OUTPUT  TAPE  6,  33 
33  FORMATIIHO,  6X,  7HTY ,  SEC,  10X, 

1M  MAX) 

WRITE  OUTPUT  TAPE  6,  30,  TY,  TZ,  ANMAX,  AMMAX 


7HT Z ,  SEC,  11X,  5HN  MAX,  12X, 


AY02  =  AY0/2.0 
AZ02  =  AZO/2.0 
WRITE  OUTPUT  TAPE  6,  34 
34  FORMATIIHO,  3X,  12HAY0/2,  FT-LB, 


5X  i 


41 


1  MULTIPL IER, IX,  16HAZ , BZ  MULTIPLIER) 

WRITE  OUTPUT  TAPE  6,  30,  AY02,  AZ02,  CMY ,  CMZ 
STABLE  =  I  X  I  -  Y I  )  *  I  X I  -  ZI  ) 

IF  I  STABLE )  41,  44,  47 
WRITE  OUTPUT  TAPE  6,  42 


00000065 
00000066 
00000067 
5H00000068 
00000069 
00000070 
00000071 
00000072 
00000073 

12HAZ0/2,  FT-LB,  2X,  16HAY, BY00000074 

00000075 
00000076 
00000077 
00000078 
00000079 


42  FORMATIIHO, 4X.65H**  IY  LESS  THAN  IX  LESS  THAN  IZ  OR  1Z  LESS  THAN00000080 

0F  UNST16LE  «/».»«  •  c*ooooooe, 

4»  WHITE  OUTPUT  TAPE  6,  *5  00000084 

45  FORMAT  I  l.H0,4X,  42H**  IX  IS  EQUAL  TO  EITHER  OR  BOTH  IY  AND  IZ/5X.28H00000085 
1  *  ntSE  °F  NEUTRAL  STABILITY/5X,  34H  *  CASE  IS  UNCONDITIONALLY  DEL00000086 


2ETED) 

GO  TO  5000 

47  IFINMAX  -  30)  48,  48,  49 

48  IFIMMAX  -  30)  51,  51,  49 

49  WRITE  OUTPUT  TAPE  6,  50 

50  FORMAT  I 1H0,  4X,  36H**  N  MAX  OR  M  MAX  IS  GREATER  THAN  30/  5X , 
1  •  CASE  IS  UNCONDITIONALLY  DELETED) 

GO  TO  5000 

51  IFINMAX)  53,  53,  52 

52  IFIMMAX)  53,  53,  55 

53  WRITE  OUTPUT  TAPE  6,  54 

54  FORMATIIHO,  4X,  37H**  N  MAX  OR  M  MAX  IS  NEGATIVE  OR  ZERO/  5X . 
1  •  CASE  IS  UNCONDITIONALLY  DELETED) 

GO  TO  5000 

55  IFITY)  57,  57,  56 

56  IFITZ)  57,  57,  59 

57  WRITE  OUTPUT  TAPE  6,  58 


00000087 
00000088 
00000089 
00000090 
00000091 
34H00000092 
00000093 
00000094 
00000095 
00000096 
00000097 
34H00000098 
00000099 
00000100 
00000101 
00000102 
00000103 


58  FORMATIIHO,  4X,  41H**  TY  OR  TZ  IS  LESS  THAN  OR  EQUAL  TO  ZERO/  5X,  00000104 


1  34H  *  CASE  IS  UNCONDITIONALLY  DELETED) 

GO  TO  5000 

59  DO  60  N  *  1,  NMAX 
AYIN)  *  AY(N)*CMY 

60  BYIN)  *  BY  I N ) *CMY 
DO  61  M  =  1,  MMAX 
AZIM)  =  AZIM)*CMZ 

61  BZIM)  «  BZ I M ) *CMZ 
WRITE  OUTPUT  TAPE  6,  78 

78  FORMAT  I 1H0, 10X,25HAYIN) ,  COEFF  OF  COS  IN  MY) 
WRITE  OUTPUT  TAPE  6,  30, (AYIN) ,N*1 , NMAX ) 


00000105 

00000106 

00000107 

00000108 

00000109 

00000110 

00000111 

00000112 

00000113 

00000114 

00000115 
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MY) 

00000116 

00000117 

MZ) 

00000118 

00000119 

00000120 

MZ) 

00000121 

00000122 

00000123 

00000124 

00000125 

00000126 

00000127 

00000128 

WRITE  OUTPUT  TAPE  6,  80 

80  FORMAT ( IHO  * 10X  » 25HBY  IN),  COEFF  OF  SIN  IN  MY) 

WRITE  OUTPUT  TAPE  6,  30, ( BY ( N) ,N*1,NMAX) 

WRITE  OUTPUT  TAPE  6,  90 

90  FORMAT! 1 HO, iOX, 25HAZ ( M ) ,  COEFF  OF  COS  IN  MZ) 

WRITE  OUTPUT  TAPE  6,  30, (AZ(M) ,M*l,MMAX) 

WRITE  OUTPUT  TAPE  6,  100 
100  F0RMAT(1H0,10X,25HBZ(M),  COEFF  OF  SIN  IN  MZ) 

WRITE  OUTPUT  TAPE  6,  30, (BZCM) ,M*1,MMAX) 

IF(0UTPUT)110,300»  110 
110  I F (CHECK )  160  ,120,120 
120  I F ( UNI TS ) 148,  130,  130 
130  WRITE  OUTPUT  TAPE  6,  140 
140  FORMAT ( 1H0,5X, 17HCALCULATED  VALUES//TX, 6HLAMBDA, 9X , 10HQ,  RAD/SEC , 700000129 
1X.10HR,  RAD/SEC»7X» 10HTHET A,  RAD.8X, 8HPSI ,  RAD,10X,6HT,  SEC)  00000130 

GO  TO  300  00000131 

148  WRITE  OUTPUT  TAPE  6,  150  00000132 

150  FORMAT ( IHO, 5X, 17HCALCULATED  VALUES//7X,6HLAMBDA,9X,10HQ,  DEG/SEC, 700000133 
IX, 10HR,  DEG/ SEC , 7X, 10HTHET A,  DEG,8X,8HPSI ,  DEG,10X,6HT,  SEC)  00000134 

GO  TO  300  00000135 

160  IF(UNITS)  190,  170,170  00000136 

170  WRITE  OUTPUT  TAPE  6,  180  00000137 

180  FORMAT! IHO, 5X , 17HC ALCULATED  VALUES//7X ,  6HL AMBDA, 5X, 16HQD0T ,  RAD/S000001 38 
1EC**2 » IX , 16HRD0T ,  RAD/SEC**2,  5X,  10HTHETA,  RAD,  8X,  8HPSI ,  RAD,  00000139 
2  IOX,  6HT ,  SEC)  00000140 

GO  TO  300  00000141 

190  WRITE  OUTPUT  TAPE  6,  200  00000142 

200  FORMAT ( IHO, 5X, 17HCALCULATED  VALUES//7X,  6HLAMBDA,5X, 16HQD0T,  DEG/S00000143 
1EC**2,1X,16HRD0T,  DEG/SEC**2,  5X,  10HTHETA,  DEG,  8X,  8HPSI ,  DEG,  00000144 
2  IOX,  6HT,  SEC)  00000145 

SET  INITIAL  VALUE  OF  SUMMATION  TERMS  TO  ZERO 

0.0 


300  SN1V 
SN3V 


0.0 

SMI V=  0.0 
SM3V*  0.0 
INITIAL  VALUES 
T  =  TO 

**  K 

K  =  0 

CALCULATE  CONSTANTS 
A  *  P0»  CXI  —  ZII/YI 
B  =  POMXI-YI  )/ZI 
OMEGA  =  SQRTF ( A*B ) 

OM  =  OMEGA 

NAME  OF  0MEGA**2  *  A»B  IS 
0  *  A*B 


NUMBER  OF  CALCULATIONS  OF  THETA  AND  PSI 


PI 

Cl 

C2 

C3 

C4  ’ 

C5 

C6 

C7 

C8 

C9 

CIO 

Cli 

C12 

C13 

C14 

C15 


=  3.1415927 


1. 

1. 

1. 

1. 

PO 

PO 


A/OM 

A/OM 

B/OM 

B/OM 

OM 

OM 


♦ 

0.5/C5 

0.5/C6 

O.5/(B*P0) 

0 • 5/ ( A*P0 ) 
O.5/0M 
AY0/YI 
AZ0/ZI 
C12*C1 1 
C13*C1 1 


00000146 

00000147 

00000148 

00000149 

00000150 

00000151 

00000152 

00000153 

00000154 

00000155 

00000156 

00000157 

00000158 

00000159 

00000160 

00000161 

00000162 

00000163 

00000164 

00000165 

00000166 

00000167 

00000168 

00000169 

00000170 

00000171 

00000172 

00000173 

00000174 

00000175 

00000176 

00000177 
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C 16  =  R0*A/OM 

00000178 

C 1 7  =  00  *B/0M 

00000179 

C 18  =  C 1 4*B/0M 

00000180 

C 19  =  C15*A/0M 

00000181 

C20  =  YI  -  ZI 

00000182 

C21  =  C20/XI 

00000183 

C 22  *  C18/P0 

00000184 

C23  =  C19/P0 

00000185 

C24  =  57*29578 

00000186 

COMPUTE  TERMS  OF  SUMMATIONS 

00000187 

DO  350N= 1 «  NMAX 

00000188 

AN  =  N 

00000189 

AL  =AN*PI/TY 

00000190 

AL2  =  AL**2 

00000191 

El*  AL / ( 0  -  AL2 ) 

00000192 

SN1 ( N )  =  AY ( N ) / ( 0  -  AL2) 

00000193 

SN1 V=  SN1V  +  SN1(N) 

00000194 

SN2 ( N )  =  A Y ( N ) *E 1 

00000195 

SN3(N)  =  B Y ( N ) *E 1 

00000196 

SN3V=  SN3V  +  SN 3 ( N ) 

00000197 

SN4  (  N  )  =  0.5M1.  -  B  /  AL  )  /  (  PO  -  AL) 

00000198 

350 

SN5 ( N )  =  0 . 5* ( 1 •  ♦  B / AL ) / ( PO  ♦  AL) 

00000199 

DO  360M= 1 y  MMAX 

00000200 

AM  =  M 

00000201 

BE  =AM*PI/TZ 

00000202 

BE2  =  BE  **2 

00000203 

E2  =  BE / ( 0  -  BE2) 

00000204 

SMI ( M )  =  AZCM)/(0  -  BE2) 

00000205 

SMI V=  SM1V  +  SM1(M) 

00000206 

SM2 ( M )  =  AZ ( M ) *E2 

00000207 

SM 3 ( M  )  =  BZ ( M ) *E2 

00000208 

SM3V=  SM3V*  SM3(M) 

00000209 

SM4 ( M )  =  0 • 5 * (  1  •  -  A /BE ) / ( PO  -  BE) 

00000210 

360 

SM 5 ( M )  =  0 • 5* (  1  •  ♦  A/BE ) / ( PO  ♦  BE) 

00000211 

COMBINED  CONSTANT  COEFFICIENTS  OF  TIME  FACTORS  IN  THETA 

00000212 

THC1  *  (C3MC14  ♦  SN1 V*  OM/ Y I  )  ♦  C1*(R0  -SM 3V/Z I ) ) *C7 

00000213 

THC2  =  - ( C4* ( C 14  ^SN1V*0M/YI)  ♦  C2MSM3V/ZI-  R0))*C8 

00000214 

THC3  =  - ( C 1* ( C 15  ♦ SM 1 V*0M/ Z I )  ♦  C3*(SN3V/YI-  Q0))*C7 

00000215 

THC4  =  (  C2*  (  C 1 5  •••SMI  V*  OM/Z  I  )  ♦  C4MQ0  -SN3  V/ YI  )  )  *C8 

00000216 

COMBINED  CONSTANT  COEFFICIENTS  OF  PSI 

00000217 

PSC1  =  C  Cl*  (  CIS  +SM1 V*0M/ Z  I  )  +  C3MSN3V/YI-  Q0))*C7 

00000218 

PSC2  =  -  ( C2* ( C 1 5  ♦SM1V*0M/ZI)  ♦  C4MQ0  -SN3 V/ Y I ) ) *C8 

00000219 

PSC3  =  ( C3* ( C14  ♦  SN1 V* 0M/ Y I )  ♦  C1*(R0  -SM3V/Z I ) ) *C7 

00000220 

PSC4  =  - ( C4* ( C 14  ♦ SN 1 V*OM/ Y I  )  ♦  C2MSM3V/ZI-  R0))*C8 

00000221 

COMBINED  CONSTANT  COEFFICIENTS  OF  TIME  FACTORS  IN  Q  AND  R 

00000222 

QC1  =  C 1 4  -  C 1 6 

00000223 

0C2  =  QO  ♦  C i 9 

00000224 

RC1  =  C 1  5  «■  C 1  7 

00000225 

RC2  =  RO  -  C 18 

00000226 

COMPUTE  NON-SUBSCRIPTED  TIME  FUNCTIONS 

00000227 

365 

T 1  =  C0SFIC5  *  T) 

00000228 

T2  =  C0SF ( C6  *  T) 

00000229 

T 3  =  SINFIC5  *  T) 

00000230 

T  4  =  S  I NF ( C6  *  T) 

00000231 

T5  =  C OS F ( PO  *  T) 

00000232 

T 6  =  S I NF ( PO  *  T) 

00000233 

T7  =  COSFIOM  *  T) 

00000234 

T8  =  SINFtOM  *  T) 

00000235 

T9  =  OM  *  T 8 

00000236 

T 1 0  =  T8/0M 

00000237 

COMPUTE  SUBSCRIPTED  TIME  FUNCTIONS 

00000238 

AMPY  =  0.0 

00000239 
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TH6  *  0.0 

00000240 

TH7  =  0.0 

00000241 

TH8  =  0.0 

00000242 

TH9  =  0.0 

00000243 

PS6  =  0.0 

00000244 

PS7  =  0.0 

00000245 

PS8  *  0.0 

00000246 

PS9  *  0.0 

00000247 

Q3  *  0.0 

00000248 

Q4  *  0.0 

00000249 

R3  *  0.0 

00000250 

R4  *  0.0 

00000251 

DO  370N- 1 *  NMAX 

00000252 

AN  -  N 

00000253 

AL  = AN*P I /TY 

00000254 

G1  =  PO  -  AL 

00000255 

G2  2  PO  ♦  AL 

00000256 

AMPY  *  AMPY  ♦ 

AY ( N ) *COSF ( AL  *  T )  «•  BY ( N ) *S I NF ( AL  *  T) 

00000257 

STN1  =  COSF ( G1 

*  T) 

00000258 

STN2  *  COSF ( G2 

*  T) 

00000259 

STN3  =  SINFCGl 

*  T) 

00000260 

STN4  *  SINF(G2 

*  T) 

00000261 

STN5  =  T9 

AL*S  I NF ( AL  *  T) 

00000262 

STN6  *  T7  -  COSF ( AL  *  T) 

00000263 

STN7  =  T 10  - 

SINFIAL  *  T ) / AL 

00000264 

TIME-SUMMATION  TERMS  OF  THETA,  PSI,  Q  AND  R 

00000265 

TH6  =  TH6  -  SN2(N)*SN4(N)*(STN1  -  1.) 

00000266 

TH7  =  TH7  +  SN2 ( N ) *SN5 ( N ) * ( STN2  -  1.) 

00000267 

TH8  *  TH8  ♦  SN3(N)*SN4(N)*STN3 

00000268 

TH9  *  TH9  ♦  SN3(N) 

*SN5(N)*STN4 

00000269 

PS6  =  PS6  -  SN3(N)*SN4(N)*(STN1  -  1.) 

00000270 

PS7  =  PS7  -  SN3 ( N ) *SN5 ( N ) * ( STN2  -  1.) 

00000271 

PS8  *  PS8  -  SN2 ( N ) *SN4 ( N ) *STN3 

00000272 

PS9  *  PS9  ♦  SN2(N)*SN5(N)*STN4 

00000273 

Q3  =  Q3  ♦  SN1 ( N ) *STN5 

00000274 

Q4  =  Q4  -  SN3(N)*STN6 

00000275 

R3  3  R3  -  SN1 ( N ) *STN6 

00000276 

370  R4  s  R4  —  SN3(N)*STN7 

00000277 

AMPZ  =  0.0 

00000278 

TH10  *  0.0 

00000279 

TH1 1  =  0.0 

00000280 

TH12  =  0.0 

00000281 

TH13  =  0.0 

00000282 

PS10  =  0.0 

00000283 

PS11  =  0.0 

00000284 

PS  12  =  0.0 

00000285 

PS13  *  0.0 

00000286 

05  =  0.0 

00000287 

Q6  =  0.0 

00000288 

R5  =  0.0 

00000289 

R6  *  0.0 

00000290 

DO  380M- 1 9  MMAX 

00000291 

AM  *  M 

00000292 

BE  =*  AM*PI/TZ 

00000293 

G3  =  PO  BE 

00000294 

G4  =  P  0  ♦  BE 

00000295 

AMPZ  *  AMPZ  ♦ 

AZ(M)*COSF(BE  *  T)  ♦  BZ ( M ) *S I NF ( BE  *  T) 

00000296 

STM1  *  COSF ( G3 

*  T) 

00000297 

STM2  *  COSF ( G4 

*  T) 

00000298 

STM3  =  SI NF ( G3 

*  T) 

00000299 

STM4  *  SINFCG4 

*  T) 

00000300 

STM5  =  T9 

BE *S INF ( BE  *  T) 

00000301 
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STM6  =  T7  - 
STM7  =  T10 
TIME-SUMMATION 


THIO 
THU 
THI2 
THI 3 
PSIO 
PS11 
PS  12 
PS1 3 


THIO 
THI  1 
TH12 
THI  3 
PSIO 
PS11 
PS12 
PS13 


COSF ( BE  *  T) 

-  S I NF ( BE  *  T ) /BE 
TERMS  OF  THETA,  PSI,  Q  AND  R 
SM3(M)*SM4(M)*(STM1  -  1.) 

SM3(M)*SM5(M)*(STM2  -  1.) 

SM2(M)*SM4(M)*STM3 
SM2(M)*$M5(M)*STM4 
SM2(M)*SM4(M)*(STM1  -  1.) 

SM2(M)*SM5(M)*(STM2  -  1.) 

SM3(M)*SM4(M)*STM3 
SM3(M)*SM5(M)*STM4 


00000302 

00000303 

00000304 

00000305 

00000306 

00000307 

00000308 

00000309 

00000310 

00000311 

00000312 


Q5  = 

Q5  ♦ 

SMI ( M) *STM6 

00000313 

06  = 

Q6  ♦ 

SM3 ( M ) *STM7 

00000314 

R5  = 

R5  ♦ 

SMI ( M ) *STM5 

00000315 

380  R6  = 

R6  - 

SM3 ( M ) *STM6 

00000316 

SUM 

TERMS 

OF  THETA  AND  PSI 

**  UNITS  ARE  RADIANS 

00000317 

K  * 

K  ♦  1 

00000318 

THET  A ( K ) *THC 1* ( Tl— 1 •  ) 

1  -1. )  -  C23*T6  ♦  ( TH6 

2  ♦  TH13J/ZI  ♦  THET  AO 
PSI(K)*PSC1*(T1-1. )  ♦ 

1  C23* ( T5- 1 • )  ♦  ( PS6  ♦ 

2  PSI 3 ) /Z  I  ♦  PSIO 
AT ( K )  *  T 

SUM  TERMS  OF  Q  AND  R 


AQ ( K  )  x 

QC1* 

T8 

♦ 

QC2*T7 

♦ 

(Q3  ♦ 

1  -  C 19 

AR ( K )  * 

RC1* 

T  8 

♦ 

RC2*T7 

♦ 

( R3  ♦ 

1  ♦  C 18 

ATHD0T ( K 

)  * 

AQ 

(K 

) *T5  - 

ARC 

K)*T6 

APSDOT ( K 

)  * 

AR 

(K 

) *T5  ♦ 

AQC 

K)*T6 

♦  THC2 * ( T2-1 • )  ♦  THC3*T3  ♦  THC4*T4  ♦ 

♦  TH7  ♦  TH8  ♦  TH9)/YI  ♦  (THIO  ♦  TH11 


PSC2* ( T2-1 • )  ♦  PSC3*T3  ♦  PSC4*T4  ♦  C22*T6  ♦ 
PS7  ♦  PS8  ♦PS9)/YI  ♦  (PSIO  ♦  PS11  ♦  PS12  ♦ 


**  UNITS  ARE  RADI ANS/ SECOND 
Q4)/YI  ♦  (Q5  ♦  Q6)*A/ZI 


R4)*B/YI  ♦  ( R5  ♦  R6)/ZI 


AAMPY(K)  =  AY0/2.0  ♦  AMPY 
AAMPZ(K)  =  AZ0/2.0  ♦  AM PZ 
AQDOT(K)  =  A AMP Y ( K ) / Y I  -  A*AR(K) 
ARDOT(K)  *  A AMPZ ( K ) / Z I  ♦  B*AQ  ( K ) 
ALAMBD(K)  =  APSDOT ( K ) *THETA ( K ) /PO 


500 


510 

520 

530 


550 

3000 

3010 

3015 

3020 

3030 


APHKK)  =  PO*  AT  (  K  ) 

AMX(K)  =  -  C20*AQ(K)*AR(K) 

I F ( UN  ITS)  500,  510,  510 
THET  A ( K )  =  THETA ( K )  *  C24 
PSI  (K)  =  PSI (K)  *  C24 
AQ(K)  =  AQ ( K )  *  C24 
AR ( K )  *  AR ( K )  *  C24 
ATHDOT(K)  =  ATHDOT(K)  *  C24 
APSDOT ( K  )  *  APSDOT ( K )  *  C24 
AQDOT(K)  *  AQDOT(K)  *  C24 
ARDOT(K)  x  ARDOT(K)  *  C24 
APHI (K)  x  APHI (K)  *  C24 
I F ( OUTPUT )  520,  3000,  520 
I F ( CHECK )  550,  530,  530 

WRITE  OUTPUT  TAPE  6,  30,  ALAMBD(K),  AQ ( K ) ,  AR ( K ) ,  THETA(K), 
l,  AT ( K  ) 

GO  TO  3000 

WRITE  OUTPUT  TAPE  6,  30,  ALAMBD ( K ) ,  AQDOT ( K ) ,  ARDOT(K),  THETA(K), 
L  PSI (K) ,  AT ( K ) 

T  =  T  ♦  DELTAT 

I F ( T  -  TMAX )  3010,  3010,  4000 
I F ( K  -  500)  365,  3015,  3011 
I F ( OUTPUT )  3020,  3020,  365 
WRITE  OUTPUT  TAPE  6,  3030 

FORMAT  ( 1H0,4X,29HDIMENSI0NS  FOR  CRT  ARE  FILLED/ 

.  10X , 34HCASE  IS  UNCONDITIONALLY  TERM I NATED/ 10X , 14HCRT 


C22* ( T500000319 
♦  THI 2  00000320 
00000321 
00000322 
00000323 
00000324 
00000325 
00000326 
00000327 
00000328 
00000329 
00000330 
00000331 
00000332 
00000333 
00000334 
00000335 
00000336 
00000337 
00000338 
00000339 
00000340 
00000341 
00000342 
00000343 
00000344 
00000345 
00000346 
00000347 
00000348 
00000349 
00000350 
00000351 
PSI  (K) 00000352 
00000353 
00000354 
00000355 
00000356 
00000357 
00000358 
00000359 
00000360 
00000361 
00000362 
00000363 


IS  PRINTED) 
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GO  TO  4000  00000364 

3011  IF ( OUTPUT )  3012,  3012,  365  00000365 

3012  WRITE  OUTPUT  TAPE  6,  3013  00000366 

3013  FORMAT! 1 HO, 4X, 33HDIMENSI0NS  FOR  CRT  ARE  OVERLOADED/  00000367 

1  10X,  34HCASE  IS  UNCONDITIONALLY  TERMINATED/  10X,  18HCRT  IS  NOT  00000368 

2PRINTED/  15X,  47HL00K  FOR  ERRORS  IN  COMPUTATIONS  DUE  TO  0VERL00000369 

30AD)  00000370 

GO  TO  5000  00000371 

4000  WRITE  OUTPUT  TAPE  6,  4001  00000372 

4001  FORMAT ( 1H- ,  4X,  10HA,  RAD/SEC, 7X,  10HB,  RAD/SEC, 5X,14H0MEGA,  RAD/S00000373 


1EC) 

WRITE  OUTPUT  TAPE  6,  30,  A,  B,  OM 
WRITE  OUTPUT  TAPE  6,  4002 
4002  FORMAT (1H-) 

IF (OUTPUT )  4010,  4010,  5000 
4010  IF (UN ITS )  4030,  4020,  4020 


4020  CALL  GRAPH ( 1 , 1HX ,-K ,  PSI 


THETA 


00000374 
00000375 
00000376 
00000377 
00000378 
00000379 

,13H  PSI,  RADIANS, 15H  THETA,  00000380 


1RADI ANSi 61H  RIGID  BODY  ANGULAR  MOTIONS,  GENERAL  FOURIER  Y,Z  BODY  M00000381 
20MENTS)  00000382 

CALL  GRAPH ( 2 , 1HX ,  -K ,  AT,  THETA,  14H  TIME,  SECONDS,  15H  THETA,  RAD00000383 

1  IANS,  61H  RIGID  BODY  ANGULAR  MOTIONS,  GENERAL  FOURIER  Y,Z  BODY  M00000384 

20MENTS )  00000385 

CALL  GRAPH( 2 , 1HX,  -K,  AT,  PSI,  14H  TIME,  SECONDS,  13H  PSI,  RAD  I A00000386 
INS,  1H  )  00000387 

ALL  GRAPH ( 2 ,  1HX,  -K,  AT,  ATHDOT,  14H  TIME,  SECONDS,  26H  THETA-Dt 
IT,  RADIANS/SECOND, 

2  Y,Z  BODY  MOMENTS)  00000390 

CALL  GRAPH ( 2 ,  1HX,  -K,  AT,  APSDOT,  14H  TIME,  SECONDS,  24H  PSI-OOT, 00000391 

00000392 

14H  TIME,  SECONDS,  25H  Q-DOT,  R00000393 
NGULAR  MOTIONS,  GENERAL  FOURI ER00000394 

00000395 

14H  TIME,  SECONDS,  25H  R-DOT,  R00000396 

00000397 

14H  TIME,  SECONDS,  18H  Q,  RADI A00000398 


1  AD  IANS /SECOND* *2 , 

2  Y , Z  BODY  MOMENTS) 


INS/SECOND, 

2  Y,Z  BODY  MOMENTS) 
CALL  GRAPH ( 2 ,  1HX, 
INS/SECOND,  1H  ) 
CALL  GRAPH( 2 ,  1HX, 
HANS, 

2  Y,Z  BOOY  MOMENTS) 


-K, 

AT, 

ATHDOT 

61H 

RIGID  BODY 

-Kf 

AT, 

APSDOT 

H  ) 

— K  9 

AT, 

AQDOT, 

61H 

RIGID  BODY 

-K, 

AT, 

ARDOT, 

1H  ) 

-K, 

AT, 

AQ, 

61H 

RIGID  BODY 

-K, 

AT, 

AR, 

-Kt 

AT, 

APHI, 

6 1H 

RIGID  BODY 

-K, 

AT, 

ALAMBD 

00000400 

14H  TIME,  SECONDS,  18H  R,  RADI A00000401 

00000402 

14H  TIME,  SECONDS,  13H  PHI,  RAD00000403 
(NGULAR  MOTIONS,  GENERAL  FOUR  I ER00000404 

00000405 


CALL  GRAPH( 2 ,  1HX,  -K,  AT,  ALAMBD,  14H  TIME,  SECONDS,  22H  LAMBDA,  00000406 
1DI ME NS  IONLESS,  1H  )  00000407 

IF (C20 )  4032,  4033,  4032  00000408 

4030  CALL  GRAPH! 1, 1HX.-K,  PSI  ,  THETA  ,13H  PSI,  DEGREES, 15H  THETA,  00000409 
1DEGREES.61H  RIGID  BODY  ANGULAR  MOTIONS,  GENERAL  FOURIER  Y,Z  BODY  M00000410 
20MENTS )  00000411 

CALL  GRAPH ( 2 , 1HX,  -K ,  AT,  THETA,  14H  TIME,  SECONDS,  15H  THETA,  DEG00000412 
1REES,  61H  RIGID  BODY  ANGULAR  MOTIONS,  GENERAL  FOURIER  Y,Z  BODY  M00000413 
20MENTS )  00000414 

CALL  GRAPH(2 , 1HX,  -K,  AT,  PSI,  14H  TIME,  SECONDS,  13H  PSI,  DEGRE00000415 

1ES,  1H  )  00000416 

CALL  GRAPH ( 2 ,  1HX,  -K,  AT,  ATHDOT,  14H  TIME,  SECONDS,  26H  THETA-0000000417 
IT,  DEGREES/SECOND,  61H  RIGID  BODY  ANGULAR  MOTIONS,  GENERAL  FOURI ER00000418 


2  Y , Z  BODY  MOMENTS) 


00000419 


CALL  GRAPH ( 2 ,  1HX,  -K,  AT,  APSDOT,  14H  TIME,  SECONDS,  24H  PS I-DOT, 00000420 


1  DEGREES/SECOND,  1H  ) 

CALL  GRAPH ( 2 ,  1HX,  -K,  AT,  AQDOT , 


00000421 

14H  TIME,  SECONDS,  25H  Q-DOT,  D00000422 
1 EGREES/ SECOND* *2,  61H  RIGID  BODY  ANGULAR  MOTIONS,  GENERAL  FOURI ER00000423 

2  Y,Z  BODY  MOMENTS)  00000424 

CALL  GRAPH ( 2 ,  1HX,  -K,  AT,  ARDOT,  14H  TIME,  SECONDS,  25H  R-DOT,  D00000425 
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1EGREES/SEC0ND*»2  *  1H  ) 

CALL  GRAPH ( 2 •  1HX,  -K,  AT,  AQ, 
1 ES/SECOND, 

2  Y , Z  BODY  MOMENTS) 

CALL  GRAPH! 2 ,  1HX, 

1ES/SECOND,  1H  ) 

CALL  GRAPH ( 2 ,  1HX,  -K, 

1REES, 

2  Y , Z  BODY  MOMENTS) 


-K, 


00000426 

14H  TIME,  SECONDS,  18H  Q,  DEGRE00000427 
6LH  RIGID  BODY  ANGULAR  MOTIONS,  GENERAL  F0URIER00000428 

00000429 

AT,  AR,  14H  TIME,  SECONDS,  L8H  R,  DEGRE00000430 

00000431 

AT,  APHI,  14H  TIME,  SECONDS,  13H  PHI,  DEG00000432 
61H  RIGID  BODY  ANGULAR  MOTIONS,  GENERAL  FOURI ER00000433 

00000434 

CALL  GRAPH! 2,  lHX,  -K,  AT,  ALAMBD,  14H  TIME,  SECONDS,  22H  LAMBDA,  00000435 
1DI ME NS  IONLESS,  IH  )  00000436 

IF (C20 )  4032,  4033,  4032  00000437 

4032  CALL  GRAPHl 1,  1HX,  -K,  AT,  AMX ,  I4H  TIME,  SECONDS,  10H  MX,  FT-L00000438 

IB,  61H  RIGID  BODY  ANGULAR  MOTIONS,  GENERAL  FOURI ER00000439 

2  Y , Z  BODY  MOMENTS)  00000440 

4033  I F ( SERIES )  4900,  4034,  4034  00000441 

4034  CALL  GRAPHl 2 ,  lHX,  -K,  AT,  AAMPY ,  14H  TIME,  SECONDS,  10H  MY,  FT-L00000442 

1Bf  61H  RIGID  BODY  ANGULAR  MOTIONS,  GENERAL  FOURI ER00000443 

2  Y , Z  BODY  MOMENTS)  00000444 

CALL  GRAPH ( 2 ,  1HX,  -K,  AT,  AAMPZ ,  14H  TIME,  SECONDS,  10H  MZ ,  FT-L00000445 

IB,  1H  )  00000446 

4900  WRITE  OUTPUT  TAPE  6,  4910  00000447 

4910  FORMAT ( 1H0, 10X,  23H*»*  CRT  OUTPUT  INCLUDED/  20X,  19HTHETA  VS  PS00000448 

II  GRAPH  /20X ,  36HTIME  VS  THETA  AND  TIME  VS  PSI  GRAPHS/  00000449 

2  20X ,  44HTIME  VS  THETA-DOT  AND  TIME  VS  PSI-DOT  GRAPHS/  20X,  38H00000450 

3TIME  VS  Q-OOT  AND  TIME  VS  R-DOT  GRAPHS/  20X,  30HTIME  VS  Q  AND  TIME00000451 
4  VS  R  GRAPHS/  20X,  37HTIME  VS  PHI  AND  TIME  VS  LAMBDA  GRAPHS)  00000452 

IF  CC20 )  4035,  4037,  4035  00000453 

4035  WRITE  OUTPUT  TAPE  6,  4036  00000454 

4036  FORMAT ( 1H  ,  19X,  16HTIME  VS  MX  GRAPH)  00000455 

4037  IF(SERIES)  4040,  4038,  4038  00000456 

4038  WRITE  OUTPUT  TAPE  6,  4039  00000457 

4039  FORMAT! IH  ,  19X,  32HT1ME  VS  MY  AND  TIME  VS  MZ  GRAPHS)  00000458 

4040  I F ( C20  )  4043,  4041,  4043  00000459 

4041  WRITE  OUTPUT  TAPE  6,  4042  00000460 

4042  FORMAT ( 1H0,  25X,  30HMX  IS  IDENTICALLY  ZERO  SINCE  ( IY  *  I Z ) )  00000461 

4043  IF(SERIES)  4044,  5000,  5000  00000462 

4044  WRITE  OUTPUT  TAPE  6,  4045  00000463 

4045  FORMAT ( 1H0,  25X,  51HMY  AND  MZ  ARE  OF  CONSTANT  VALUE  AND  ARE  NOT  GR00000464 

1APHED)  00000465 

5000  WRITE  OUTPUT  TAPE  6,  5010  00000466 

5010  FORMAT! 1H0,5X, 11HEND  OF  CASE , 15X, 1 1HEND  OF  C ASE , 15X, 1 1HEND  OF  CASE00000467 
1/  1H1)  00000468 

I F ( ZERO )  6,  6,  10  00000469 

END  00000470 
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APPENDIX  F 


PROGRAM  FOR  LATERAL  VIBRATION  MODES  OF 
TWO -COMPARTMENT,  SINGLE-CABLE- 
CONNECTED  CONFIGURATION 


A  lumped  parameter  analysis  of  the  free  lateral  vibration  of  a  two- 
compartment  configuration  connected  by  a  single  cable  is  presented  in 
Section  6.2.  1.2.  The  FORTRAN  computer  program  written  for  this  investi¬ 
gation  is  described  in  this  appendix. 

Figure  F- 1  depicts  the  logic  of  the  program.  The  purpose  of  the 
program  is  to  determine  five  consecutive  natural  frequencies  and  the 
corresponding  modes  of  free  lateral  vibration  for  two -compartment,  cable - 
connected  configurations.  Rotary  inertia  is  neglected  and,  consequently, 
the  frequency  equation  is  the  determinant  of  coefficients  of  X..  This 
determinant,  D,  is  of  the  order  (n  +  1),  where  n  is  the  number  of  cable 
segments. 


Diagonal  elements  of  the  determinant  D  contain  the  natural  frequency 
of  free  lateral  vibration  p,  and  adjacent  off-diagonal  elements  are  constants, 
the  values  of  which  depend  on  the  system  parameters.  Iteration  on  p  is 
executed  to  determine  the  values  of  p  —  i.e.,  the  natural  frequencies  of  the 
system,  which  produce  a  zero-valued  diagonalized  determinant  D. 


Once  the  natural  frequencies  p  are  known,  the  systems  of  equations 
[A].  ,  [\].  ,  ,  =  [  B] .  , 

Ji,  j  1  Ji+1,  1  L  Ji,  1 


where 


tAL.j  =[Dh,J+1 

tB]i  =  [-D]i>  i 


i  =  1,  2,  .  .  .  ,  n 
j  =  1,  2,  .  .  .  ,  n 

are  solved  for  n  \'s  by  using  the  library  mathematical  function  "XSIMEQ  - 
Simultaneous  Equation  Solution."  Upon  successful  execution  of  XSIMEQ,  the 
value  of  Xi+i  is  stored  in  A^  j. 
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INITIALIZE 
ELEMENTS  OF 
DETERMINANT  D 
TO  ZERO 


COMPUTE 
CONSTANTS  OF 
_JHE_SYSTEM_ 
N  =  XN 
N0  =  N+1 


COMPUTE  OFF- 
DIAGONAL 
DETERMINANT 
ELEMENTS 

zTz 

I  DO  200  NF  =  1,5  1 


240 


IS 

p  >✓  160 

? 

W 

a 


COMPUTE  CHECK 
VALUES: 

CHK  (1)  =  CHK  (1) 

+D  (1,  J)*CRV  (J,  IM) 

1 

i 

I  DO  240,  J  =  1 ,  N0  1 

i 

i 

CHK  (1) 

=  0.0 

i 

k 

r 

1  DO  240  1 

<7\ 

z 

II 

i 

230 

k 

MODE  SHAPES: 

CVS  (1+1,  IM) 

=  AO,_0 

X(I,J)  IS  STORED 

IN  A  (1,  J) 

i 

k 

^DO  230 

TT) 

ITERATE  ON 
P  TO  DETERMINE 
THE  VALUES  OF 
P  FOR  WHICH 
THE  DIAGONALIZED 
DETERMINANT 
IS  ZERO 


200  1 

f 

STORE  VALUES 

OF  p2  IN 

FREQ  (NF) 

1 

f 

^DO  300  IM 

UJ 

SOLV 
SIMULA 
EQUATIO 
X'S  BY 
_  XSJ/v 
CRV  (1,1 

'E  THE 
\NEOUS 

NS  FOR  N 
USING 
\EjQ_F  _  _ 
M)  =  1.0 

J 

k 

PRINT  ELEMENTS 

OF  DETERMINANT: 
D(I,J),  J  =  l,  N0 

1  =  1,  N0 

XN(2)  =0.0 

COMPUTE  DIAGONAL 
ELEMENTS  USING 
p2  =  FREQ  (IM) 

T 


PRINT 
IM,  p2,  DA 
CHK(I),  1  =  1,  N0 


300 


IG0  =  1 


PRINT 

FREQ  (I),  I  =  1,5 

"crvTuT” 

J  =  1  #5 

I  =  1,  N0 


PLOT  5  NORMAL 
MODES  SHAPES 
CRV  (1,0, 

I  =  1,5 

ON  ONE  GRID 


y 

r 

COMPUTE  NORMAL 
MODES  FACTOR  CNM 

0.=  (CNM)  X; 

LlL2  Jf B.x2 

\  CNM]  1  , 

i  =  1 

1 

r 

r 

(  DO  370  1 

=  1, 

NORMAL 

CRV  (1 

CNM*  C 

MODES: 

,  10  = 

:rv  (1,  IF) 

1 

l 

IG0 

I  =  2 

Figure  F -  1 . 


Lateral  Vibration  Modes  Program  Logic 
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A  check  of  the  solution  is  made  by  computing  and  printing  the  values  of 
DA.  in  the  (n  +  1)  equations  DA.  =  0.  The  values  of  the  (n  +  1)  A.'s  for  each  of 
the  five  mode  shapes  are  also  printed.  The  values  of  the  elements  in  D  are 
optionally  printed,  depending  on  the  input  value  of  XN(2). 

Normal  modes  <f>  are  computed,  printed  and  plotted,  where 

0i  =  c  A-i 


2  mi  Xi 
i=  1 

i  =  1,2,...,  n  +  1 

Upon  completion  of  the  normal  mode  computations,  the  stored  values  of 
are  plotted  on  the  S-C  4020  CRT  plotter  by  using  the  rectilinear  graphing 
subroutine  package  GRAPH  (S&ID  Deck  No.  9J-400).  The  five  normal  modes 
are  plotted  on  one  grid. 

The  floating-point  input  data  are  defined  on  the  sample  data  sheet. 
Included  on  the  sample  data  sheet  are  the  data  used  to  obtain  the  five  lowest 
normal  modes  for  Configuration  1 -A  shown  in  Figure  24. 

The  listing  of  the  FORTRAN  II  coded  program  is  also  included. 
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FORTRAN  FIXED  10  DIGIT  DECIMAL  DATA 

DECK  NO.  9J-210  PROGRAMMER _  DATE _  PAGE  1  of  1  JOB  NO. 
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'-58  (V*U«aO 


o  o  o  o 


DECK  NO.  9J-210  -  LATERAL 

TWO-COMPARTMENT  CABLE  CONNECTED  CONFIGURATION 

LUMPED  MASS 

COMMON  XN,  AE*  XL,  XM1 ,  XM2 »  XMU,PIN,  DEL,  S,  Bl,  BN,  BT,  CDIA, 
X  D,  FREQ,  A,  B,  TEMP,.  CRV,  CHK ,  STA 

DIMENSION  XN ( 5 ) ,  S(IOO),  BT(lOl),  CDIAI101),  D(101,101), 

X  FREQl 5) f  A( 100,100) ,  B(100),  TEMP(IOO),  CRV(101,5), 

X  CHK(lOl),  STA ( 101 ) 

10  CALL  OECRD(XN) 

PRINT  11,  XN,  AE,  XL,  XMl,  XM2 ,  XMU,  PIN,  DEL 

11  F0RMAT(45X»14HDATA  -  LA TE RA L//37 X , 1 1 HN  T ES T WORDS/ / 37X , 2 6HAE  L 

X  Ml  M2  ML//37X*16H INITIAL  P  I  NCR/ ( /5E19.8 ) ) 

N  *  XN 
NO  =  N+l 
DO  12  I  =  1 , NO 
DO  12  J  =  1 , NO 

12  Dl I, J)  =  0.0 

CONSTANTS,  Bl ,  BN  AND  BETAS 
XMUL  =.  XMU  •  XL 

01  *  ( XM2*XL  ♦  .5  *  XMUL  *  XL)/(XM1  +  XM2  ♦  XMUL) 

D2  =  XL  -  Dl 
OMSQ  «  386.4/DI 

AL  =  XL/XN  ♦  OMSQ/XN/AE  *ID1**2  *  (XMl  «■  XMU*01/3.0)  ♦  D2**2 
X  XMU*D2/3 .0  )  ) 

XM  =  XMUL/XN 
XMOM  =  XM  *  OMSQ 
CN1  =  XMl  ♦  .5  *  XM 
CN2  *  XM2  +  .5  *  XM 
S ( 1 )  =  CN1  *  OMSQ  *  Dl 
DO  15  1=2, N 

IL  =>  1-1 
XI  =  IL 

DAI  =  Dl  -  XI  *  AL 
_  IF(DAl) 17,  17,  15 
15  S( I )  *  S(  IL)  ♦  XMOM  *  DAI 
17  S(N  )  =  CN2  *  OMSQ  *  D2 
00  18  1=1, N 

IL  =  N  -  I 
XI  =  I 

DA2  =  02  -  XI  *  AL 
IF  I DA2 ) 19 ,  19,  18 
S( IL )  =  SI IL+1 )  ♦  XMOM  *  DA2 
RMA  =  1.0/XM/AL 

Bl  =i  S  (  1 )  /  ( XMl  *  .5  *  XM)  /  AL 
BN  =  S(N ) / ( XM2  ♦  .5  *  XM)/  AL 
DO  20  1=1, N 

BT(I)  =  SI  I )  *  RMA 


18 

19 


20 


CONSTANT  ELEMENTS  FOR  D 


21 


CD1A(1)  *  Bl 
CDIA(NO)  =  BN 
DO  21  1=2, N 
CDIAII)  =  BT(I-l) 


♦  BT!  I  ) 


00000001 
00000002 
00000003 
00000004 
00000005 
00000006 
00000007 
00000008 
00000009 
00000010 
00000011 
L  00000012 
00000013 
00000014 
00000015 
00000016 
00000017 
00000018 
00000019 
00000020 
00000021 
00000022 
00000023 
(XM200000024 
00000025 
00000026 
00000027 
00000028 
00000029 
00000030 
00000031 
00000032 
00000033 
00000034 
00000035 
00000036 
00000037 
00000038 
00000039 
00000040 
00000041 
00000042 
00000043 
00000044 
00000045 
00000046 
00000047 
00000048 
00000049 
00000050 
00000051 
00000052 
00000053 
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011,21=  -B 1 

00000054 

D(  NO  ».N  )  =  -BN 

00000055 

00  2  2  I  =  2  »  N 

00000056 

22 

D(  I  ,  I- 1 )  =  -  BT(  1-1 ) 

00000057 

D(  I«  I  ♦  1 )  -  -  BT(I) 

00000058 

TST 1  =  0.0 

00000059 

FREQUENCY  LOOP 

00000060 

DO  200  NF=1 , 5 

00000061 

DINC  =  DEL 

00000062 

CHG  =  1.0 

00000063 

25 

P  *  PIN 

00000064 

00000065 

PSQ  =  p  ••  2 

00000066 

30 

DO  30  1=1, NO 

00000067 

0(1*1)  =-PSQ  ♦  CD I A ( I ) 

00000068 

33 

FORMAT! 1H1 , 5X»11HD  -  BY  ROWS/ ( /6E1 7 . 8 ) ) 

00000069 

35 

EVALUATE  d 

00000070 

DC  =  D ( NO, NO ) 

00000071 

50 

DO  60  K  =  1 , N 

00000072 

1=  NO  -  K 

J  =  I  +  1 

00000073 

00000074 

D (  I  ,  I  )  =  0(1,1)  -  D ( I  , J )  *  D( J,  I  )/D( J, J) 

00000075 

60 

DC  =  DC  *  D  (  I  ,  I  1 

00000076 

CONTINUE 

00000077 

70 

IFITST1190,  70,  90 

00000078 

TST  1  =  1.0 

00000079 

80 

DL  =  DC 

00000080 

SVPSQ  *  PSQ 

00000081 

85 

I F I CHG  -  1.0)88,  85,  88 

00000082 

P=P+DINC 

00000083 

88 

IF( P-160. 0)25,  25,  10 

00000084 

SN  =  1.0 

00000085 

90 

GO  TO  130 

00000086 

IF  (  DL  *  00100,80,80 

00000087 

100 

IFICHG  -  1.0)120,  110,120 

00000088 

110 

CHG  =  .5 

00000089 

PIN  =  P  ♦  DEL 

00000090 

120 

DLNXT  =  DC 

00000091 

SN  =  -1.0 

00000092 

130 

DINC  =  DINC/2.0 

00000093 

PLST  =  P 

00000094 

P  *=  P  +  SN  *  DINC 

00000095 

140 

IFIPLST  -P  )  2  5,  140*  25 

00000096 

IFIABSF(DL)  -  AB  SF I  DC ) ) 1 50  *  150,  160 

00000097 

150 

FREQ(NF)  =?  SVPSQ 

00000098 

160 

GO  TO  17C 

00000099 

FREQ(NF)  =  PSQ 

00000100 

170 

DL  =  OLNXT 

00000101 

200 

CONTINUE 

00000102 

SOLVE  FOR  LAMBDAS 

00000103 

COL.  1  -  CONSTANTS  ROW  11  OMITTED 

00000104 

DO  300  I  M  =  1 , 5 

00000105 

P9Q  =  FREQ! I M) 

00000106 

210 

DO  210  1=  1 , NO 

00000107 

0(1,1)  <=  -PSQ  +  CD  I  A  (  I  ) 

00000108 

215 

IF! XN( 2 ) J218.218.215 

00000109 

PRINT  33,(!D(I,J),J=1,N0),I=1,N0) 

00000110 

218 

XN!  2 )  =  0.0 

00000111 

DO  220  1=1, N 

00000112 

B  (  I )  s-D (1,1) 

00000113 

220 

DO  22C  J  =  1 , N 

00000114 

A< I, J  )  =  0(1,  J  +  l) 

00000115 

308 


230 


-2 40 


250 

300 


DA  *  1_.0 

«A  «  XSIMEQFI100, 
CBVlli  IH)  =»  1.0 
DO  2  30  !  *1 »  N 
CRV! I  +  l, IH)  * 

DO  2 AO  I =1% NO 
CHK ( I)  =  0.0 
DO  240  J  =  1 , NO 
CHK (  I )  *  CHK ( I ) 


N,  1%  A,  B,  DA, TEMP) 


A  I  I  ,  1 ) 


00000116 
00000117 
00000118 
00000119 
00000120 
00000121 
00000122 
00000123 
00000124 
00000125 
00000126 
00000127 
00000128 
00000129 

-  00000130 

305  PRINT  310,  ( FREQ  1 1 ) ,  1*1,5)  00000131 

310  F0RMAT<1H1,31X,38H  LATERAL  VIBRATION  -  MODE  SHAPES// 1 2X, 7HFR00000 1 32 
XEQ»  1,11 X, 7HFREQ.  2 ,1 1 X , 7HFREQ.  3,11X,7HFREQ.  4 , 1 IX, 7HFR EQ.  5//E2400000133 
X . 5,  4E18.5/6H  STA) 

J  =  1 , 5 )  ,  1  =  1, NO) 


4  D ( I , J )  *  CRV ( J, I M ) 

PRINT  25Q,'  IM,  PSQ,  DA,  ( CHK ( I ) ,  1  =  1, NO) 

FORMAT! IH- j5X,15HCHECK  FOR  FREQ-12 ,2E17 .8/ ( /6E17.8 ) ) 

CONTINUE 

IGO  =  1 


320 


340 


350 


360 

370 


390 

395 

396 
400 


PRINT  320,  (1, ICR VI  I, J), 

FORMAT! lHOi  15,  5E18.5) 

GO  TO! 340,  390) ,  IGO 

COMPUTE  C  FOR  NORMAL  MODE 
DO  370  I F=1 , 5 
SUMN  =0.0 
DO  350  I =2,N 

SUMN  =  SUMN  ♦  CR V ( I » I F ) *»2 
CNM=iSQRTF(  1.0/1CN1  *  CRV 1 1 „I F ) * *2 
DO  360  1=1, NO 

CRV!I,IFH  CNM  *  CRVII.IF) 

CONT  INUE 
IGO  =  2 
GO  TO  305 
PRINT  395,  CNM 

FORMAT! 1H-,30X,3HC  =E17.8/1H1) 

CRT  -  PLOT 


DO  400  1=1, 
STA!  I)  =  I 


NO 


410 


YB 
YT 
DO 
DO 
YB,  = 
YT  = 
CALL 


=  CRV (1,1) 

=  CRV! 1,1) 
410  1=1,5 
410  J*1,N0 
MIN1FIYB, 
MAX1F! YT, 


CRV! J,I  ) ) 
CRV! J,I ) ) 


L IM IT1 ( STA 11),  STA ( NO ) ,  YB,  YT) 


00000134 
00000135 
00000136 
00000137 
00000138 
00000139 
00000140 
00000141 
00000142 

♦  XM  *  SUMN  +CN2*CRV!N0, IF)**2) 100000143 

00000144 
00000145 
00000146 
00000147 
00000148 
00000149 
00000150 
00000151 
00000152 
00000153 
00000154 
00000155 
00000156 
00000157 
00000158 
00000159 
00000160 


CURVES 


00000161 

CALL  GRAPH ( 1 , 1H1  ,  -NO,  STA,CRV! 1 , 1 ) , 8H  STATION, 7H  LAMBDA, 49H  LATER 00000 1 62 
XAL  VIBRATION  -  NORMAL  MODE  FIGURE  2)  00000163 

DO  500  I  ^2,5  00000164 

500  CALL  GRAPH!  0,1,— N0,STA,.CRV!1,I)  )  00000165 

^VT0  10  00000166 

END  00000167 
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APPENDIX  G 


PROGRAM  FOR  SOLUTION  OF  SEVEN- DEGREE  OF 
FREEDOM  PLANAR  EQUATIONS  OF  MOTION 


The  computer  program  of  the  numerical  solution  of  the  equations 
17  6  through  180  of  this  report  was  written  in  FORTRAN  for  an  IBM  7  094 
computer.  Figure  G-l  shows  the  logical  flow  of  the  program.  The  input 
data  are  explained  on  the  sample  data  sheets.  The  data  shown  are  for  an 
actual  case,  the  output  for  which  is  shown  in  Figure  52  of  this  report.  A 
more  complete  discussion  of  the  results  is  given  in  the  report. 

The  computer  program  uses  three  main  subroutines  —  RUQ,  SEQ,  and 
GRAPH.  SUBROUTINE  RUQ  is  a  Runge-Kutta  integration  routine,  which 
uses  the  equations  as  derived  in  "Discrete  Variable  Methods  in  Ordinary- 
Differential  Equations,  "  by  P.  Henrici.  SUBROUTINE  SEQ  calculates  the 
second  derivatives  needed  by  RUQ  for  the  integration  and  is  called  only  from 
RUQ.  SUBROUTINE  GRAPH  is  a  plotting  routine  used  at  North  American 
Aviation's  Space  and  Information  Systems  Division.  The  user  may  write  a 
subroutine  called  GRAPH  that  presents  the  output  data  in  any  form  suitable 
to  the  equipment  he  has  available. 


START 


Figure  G  -  1.  Simplified  Flow  Chart  (Sheet  1  of  2) 
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MAIN  PR0GRAM  SUBROUTINE  RUQ  SUBROUTINE  SEQ 
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Figure  G-  1.  Simplified  Flow  Chart  (Sheet  2  of  2) 


FORTRAN  FIXED  10  DIGIT  DECIMAL  DATA 

DECK  NO _ PROGRAMMER _  DATE  _  .  .  PAGE  1  of  JOB  NO. 
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•  AIM  L  l-D-Ml  NMOM 


FORTRAN  FIXED  10  DIGIT  DECIMAL  DATA 

DECK  NO —  PROGRAMMER  OATE _  PAflF  2  of _  JOB  NO. 
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FORM  t  1  4-C-1  7  "IV.  7  M 


FORTRAN  FIXED  10  DIGIT  DECIMAL  DATA 

PROGRAMMER _ _  OATE -  PAO£_J - of -  JOB  NO. 
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FORM  1 1 4*C*1  7  «*V.  7-*i 


MAIN  PR0GRAM 


DIMENSION  X  (  6)  , XDI 6 ) ,  XAM  2 31 ,6 ) , XDN I  231 , 7 ) , XDDN! 201 , 6) , TI I  201) , YVl 2 
150,7),YD(250,6)  ,A1(12,.I2)  ,A2!12,12)  ►A3  ( 12 , 12 ) ,  TX « 250  ) ,  VM(  3 ) ,  TN(  3,  3 

_ LI -  - 

COMMON  UK,RO,PO,  S0,D1  ,.D2  ,  DR  ,  AR ,  ER,  W1 ,  W2  ,  ROU.DAM,  CO,  Cl ,  C2,  C3,  VM,  TN 
1,DA4,DA5,  DA6 

D  DIMENSION  UK  ( 1 )  ,.R0  !  1 )  ,  P0!1)  ,S0  (1)  ,  DI  ( 1 )  ,  02  ( 1 )  ,  W 1 1 1 ) ,  M2  I  1),R0U(  1), 

ICO! l)iCl(l) ,C2(1) 

READ  INPUT  TAPE  5, 7 , K I , I S YM, M , I NC 
_ HRITF  OUTPUT  TAPE6 , 31  ,.KI  ,  I  S  YM,  NP,  M,  INC 

7  FORMAT! 515) 

FORMAT! 12A6) 

READ  INPUT  TAPE 5, 3, ! I A1 ! I , J ) , I =1 , 1 2 ) , J  =  1 , M ) , 1 ( A2 1  I , J ) , I *1 , 12 ) , J »1 , 
1M),  UA3(I, J), I -1,12) ,J*1.M) 

MR  I  T6  OUTPUT  TAPE6 , 32  ».!  <  A1  (  I  ,  J  )  ,1  =  1,12)  *  J* 1  *  M) *  !(A2!  I,J),  1*1,  12)»J 

_ L“1^M-L*-LIA3 11,J)»I  =  1*12)  ,  J  *  1 ,  M ) 

75  READ  INPUT  TAPES,  1 1 , K ,.NP ,  UK ,R0,  PO,  SO, Dl  , D2  ,  AR,  ER, DR  , DAM, Ml ,  M2,  ROU, 
LT,H,DA4,DA5,DA6 
11  FORMAT! 2I5/I6E12. 8)) 

__R£AD  INPUT  TAPE5,10,!VMU)  ,1*1,3),  !(TN(I,J),  1*1,3),  J*l,  3) 

10  FORMAT! 6E12. 8) 

_ READ  INPUT  TAPE5 ,.10, ( X ! I ) , I *1 , 6) ,  !  XD1 1).  1»1.6) _ _ _ 

TET=SQRTF!UK/R0»*3) 

D  ClclMl»01»Dl+W2»D2»D2*R0U> (01»D1«DH-D2»D2»02)/3,0)/ (SO»SO) 

SWM=VM( 1)»X!4)**2*VMI2)*X!5)*»2*  VM! 3 ) *X 1 6 ) **2 

_Q _ £2*W1  +  W2*ROU*SO 

0  BR*  1 TET +P0 ) 

_ £fl*£Z«J&O*ft0*TET+Cl*BR*SO*Sa«-BR*$UM 

31  FORMAT! 1H0, 51 5) 

32  FORMAT! 1H0,12A6) 

MR  I  TE  OUTPUT  T  APE6 , 20 ,-K , UK  ,  RO,  PO,  SO  ,01  ,  D2  ,  AR,  ER ,  DR ,  DAM ,  M 1 ,  W2,  ROU,  T 
lfcH, TET,C0,C1,C2,C3,SUM,BR 
20  FORMAT! 1H0.7HINPUT  2HK= I  5 / ! 1H0 , 7E 16. 8 ) ) 

_ WRITE  OUTPUT  TAPE6,22  ».( VM!  I  ) ,  I  =1 ,3  )  ,(  (  TN!  I  ,  J  )  ,  I  *1 , 3  )  ,  1,  3  ) _ 

WRITE  OUTPUT  TAPE6»22».(X!  I  )  ,1  =  1  ,6)  ,  (XD!  I  )  ,  1  =  1,6) 

_ 22 _ESR  MAT  1 1H0  f  6E 1 6.  8 ) 

I A 1  *0 

_ IC1«0 

IE-0 

IC=0  

NMfcXABSF!NP) 

IFIK-NM)18, 18,17 

IB _ MP*XS1GNF!  K  ,NP  ) 

17  IF! K-20 1 ) 6 , 8, 8 
6  L=K 

GO  TO  82 

8  L“201 
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82  CALL  RUQ(L,T,H,X,XD,XN,XDN,XDDN,TI  1 
LEL  16+1 /INC-250  123,24, 24 
24  WRITE  OUTPUT  TAPE6.89 
89  FORMAT! 1HO, 16HDI M6NSI ON  EXEDED) 

CALL  EXIT 
23  D07OJ*1,7 

I A  =  I A 1 

00201=1, L, INC 
I  A=  I A+ 1 

70  Y VI  I A ,  J ) =XDN!  I  , J ) 

I A 1  =1  A 

DO 721=1, L, INC 
IB=  IB+ 1 

- 2D1IB, l)=XNl 1,3) 

YD  (  IB  ,  2  )  =XN  ( I  ,.l ) 

72  TX1IB1=TI(I) 

DO  74J*4 , 6 

1C=IC1 

J1=J-1 

_ 00741*1, L, INC 

IC‘IC+1 

74  YD1 IC, J  1 1 *XN( I ,J) 

IC1=IC 

-  NM=XAB SF ( NP 1 

I F  <  NN- 18)45,45,41 
45  KiT  »K-I 
IR=0 

_ 00621*8 ,12 

IR*  IR+1 

62 - CALL  GRAPH  ! KI  ,  I  SYM, NP ,-TX!  1 1  ,YD(1,IR),A1(1,  I  ) ,  A2  (  1 ,  I  ) ,  A3  (  1 ,  I  1  ) 

D060I =1 , 7 

60 - CALI — GRAPH  !  KI  »  I  SYM ,  NP  ,-TX  ( 1  )  ,  YV  ( 1 , 1  )  ,  A1  ( 1 ,  I  )  .  A2  ( 1 .  I  )  .  A3 1  1.  I  1  ) 

IA1=0 

IC1=0 

IB=0 

IC=0 

IF(KT-NN)43,43,41 
43  NP=XSIGNF(KT,NP) 

4L  Kj=K-L 

IF(K)16,16, 17 
16 _ GO  IQ  75 

END!  1,0,0, 0,0,  O',  1,0, 0,1  ,0,0,0,0,01 
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SUBR0UTINE  RUQ 


0 


SUBROUTINE  RUQ ( N, T ,H, X, XD, XN, XON, XDDN, T I)  MP560000 

COMMON  UK,ROfPO,SO,Dl,D2,DR,AR,ER,Wl,W2,R0U,DAM,C0,Cl,C2,C3,VM,  TN 
l»DA4t DA5t DA6 

DIMENSION  X(6)  ,XD(6)  .XNI201  ,6)  , XDN < 20 1 , 7 ) , XDDNI 201 , 6 ) ,  T I  ( 20 1 )  , XR ( 6MP56001 0 
1 ) » XDRI 6 ) t Y 1( 6 )  »Y2  (6)  »-Y3  (  6  )  » Y4 ( 6 )  » VM( 3 )  *  TN  (  3  *  3  )  MP5600I5 

DIMENSION  UK(l),RO(l)t.POm,SO(I),Dim  ,  D2  ID  ,W1(  I )  ,  W2  ( 1 )  ,  ROU(l)  , 

1C0( lltCl(l).C2(l) 

00401^1, N  MP560020 

ftkRO+X(l)  MP560025 

S*SO+X( 3) 

Til  1 1 *T 

EkVM(l)*X(4)*«2+'VM(2)*X(5)*»2*VMI3)«iXI6)»*2 

E1=C0-(C1«S»S+E)*XDI2) 

E2=C2*R**2*CI*S**2-E 


_  XDN  ( I »  7  )  SE 1  /E2 

DOT  J=*I  t  6 
Xft(J)=X(J) 

7  XDR ( J ) =XD( J ) 

CALL  SEQ(XR,XDR,Y1 ,T) 

D020 3*1 ,6 

_ XN  I  I  >  J  » =*XJ  J  ) 

XDN ( I  f  J  )  =XD ( J } 

_  XDDNC I i J ) =Y 1 ( J ) 

XDR  I  J)=XD(  J)*H*Y1(  JI/2.0 
20  Xft( J)*X(J)+H*XD< JJ/2.0 
T*T  -m/2.0 

_ CALL  5_E_«1XR,XDR,Y2,T) 

D030J*1 ,6 

Xftl J)*X( J)+H*XD( J) /2.0+H**2*YI( J)/4.0 
30  XDR  (  J  )  *.XD(  J  )  ♦H*  Y2  (  J  )  /2 .0 

CALL  SEQ( XR  » XDR , Y3 *  T ) 

D035J*1 ,6 

_ XMJ1*X<  J)  +H*XD  (  J  )  +H**2*Y2  (  J)  /2.0  _ 

35  XDRI J)*XDI J)+H*Y3f J) 

_ I*lL±h/2.o 

CALL  SEQ(XR,XDR,Y4,T) 

_ D040J*I ,6 

X(  J  )*X(J)+H»(XD(J)+H»(Yl(J)+Y2(J)+Y3(J))/6<0) 

40  XD (  J)  *XDI  J  )»H«IYH  J)»2,0»V2I J)»2.0«Y3I  J)+Y4<J)  )/6.0 


MP560045 
MP560050 
MP560055 
MP560060 
MP56G065 
MP560070 
MP560075 
MP560080 
MP560085 
MP560090 
MP560I00 
MP560105 
MP56D110 
MP560115 
MP560I20 
MP560125 
MP560I30 
MP560I35 
MP540140 
MP560145 
MP560150 
MP560I55 
MP 560 160 
MP560165 
HP560170 


RETURN  MP560175 

END(l,O,C,OtO.O.l,OrO.1.0»0» 0,0,0) 
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SUBR0UTINE  SEQ 


SUBROUTINE  SEQ( X, XD,XDDfT ) 

DIMENSION  X(6) »  XD ( 6 ) «XDD(6) » VM( 3 ) #  TNI  3?  3 ) 

COMMON  UK,RO, PO»SO, Dl,D2tDR, AR, ER,WltW2*R0U.DAMfC0,ClfC2,C3fVMf TN 
1 t DA4 t DA5 »DA6 

D  DIMENSION  UK( 1 ) ,RO( 1) , POI1) , $0< l ) , Dili ) , D2I 1 ) ,Wi( 1 ) , W2< 1 ) , ROUtl) , 
lCO(l)  tCICl)  ,C2m 

1  SF»SI NF ( X (2  )  ) 

2  CF*C0SF(X(2)) 

3  R»RO*X(l) 

S*SO+X ( 3 ) 

4  Y=VM(1)*X(4)**2+VM(2)*X(5)**2+VM(3)*X(6)**2 

SX=VM(1  )*X<4)  *XD(4)+VM(2)*X(5  )*XD(5H*VMI3)*X(6)*XD(6) 

D  Y1*S*S 

D  R2XR*R 

AA*XD(1 ) 

AB  =  XD ( 2  ) 

AC*XD ( 3 ) 

D  A1*R0U*AC*AA/C2 

D  A2*C0-(C1*Y1+Y) *AB 

D  A3*C2*R2*C1*Y1«’Y 

D  A43 A2 / A3 

D  A5SR* A4*A4 

D  A6aUK/R2 

13  XDD ( 1 ) 3  A5— Al  — A6 

14  B1*3.0*UK*SF*CF/R**3 

15  B2*C1*Y1-Y 

16  B3»C1*Y1*Y 

17  B4*B2/B3 

18  B5*1.0*C1*Y1/(C2*R2M‘Y/(C2*R2 ) 

B6=2.0*XD(2)*(C1*S*XD(3 )+SX)/ (C2*R2) 

Q1MC2*R*XD(1 )+Ci*S*XD(3)*SX)/IC2*R2) 

B7*B3*Q1*XD(2)/A3 

Q2M2.Q*C1*S*XD(3)*2*0*SX) 

B8*Q2/B3 

B9=2.0*C0*Q1/A3 

Q3*C0*(2.0*C1*S*XD(3)+SX)/(C2*R2) 

Q4-Q3/B3 

XDD (2 ) 3B6-B7-B8+B9-Q4-B1*B4*B5 
20  E1=C0+C2*R2*XD(2) 

22  E3SE1 / A3 

23  E5»ER*AR*(S-DR) /(C1*DR) 

24  E6=UK*S*(3.0*CF**2-1.0)/R**3 
E4*S*E3**2-DAM*XD(3 )*<A4+X0(2 ) ) 

26  XDD(3)=E4-E5+E6 

27  FI -UK* (3.0*SF**2-1.0>*X(4)/R**3-DA4*XD(4)*( A4+XDI2) ) 

28  F2*E3* (TNIl ,1 )/VMtl )-1.0) *X(4) 


MP560000 

MP560005 


MP560015 

MP560020 

MP560025 

MP560030 


MP560075 

MP560080 

MP560085 

MP560090 

MP560095 

MP560100 


MP560110 
MP5601 1 5 


MP5601 45 
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29 

F3*(TN(1»2)*X(5)+TN(1»3)*X(6))/VM(11 

MP560150 

30 

F4*E3**2*F3 

HP560155 

31 

XDD(4) *F1-F2-F4 

Q5*UK*(3.0*SF**2-1.0)»X(5>/R**3-DA5*XD(5)*(A4+XD(2) ) 

32 

G1*E3MTN(2,2)/VM(2)-1.0)*X(5> 

MP560165 

33 

G2*(TN(2tl»*X(4»+TN(2,3)*X(6) »/VM<2) 

HP560170 

34 

G3*E3**2»G2 

XOD ( 5 ) *Q5-G1-G3 

Q6=UK*(3.0»SF**2-1.0)*X(6)/R**3-DA6*XD(6)*< A4*XD(2) ) 

MP560175 

36 

H1=E3*(TN(3»3)/VM(3)-1.0)*X(6) 

HP5601 05 

37 

H2*(TN(3,1)*X(4)+TN(3,2)*X(5) )/VM(3) 

MP5601 90 

30 

H3*E3**2*H2 

X0D(6)=Q6-H1-H3 

HP560195 

RETURN 

END  Cl, 0,0 10,0,0.1» 0,0. ItO. 0,0,0 *0) 

HP560205 
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APPENDIX  H 


PROGRAM  FOR  SPIN  DYNAMICS  OF  ROTATING  SPACE  STATIONS 


An  analysis  of  the  rigid  body  angular  motions  of  the  space  station  is 
presented  in  Section  9*0.  The  F0RTRAN  computer  program  written  for 
this  investigation  is  described  in  this  appendix. 

The  program  consists  of  a  main  program  and  several  levels  of 
subprograms.  Figure  H- 1  shows  the  interrelationship  among  the  main 
program  and  six  of  the  enclosed  subroutine  subprograms.  The  MAIN 
PROGRAM  communicates  with  SUBROUTINE  RKS3  (SHARE  program 
D2*ATFRKS3,  "FORTRAN  Floating-Point  Runge-Kutta  with  Simpson's  Rule 
check")  and  SUBROUTINE  CRVS.  The  RKS3  subroutine  is  written  in  FAP, 
and  has  been  modified  slightly  to  make  it  compatible  with  the  FORTRAN  II 
system  at  NAA,  RKS3  communicates  only  with  SUBROUTINE  DERIV  and 
SUBROUTINE  CNTRL.  The  DERIV  subroutine  in  turn  communicates  with 
SUBROUTINE  XY Z  and  SUBROUTINE  EMXYZ.  These  enclosed  subroutines 
utilize  certain  library  and  built-in  subprograms;  SUBROUTINE  CRVS  also 
communicates  with  several  subprograms  used  to  plot  polar  and  rectilinear 
graphs  of  the  computed  results. 

RKS3  performs  a  fourth-order  Runge-Kutta  integration  in  the  variable 
interval  mode  on  the  system  of  equations  consisting  of  equations  (253)  and 
(254).  DERIV  computes  the  current  values  of  the  derivatives  of  the  system, 
using  equations  (257)  through  (259).  the  current  position  coordinates  and 
velocity  components  of  the  moving  masses  mn  as  supplied  by  XYZ,  and  the 
current  values  of  the  time -dependent  external  moments  Mx,  My  and  Mz  as 
supplied  by  EMXYZ.  CNTRL  outputs  and  stores  the  current  values  of  the 
system  and  effects  a  normal  exit  from  RKS3  to  the  MAIN  PROGRAM  when  the 
integration  limit  is  reached. 

In  general,  each  case  involving  mass  transfer  requires  a  specially 
written  XYZ  subroutine.  Storage  has  been  allocated  for  a  maximum  of  ten 
discrete  moving  masses  mn.  It  should  be  noted  that  the  data  location 
EM(10)  =  mjQ  is  utilized  for  internal  routing  when  multiple  cases  are  run 
in  one  job.  If  no  mass  transfer  takes  place,  Subroutine  XYZ  is  not  called 
by  the  program. 

Each  case  in  which  the  external  moments  Mx,  My,  and  Mz  are  func¬ 
tions  of  time — e.g.,  control  moments  and  spin-up  —  requires  a  specially 
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MAIN  PR0GRAM  SUBR0UTINE  RKS3  SUBR0UTINE  DERI\ 
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Figure  H  -  1  Logic  Flow  Between  Subroutines 


written  EMXYZ  subroutine.  When  the  external  moments  are  constants,  a 
dummy  EMXYZ  subroutine  is  used  and  the  values  of  the  constant  moments 
are  read  in  as  data. 

Both  polar  and  rectilinear  graphs  are  plotted  according  to  the 
instructions  in  SUBROUTINE  CRVS.  CRVS  also  computes  and  stores  the 
values  of  and  by  using  equations  (256).  SUBROUTINE  GRAPH  is  a 
package  routine  that  produces  high-quality  rectilinear  graphical  output  on 
the  S-C  4020  CRT  plotter.  The  GRAPH  subroutine  package  (Deck  No. 

9J-400)  used  in  this  program  was  written  at  S&ID.  The  polar  graphs  were 
plotted  on  the  S-C  4020  CRT  plotter  by  using  a  subroutine  package  that 
requires  the  CAMRAV,  PGRIDV,  PPLOTV ,  PLABEL  and  PLINE 
subroutines  to  be  called  by  the  program. 

The  floating-point  input  data  are  defined  on  the  sample  data  sheets. 

The  variables,  including  array  names,  appearing  in  C0MM0N  from  XN 
through  EMZ  are  the  FORTRAN  names  of  the  input  data  (the  order  in 
C0MM0N  has  been  retained)  in  the  first  call  for  the  DECRD  (decimal-read) 
subroutine.  The  second  call  for  DECRD  is  made  only  when  velocity  propor¬ 
tional  control  moments  are  considered  for  wobble  damping. 

The  listings  of  two  program  deck  setups  are  included  herein.  The 
first  set  of  listings  and  the  input  data  were  used  to  compute  the  results 
plotted  in  Figures  64,  65,  and  66.  These  graphs  represent  the  response  of 
Configuration  Y-A  to  three  cases  of  internal  mass  motions.  Following 
these  listings  are  those  of  three  subroutine  decks  that  are  used  when 
velocity  proportional  control  moments  are  used  to  damp  wobble.  These 
decks  replace  their  respective  decks  in  the  first  deck  setup.  Input  data  used 
to  compute  the  results  plotted  in  Figure  79,  the  damped  wobble  response  of 
Configuration  6-A,  are  also  listed. 

The  subprogram  decks  used  in  computing  the  response  of  the  space 
station  to  docking  and  spin-up  operations  are  very  similar  to  the  decks  used 
to  investigate  internal  mass  motions  and  wobble  damping.  The  listings  of 
these  decks  are  therefore  not  included. 
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DECK  NO..  PROGRAMMER  _  DATE _  PAGE  4  Qf  4 
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■noon 


MAIN  PR0GRAM 


DECK  NO. 


9J  — RKM  RUNGE-KUT T  A  METHOC 

MAIN  PROGRAM 
NO  CONTROL  MOMENTS 

UE  R I  V  »  CNTRL 

COMMON  XN,  TMAX,  DT ,  T,  RSV 


X 

X 

X 

X 

X 

X 


A  I  MX ,  A  I  MY  t  A  I  MZ  ,  A  [  MX  Y  ,  A  1  MY Z  . 

EMZ.  TIME, 


AIMXZ,  EMASS,  EM,  VAR,  ATARL,  RTARL,  EMX,  .EMY 
V,ORK,  DRV,  IFVD,  IBKP,  NTRY ,  IERR.  It  N ,  YCRV , 

X,Y»Z»XO*YD,ZD,SX,SY,SZ»SXD»SYD*SZD,SXY,SYZ»SXZ»SXYD,SYZ» 
SXZD,SX2,SY2,SZ2,SX02,SYD2,SZ02,SXY2,SYZ2,SXZ2,SXYD2,SYZD2, 

SXZD2tAIX,AlY,AIZ,AlXD,AlYD,AlZD,AIXY,AlYZ,MXZ,AlXYD,AlXZDt 

TItT2tT3»T4»T5fT6fA|  B,SMl,SMM,SPHIfCPHi,CTHETA 

DIMENSION  XNtl),  EM(IO),  V AR  (  6 )  , AT ABL ( 6  1 1,  RT ABL ( 6 > ,  W ORK ( 60 ) , 

x  0  R  V ( 6 )  »  T l ME ( 50C )  *  X(10)*  Y(10)t  Z(10)f  XQ(1C),  Yl(lO), 

X  ZD(1C),  A ( 3  ?  3 ) *  rt ( 3 )  *  YC  R V ( 6  ?  500  ) 


IG 


CALL 
=  XN 


DECRO( XN) 


PRI NT  DATA 

RUNGE  -Kli  T  T  A  METH0C/(/lP6E17.7)) 


PRINT  15,  (  XN  (  I  )  »  1  =  1*  **?) 

15  FORMA T ( 1H  1 , 36X , ?7HDA T A  FOR 

25  F0RMAH1H1 ,  40X ,  1 9HRUNGE— KUTT  A  R E SUL T S/ 36 X , 2 8HT I M E  VARIABLES  DER 
INITILIZE  AND  COMPUTC  CONSTANTS 

l=C 
NO  =  6 

IEVD  =  C 
IBKP  =  1 
SM=EM ASS 
DO  30  I  =  1  *  N 
30  SM  =  SM*EM  I  I  ) 

SM1=1 ,0/SM 
SMM=  EMASS  •  SMI 


CALL  KKS  3 ( DER I  V ,  CNIRL, 
XFVD,  IBKP,  NTRY,  IERR) 
IF (IERR) AO,  50,  40 
40  PRINT  45,  IERR 
45  FORMAT! 1HI  ,40X,20HERK0R 
GO  TO  6C 

50  CALL  CRVSl  I  , YCRV, TIME) 

60  GO  TO  10 
END 


VAR,  DRV,  ATARL,  RTABL,  WORK,  T,  DT,  NO, 


RETURN 

PLOT 


I ERR= , 13) 
CURVES 


00000100 
00000200 
00000250 
00000300 
00000400 
00G00500 
00000600 
00000800 
00000900 
00001000 
00001100 
00001200 
00001300 
00001400 
00001500 
00002000 
00002100 
00002200 
00002400 
00002500 
00002600 
00C02 ZOO 
I  00002800 
00002900 
00003000 
00003100 
000D3200 
00003300 
00003400 
00003500 
00003600 
00003700 
00003800 
00003900 
00004000 
I  00004  100 
00004200 
00004300 
00004400 
00004500 
00004600 
00004700 
00004800 
00004900 
00009000 


330 


SUBROUTINE  RKS3 


• 

FAP 

RKS30000 

♦RUNGE 

COUNT 

322 

RKS30010 

-KUTTA 

INTEGRATION  WITH  SIMPSON'S  RULE  CHECK 

RKS30020 

LBL 

RKS3 1  X 

RKS30030 

ENTRY 

RKS3  (DERIV, CNTRL 

,Y,DV, ATABL,RrABL,WORK,X,OX,N, 

IF  VD 

RKS30040 

REM 

t  I BKP  ,  NTRY , I  ERR ) 

RKS30050 

ENTRY 

SMP3  ( DERI  V  » CNTRL 

,Y,DY, ATABL,RTABL,WORK,X,  DX,N, 

IFVD 

RKS30060 

REM 

,  IBKP.NTRY, I ERR ) 

RKS30070 

DERI  V 

TTR 

•  • 

TRANSFER  VECTOR 

RKS30080 

CNTRL 

TTR 

*• 

TRANSFER  VECTOR 

RKS30090 

P  IE 

RKS30100 

BCI 

1.RKS3 

RKS301 10 

RKS3 

CAL 

=HRKS3 

RKS301 20 

SLk 

RKS3-1 

RKS30130 

CAL 

RKI  I 

SET  VARIABLE  INSTRUCTIONS 

RKS30140 

LDQ 

RK  I  2 

FOR  RUNGE-KUTTA 

RKS30150 

ThA 

SMP  3  +  4 

RKS30160 

SMP3 

CAL 

=HSMP3 

RKS301 70 

SLW 

RKS3-1 

RKS30180 

CAL 

RK  I  3 

SET  VARIABLE  INSTRUCTIONS 

RKS30190 

LDQ 

RK  I  4 

FOR  SIMPSON'S  RULE 

RKS30200 

SLW 

RK  V I 

RKS30210 

STQ 

RKV2 

RKS30220 

SXA 

RKXT , 1 

SAVE  STATUS 

RKS302  30 

SXA 

RKXT+1 ,2 

RKS30240 

SXD 

RKS3— 2 , 4 

RKS30250 

RK0 

CAL 

l  1 4 

SET  DERI  V 

RKS30260 

STA 

DERIV 

RKS30270 

CAL 

2,4 

SET  CONTROL 

RKS30280 

STA 

CNTRL 

RKS30290 

CLA 

3,4 

SET  Y 

RKS30300 

ADD 

RKONE 

RKS30310 

STA 

RKL  +  7 

RKS30320 

CLA 

4,4 

SET  DY 

RKS30330 

ADD 

RKONE 

RKS30340 

STA 

RKL  +  8 

RKS30350 

CLA 

5,4 

SET  ABS.  ERROR  TABLE 

RKS30360 

ADD 

RKONE 

RKS30370 

STA 

RKL  +  6 

RKS30380 

CLA 

6,4 

SET  REL.  ERROR  TABLE 

RKS30390 

ADD 

RKONE 

RKS30400 

STA 

RKL  +  5 

RK  S  304 1 0 

CLA 

8,4 

SET  X 

RKS30420 

STA 

RKL  +  3 

RK  S  304  30 

CLA 

9,4 

SET  DELTA-X 

RKS30440 

STA 

RKL+4 

RK  S  304  50 

CLA 

10,4 

GET  N 

RKS30460 

STA 

*  +  I 

RKS30470 

LXD 

**t  I 

RKS30480 

RKFVE 

PXA 

5,1 

RKS30490 

STA 

RKN 

SET  I R I  LOADER 

RKS30500 

STO 

RK  A  S 

SET  N  ADDER 

RKS3051 0 
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RKW 


RKC1 


R  KN 


RKN3 


ALS 

SUB 

AOD 

STA 

CLA 

STA 

A  XT 

TRA 

SUB 

STA 

T  I  X 

T  X  I 

SUB 

STA 

T  I  X 

CLA 

STA 

CLA 

STA 

CLA 

ARS 

STT 

CLA 

STA 

STZ* 

CLA 

STO 

STA 

STA 

SXA 

AXT 

STZ 

T  IX 

CLA* 

STO* 

TSX 


3 

RK  AS 

RKFVE 

RKW 

7.4 
RKW*  1 
6,1 
**2 
RKONE 
RKL*15, 1 
*-2,1,1 
**2,1,8 
RK  A  S 

RKL *24 , 1 

*-2,1,1 

11.4 
RKL*2 

12.4 
**  1 

•  » 

3 

RKOP 

14.4 
RKL*  1 
RKL*  1 

13.4 
RKC  1*3 
RKC  1*1 
RKC 1 *6 
RKSW, 1 
**,  1 

•  «  t  1 
*-1,1,1 
RKL*4 
RKL*9 
DE R  I  V  ,  4 


FORM  7N* 5 


SET  CLEARS 
GET  WORK  AREA 
SET  CLEAR 


SET  1-WORD  REGIONS 

SET  N-W0RD  REGIONS 
SET  F-V  KEY 


SET  BAKUP  LOOP  CONTROL 
SET  ERROR  KEY 

SET  TO  NORMAL 
GET  RE-ENTRY  KEY 
SET  CNTRL  CALL 


SET  STEP-SWITCH  TO  1 
GET  7  N*5 

CLEAR  WORK-REGIONS 

SET  STARTING  DELTA-X  FOR 
POSSIBLE  PRINT-OUT 
TO  DERIV 


T  X  I 

*♦2  » » 1 

PZE 

RKS3-2 

CLA 

RKDC1 

SET  NORMAL  RE- 

STO 

•  • 

TSX 

CNTRL, 4 

TO  CNTRL 

TSX 

•  *»0 

CALL  PARAMETER 

TXl 

*♦2 ,  ,0 

PZE 

RKS3-2 

LXD 

•  • ,4 

TRA 

RKN+1 ,4 

00  NTRY-CCNTRO 

TRA 

RKW 

TO  RE-START 

TRA 

RKBK 

TO  BAKUP 

TRA 

RKXT 

TO  FINAL  EXIT 

AXT 

•*  .  1 

GET  N  FOR  STEP 

CLA* 

RKL*3 

X  TO  X-ZERO 

STO* 

RKL  1 3 

CLA* 

RKL+10 

XL  TO  XL-ZERO 

STO* 

RKL ♦ 14 

CLA* 

RKL  +  7 

Y  TO  Y-ZERO 

STO* 

RKL+18 

CLA* 

RKL  +  l  !> 

YL  TO  YL-ZERO 

STO* 

RKL+19 

CLA* 

RKL  +  8 

DY  TO  OY-ZERO 

STO* 

RKL+21 

STZ* 

RKL+22 

CLEAR  OELTA-Y 

T  I  X 

RKN3 , 1 , 1 

NTRY 


RKS30520 

RKS30530 

RKS30540 

RKS30550 

RKS30560 

RKS30570 

RK  S  30580 

RKS30590 

RKS30600 

RKS30610 

RKS30620 

RKS30630 

RKS30640 

RKS30650 

RKS30660 

RKS30670 

RKS30680 

RK  S30690 

RKS30700 

RKS30710 

RKS30720 

RKS30730 

RKS30740 

RKS30750 

RKS30760 

RKS3G770 

RKS30780 

RKS30790 

RKS30800 

RKS30010 

RKS30820 

RKS30830 

RK  S  30840 

R  K  S  308  50 

RK  S 30860 

RK  S  308  70 

RK  S  308  80 

RKS30890 

RKS30900 

RKS30910 

RKS30920 

RKS30930 

RK  S  30940 

RK  S  30950 

RK  S  30960 

RK  S  309  70 

RK  S30980 

RK  S  30990 

RK  S3  1 JOO 

RKS31U10 

RKS31020 

RKS3U30 

RKS31G40 

RKS31050 

RKS31060 

RKS31070 

RKS31080 

RK  S  3 1090 

RKS31100 

RKS31110 

RK  S3 1 1 20 

RK  S  3 1 1 30 
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RKE9 

CLA* 

RKL+4 

TZE 

RKDE 

STO* 

RKL+9 

FDP 

RKC  +  2 

STQ 

RKHD 

XC  A 

FDP 

RKC  +  2 

STQ 

RKQD 

RKE7 

LX  A 

RKNt  1 

LDQ* 

RKL  +  8 

FMP 

RKQD 

STO* 

RKL+23 

;la# 

RKL* 1 5 

STO* 

RKL+17 

CLA* 

RKL  +  7 

STO* 

RKL* 16 

FAD* 

RKL+23 

STO* 

RKL  +  7 

T  IX 

RKE  7+ 1 1  1 1 1 

CLA* 

RKL+10 

STO* 

RKL* 1 2 

CLA* 

RKL  +  3 

STO* 

RKL* 1 1 

FAD 

RKQD 

STO* 

RKL  +  3 

RK  V 1 

AXC 

TRA 

DERIV 

TXI 

*♦2 1 » 2 

PZE 

RKS3-2 

RKE3 

LXA 

RKNt  1 

LDQ* 

RKL  +  8 

FMP 

RKQD 

STO 

RK  AS 

FAD* 

RKL+16 

STO* 

RKL*7 

CLA 

RK  AS 

FAD 

RK  AS 

FAD* 

RKL+23 

STO* 

RKL+23 

T  I  X 

RKE  3* 1 tltl 

RK  I  3 

AXC 

*♦  1  1 4 

TRA 

DERIV 

TXI 

*♦2 t  #  3 

PZE 

RKS3-2 

RKE4 

LXA 

RKN » 1 

LDQ* 

RKL  +  8 

RKV2 

PZE 

•  • 

STO 

RKAS 

FAD* 

RKL+16 

STO* 

RKL  +  7 

CLA 

RKAS 

FAD* 

RKL  +  2  3 

STO* 

RKL+23 

TIX 

RKE4+1, lfl 

CLA 

RKHD 

FAD* 

RKL+11 

STO 

RKAS 

XCA 

FAD* 

RKL+ 12 

FAD 

RKAS 

STO* 

RKL  +  3 

STQ* 

RKL+10 

GET  DELTA-X 

TO  ZERO  DELTA  ERROR 

SAVE 

SET  DX/2 

SET  OX/4 

K 1/2  TO  CUMULATIVE 

YL  TO  YL-HALF 
Y  TO  Y-HALF 
STEP  Y 

XL  TO  XL-HALF 
X  TO  X-HALF 
STEP  X 

VARIABLE  RE-ENTRY  SE 
TO  DERIV 

FORM  K2/2 
SAVE 
STEP  Y 
FORM  K2 

ADD  TO  CUMULATIVE 

SET  RE-ENTRY  KEY 
TO  DERIV 

FORM  K3 

VARIABLE  MULTIPLY 
SAVE 

STEP  Y 

ADD  K 3  TO  CUMULATIVE 

DOUBLE  PRECISION 
X-HALF  ♦  DELTA/2 
TO  X 


RK  S3 1 140 
RKS31150 
RK  S3 1 160 
RKS31170 
RKS31180 
RKS31L90 
RKS3I200 
RKS31210 
RKS31220 
RKS31230 
RKS31240 
RKS31250 
RK  S3 1 260 
RKS31270 
RKS31280 
RKS31290 
RKS31300 
RK  S3 1 310 
RKS31320 
RKS31330 
RKS31340 
RKS31350 
RKS31360 
RKS31370 
RKS31380 

TING  RKS31390 

RK  S3 1 400 
RKS31410 
RKS31420 
RKS31430 
RKS31440 
RKS31450 
RKS31460 
RKS31470 
RKS31480 
RKS31490 
RKS31500 
RKS31510 
RKS31520 
RKS31530 
RKS31540 
RKS31550 
RK  S3 1 560 
RKS31570 
RKS31580 
RKS31590 
RK  S3 1 600 
RKS31610 
RK  S3 1 620 
RK  S3 1 630 
RK  S3 1 640 
RKS31650 
RKS31660 
RKS31670 
RKS31680 
RK  S3 1 690 
RK  S3 1 700 
RKS31710 
RKS31720 
RKS31730 
RKS31 740 
RKS31750 
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RKE5 


RKSW 


RKF  V 


RKE8 


TSX 

OER  1  V  *  4 

TO  DER IV 

T  X I 

*  +  2 , »4 

PZE 

RKS3-2 

L  X  A 

RKN,  1 

LDQ* 

RKL  +  8 

DY  *  CELT  A/4 

FMP 

RKQD 

FAD* 

RKL+23 

+  CUMULATIVE 

F  DP 

RKC  +  3 

TOTAL  /  3 

STQ* 

RKL+23 

SAVE  INCREMENT 

XC  A 
FAD* 

RKL+16 

DOUBLE  PRECISION 

ST0 

RKAS 

Y-HALF  +  INCREMENT 

XC  A 

TO  Y 

FAD* 

RKL  +  1 7 

FAD 

RKAS 

ST0* 

RKL  +  7 

srg* 

RKL+15 

CLA* 

RKL  *2  3 

STEP  DELTA-Y 

FAD* 

RKL+22 

ST0* 

RKL+22 

T  I  X 

RKE  5* 1 «  1,1 

TSX 

DER  IV, 4 

TO  DERIV 

T  X  I 

*♦2  ,  ,  5 

PZE 

RKS3-2 

A  XC 

**.l 

FLIP  SWITCH 

SXA 

RKSW, 1 

T  XL 

RKF  V  ,  1  ,  1 

IF  1ST  HALF 

LXA 

RKN ,  1 

MOVE  CY  TO  DY-HALF 

CLA* 

RKL  +  8 

S  TO* 

RKL+20 

T  I  X 

*-2,1,1 

TRA 

RKE  7 

TO  2ND  HALF 

ZET* 

RKL+2 

TEST  FIXED-VARIABLE  KEY 

TRA 

RKC  1 

F  I XED ,  TO  NEXT  STEP 

STZ 

RKAS 

VARIABLE,  CLEAR  MAX 

LXA 

RKN,  1 

FORM  REL  ERROR  TOLERANCE 

LDQ* 

RKL  +  7 

FMP* 

RKL  +  5 

SSP 

FAM* 

RKL+6 

ADD  ABS  ERROR  TOLERANCE 

TZE 

RKTE 

TO  ZERO  CONTROL  ERROR 

sro 

RKQO 

SAVE 

LDQ* 

RKL+20 

FORM  SIMPSON  DELTA-Y 

FMP 

RKC  +4 

4  •  DY-HALF 

FAD* 

RKL  +  8 

+  DY 

FAD* 

RKL+21 

*  DY-ZERO 

F  DP 

RKC  +3 

TOTAL  /  3 

FMP 

RKHO 

QUOTIENT  *  DELTA/2 

FSB* 

RKL+22 

SR  -  RK  DELTA-Y 

F  DP 

RKQD 

FORM  ERROR  RATIO 

CLA 

RKAS 

LRS 

0 

CLEAR  SIGN 

TLQ 

*  +  2 

TEST 

STQ 

RKAS 

SET  NEW  MAX 

T  I  X 

RKE8, 1 , 1 

CLA 

RKAS 

GET  MAX  ERROR 

CAS 

RKC  ♦  1 

TEST  1-0 

TRA 

RKC2 

TO  DECREASE  AND  BAKUP 

TRA 

RKC3 

TO  DECREASE  AND  CONTINUE 

CAS 

RKK  +  1 

TEST  0.75 

TRA 

RKC3 

TO  DECREASE  AND  CONTINUE 

TRA 

RKC  1 

TO  CONTINUE 

RKS31 760 

RKS31 770 

RKS31 780 

RKS31790 

RKS31800 

RKS31810 

RKS31820 

RK  S  31 8  30 

RKS31840 

RKS31850 

RKS31860 

RKS31870 

RKS31880 

RKS31890 

RK  S3 1 900 

RKS31910 

RKS31920 

RKS31930 

RK  S  3 1 940 

RKS31950 

RKS31960 

RKS31970 

RKS31980 

RKS31990 

RKS32000 

RKS32010 

RKS32020 

RK  S  32030 

RKS32040 

RKS32050 

RK  S  32060 

RKS32070 

RK  S  32080 

RKS32090 

RKS32100 

RKS32110 

RK  S  32 1 20 

RKS32130 

RK  S  32 1 40 

RKS321 50 

RKS32160 

RKS321 70 

RK  S  32 1 80 

RKS32190 

RKS32200 

RKS32210 

RKS32220 

RKS32230 

RKS32240 

RKS32250 

RKS32260 

RKS32270 

RKS32280 

RKS32290 

RK  S  32  300 

RK  S32  3 1 0 

RKS32320 

RKS32330 

RKS32340 

RK  S  32  350 

RKS32360 

RKS32370 
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CAS 

RKK 

TEST  0.075 

RKS32380 

FRA 

RKC1 

TO  CONTINUE 

RKS32390 

TRA 

RKC  1 

TO  CONTINUE 

RKS32400 

LOQ* 

RKL*4 

INCREASE  AND  CONTINUE 

RK  S  324 1 0 

FMP 

RKC 

RK  S  32420 

STO* 

RKL*4 

RKS32430 

TRA 

RKC  1 

RKS32440 

RKC2 

CLA* 

RKL*4 

DECREASE  AND  BAKUP 

RKS32450 

FOP 

RKC 

RKS32460 

STQ* 

RKL*4 

RKS32470 

RK  OP 

T  XL 

RKBK  f  **  f  0 

OPTIONAL  DECREASE  LOOP 

RK  S  32480 

CLA 

RK  AS 

RK  S  32490 

FOP 

RKC*5 

MAX/10 

RK  S  32  500 

STQ 

RKAS 

RKS32510 

CLA 

RKC  *  1 

TEST  1.0 

RKS32520 

TLQ 

RKBK 

OK-  TO  BAKUP 

RK  S  32  530 

TRA 

RKC2 

TO  DECREASE  AGAIN 

RKS32540 

RKC3 

CLA* 

RKL*4 

DECREASE  AND  CONTINUE 

RKS32550 

FDP 

RKC 

RKS32560 

STQ* 

RKL*4 

RKS32570 

TRA 

RKC  l 

TO  CONTINUE 

RKS32580 

RKBK 

LXA 

RKN  , 1 

RESET  TO  REPEAT  LAST  STEP 

RKS32590 

CLA* 

RKL*2 1 

WITH  SMALLER  INTERVAL 

RKS32600 

STO* 

RKL*8 

DY-ZERO  TO  DY 

RKS326 10 

CLA* 

RKL* 1 tt 

RKS32620 

sro* 

RKL*7 

Y-ZERO  TO  Y 

RKS32630 

CLA* 

RKL* 1 9 

RKS32640 

STO* 

RKL* 1 5 

YL-ZERO  TO  YL 

RKS32650 

STZ* 

RKL *22 

CLEAR  DELTA-Y 

RKS32660 

T  I  X 

RKBK* 1 v It  1 

RKS32670 

CLA* 

RKL* l 3 

X-ZERG  TO  X 

RKS32680 

STO* 

RKL*3 

RKS32690 

CLA* 

RKL* 14 

XL-ZERO  TO  XL 

RKS32 fOO 

STO* 

RKL* 10 

RKS32/10 

TRA 

RKE9 

TO  REPEAT  STEP 

RK  S  32  720 

RKDE 

CLS 

RK0C1 

SET  NEG  FOR  ZERO  DELTA  ERROR  EXIT 

RK  S  32  7  30 

STO* 

RKL*1 

RKS32740 

TSX 

SE SCORT  ,4 

RK  S  32  7  50 

TSX 

DERR  1 0 

RKS32760 

TSX 

=0.  ,0 

RKS32770 

T  X I 

RKXT, ,0 

RKS32780 

PZE 

RK  S  3-2 

RKS32790 

RKTE 

CLA 

RKDC1 

SET  POS  FOR  ZERO  ERROR  CONTROL  EXIT 

RKS32800 

STO* 

RKL*  1 

RK  S  328 1 0 

TSX 

$E  SCORT , 4 

RKS32820 

TSX 

ARE  RR , 0 

RKS32830 

TSX 

=  0.  ,0 

RK  S  32840 

T  X I 

RKXT, ,0 

RKS32850 

PZE 

RKS3-2 

RKS32860 

RKXT 

A  XT 

**,  1 

RESTORE  STATUS 

RKS32870 

AXT 

#  » 2 

RKS32880 

LXO 

RKS3-2 , 4 

RKS32890 

TRA 

15,4 

EXIT 

RKS32900 

RKL 

0 

ADDRESSES  OF  DERIV 

RKS32910 

0 

1  ERROR  KEY 

RK  S  32920 

0 

2  FIXED-VARIABLE  DELTA 

KEY 

RKS32930 

0 

3  X 

RKS32940 

0 

4  DELTA-X  TO  BE  USED  IN 

NEXT  STEP 

RKS32950 

0,1 

5  R(  I),  RELATIVE  ERROR 

CONTROLS 

RKS32960 

0,1 

6  All),  ABSOLUTE  ERROR 

CONTROLS 

RKS32970 

0,1 

7  Y 

RKS32980 

0,1 

8  DY 

RKS32990 
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o 

9 

OELTA-X  USED  IN  COMPLETED  STEP 

RKS33000 

o 

10 

LOW-ORDER  X 

RK  S  330 1 0 

0 

1  1 

X-HALF 

RKS33020 

o 

12 

L.O.  X-HALF 

RK  S  330  30 

o 

13 

X-ZERO 

RK  S  33040 

o 

14 

L.O.  X-ZERO 

RKS33050 

0  , 1 

15 

L.O.  Y 

RKS33060 

0,1 

16 

Y-HALF 

RKS33070 

0,1 

17 

L.O.  Y-HALF 

RKS33080 

0,1 

18 

Y-ZERO 

RK  S  33090 

0,1 

19 

L.O.  Y-ZERO 

RKS33100 

0,1 

20 

dy-half 

RKS33110 

0,1 

21 

DY-ZERO 

RKS33120 

0, 1 

22 

OELTA-Y  FOR  STEP 

RKS33130 

0,1 

23 

WORK  REGION 

RK  S  33 1 40 

RKll 

AXC 

RK V 1+1,4 

RK  RE 

-ENTRY 

RK  S  33 1 50 

RK  12 

FMP 

RKHD 

FORM 

RK  K3 

RK  S  33 1 60 

RK  14 

FMP* 

RKL  +  4 

FORM 

SR  K3 

RKS33170 

RKC 

DEC 

1.5846932,1.0, 

2. 0,3. 0,4 

.0,10.0 

RKS33180 

RKK 

DEC 

0.075,0.75 

RK  S  33 1 90 

RK0NE 

PZE 

1 

RK  S  33200 

RKDC  1 

PZE 

0,0,1 

RKS33210 

RK  AS 

PZE 

0 

RKS33220 

RKHD 

PZE 

0 

RK  S  332  30 

RKQO 

PZE 

0 

RKS33240 

DERR 

BCI 

6 , I NTEGR AT l ON 

INTERVAL 

EQUALS  ZERO. 

RK  S  332  50 

OCT 

777777777777 

RKS33260 

ARERR 

BCI 

5,PERMI SSIBLE 

ERROR  EQUALS  ZERO. 

RKS33270 

ocr 

777777777777 

RKS33280 

END 

RKS33290 
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oooooo  on  on 


SUBR0UTINE  DERIV 


DECK  NO.  9J-DRV 


SUBROUTINE  DERIV 


COMHO 


X 

X 

X 

X 

X 

X 

X 


DIMENSION 


XN ( 1 ) 9 
DRV ( 6 ) , 
ZO(IO) , 


DIMENSION 


100 


150 


EM ( 10 ) v  VAR( 6 ) f  AT  ABL (  6  )  ,  RTABLI6),  W0RKI60), 
TIMEI500) ,X( 10),  Y ( 1 0  )  ,  Z(10),  XD(10),  YDI10 
A ( 3 , 3 ) ,  B  (  3  )  ,  YCRV(6,500),C( 15) 

COMPUTE  X , Y , Z ,  XDOT , YDO T  AND  ZDOT 
XSQ( 10) ,YSQ( 10) ,ZSQ( 10), YYD( 10) ,ZZD( 10) ,  XXD{ 10) , 
XY( 10) ,YZ( 10)  ,XZ( 10) ,XYD( 10) , YZD( 10) ,  XZD( 10) , TEMPI  3 

PC  =  V  A  R  (  1  ) 

QC  = VAR ( 2  ) 

RC  *  V  A  R  (  3  ) 

PHC- V  AR ( 4 ) 

THC=VAR(5) 

PSC  =  V  AR ( 6  ) 

IF  C N ) 15C, 150,100 

CALL  XYZ 

GO  TO  210 

A I  X= A  I M  X 

AI  Y  =  A I M Y 

AIZ=AIMZ 

AI  XY  =  A  I M  X Y 

AI  YZ  =  AIMYZ 

AI  XZ=AIMXZ 

CALL  EMXYZ 

GO  TO  650 

COMPUTE  MX,  MY,  MZ 

EMXYZ 

*♦  COMPUTE  MOMENTS  AND  PRODUCTS  OF  INERTIA 

COMPUTE  T IME-RATES-OF-CHANGE  OF  MOM  AND  PROD  OF  INERTIA 
**  USE  EQUATIONS  APPEARING  IN  MONTHLY  REPORT  NO.  8 
*  THESE  EQUATIONS  ARE  EXPRESSED  IN  TERMS  OF  THE  POSIT 
ANO  VELOCITY  OF  THE  INSTANTANEOUS  MASS  CENTER ( CM ) 

DO  300  1  =  1, N 
XSQ ( I )=X ( I )**2 
YSQ  (  I  ■)  *Y  (  I  )  #*2 
ZSQ ( I )  =  Z (  I  ) **2 
YYD ( I )  =  Y (  I  )*  YD  C 1 ) 

ZZD ( I ) *Z (  I  )  *  ZD ( I ) 

XXD ( I  )=X  (1)*  XD( I  ) 

XY ( I ) =X ( I ) *  Y(I  ) 

YZ I  I ) *Y ( I ) *  Z( I  ) 

XZ ( I ) =X ( I  )  *  Z(  I  ) 


210  CALL 


00000100 
00000200 
00000250 
00000300 
,  00000400 

ME, 00000500 
00000600 
00000800 
00000900 
,  00001000 
00001100 
00001150 
00001200 
00001300 
00001400 
00001500 
00001600 
00001625 
00001630 
00001631 
00001632 
00001633 
00001634 
00001635 
00001636 
00001650 
00001700 
00001710 
00001720 
00001730 
00001740 
00001750 
00001760 
00001770 
00001 775 
00001780 
00001800 
00001900 
00001950 
00001951 
00001952 
I  ONOOOO 195  3 
00001954 
00002100 
00002200 
00002300 
00002400 
00002500 
00002600 
00002700 
00002800 
00002900 
00003000 
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XYO{  I  )  =  X(  I  >•»  YD  (  I  )  +  XD(  I  )  *  Y  (  l  ) 

YZD(  I  )=YII  )  *  ZD  ( I)+  VOID*  Z  (  I  ) 

300  XZD(l)=Z(I)*  XD  (  1  )  +  Z  D  (  I  )  *  xm 
SX  =  0.0 
SY  =0.0 
SZ  =0.0 
SXD=0.0 
SYD=0 . 0 
SZD=0.0 
SX Y=0 . 0 
SYZ=0 . 0 
SXZ=0.0 
SXYD=0.0 
SYZD=0.C 

sxzo=o.o 

DO  400  1=1, N 

SX  =  SX  ♦  E M ( I ) • I YSQI I ) +ZSQ 1 I)  ) 

SY  =  S  Y  +  EMI  I  )*  (  ZSOt  I  J+XSQI  I)  ) 

SZ  =  SZ  ♦  E  M I  I ) *  I XSQ I  1 )  ♦  YSQID) 

SXD=  S  XD  +  EMI  I ) *  I YYDI I  H-ZZOI  l )) 

SYD=SYD  ♦  EM( I) «(ZZD( I l+XXDI I ) ) 

SZO=SZD  +  EM(I)*IXXD( 1  ) ♦ YYO I I) ) 

SX Y=SXY  ♦  EM ( I ) *  XY ( I ) 

SYZ  =  SYZ  ♦  EM ( I ) »  Y Z ( I ) 

SXZ  =  SXZ  ♦  EM ( I ) *  XZ  C I ) 

SXYD  =  SXYD  +  EM ( I  )  *  XYD(  I ) 

SY ZD=  S Y Z D  ♦  EM { I )  *  YZD(  I  ) 

400  SXZD=SXZD  ♦  EM ( I )  *  XZD(I) 

C  COMPUTE  LOCATION  OF  CM 

SX2  =  0.0 
SY2  =  0.0 
SZ2  =  0.0 
SXD2  =  0.0 
SYD2  =  0.0 
SZD2  =  0.0 
DO  500  1  =  1, N 
SX2  =  SX2  +  EM ( I  )  *X (  I  ) 

SY 2  =  SY 2  ♦  EM ( 1 )*Y(1) 

SZ2  =  SZ  2  ♦  EM(1)*Z(U 
SXD2  =  SXD2  ♦  EMI  I )*XD( I  ) 

SYD2  =  SYD2  ♦  EMI  l ) *  YD  I  I  ) 

500  SZD2  =  SZ02  ♦  EMI  1 »  *  Z  D I  I J 

C  COMPUTE  MOMENTS  AND  PRODUCTS  OF  INERTIA  ABOUT  G 

A I X  =  A I M  X  ♦  SX  -  SM1*(SY2*SY2  ♦  SZ2«SZ2) 

A 1 Y  =  A 1  MY  +  SY  -  SM1*ISX2*SX2  <•  SZ2*SZ2) 

A I Z  =  A I M  Z  ♦  SZ  -  SMI  *  I S X2 *S  X2  +  SY2*SY2) 

C 

A I XD  =  2.0*1 SXD  -  SM1*ISY2*SYD2  ♦  SZ2*SZ02») 

AIYD  =  2.0*1 SYD  -  SM 1  *  I SX2 *S XD2  ♦  SZ2*SZD2)J 
A I  ZD  =  2 . 0* I SZD  -  SM 1  *  I S  X2  *S  XD2  ♦  SY2*SYD21) 

C 

A I  X Y  =  AIMXY  ♦  SX Y  -  SMl*SX2*SY2 
A I XZ  =  A1MXZ  *  S XZ  -  SMI *SX2*SZ2 
AIYZ  =  AIMYZ  ♦  SYZ  -  SMl*SY2*SZ2 
C 

AIXYD  =  S X YD  -  SMI* I SX2*SXD2  ♦  SX02*SY2) 

AIXZD  =  SXZD  -  SMI* l SX2*SZD2  ♦  SX02*SZD) 

AIYZD  =  SYZD  -  SMI* I SY2*SZD2  ♦  SYD2*SZ2) 

C  COMPUTE  6  TERMS  OF  EULER'S  EQUATIONS 


T1 

=  A  I  X  D  * 

PC 

-AIXYD  * 

QC 

-  A I 

XZD* 

RC 

T2 

=  AIYD  * 

QC 

-AIYZD  * 

RC 

-  A  I 

XYD* 

PC 

T3 

=  A I  ZD  * 

RC 

-AIXZD  * 

PC 

-  A  I 

YZD* 

QC 

00003100 
00003200 
00003300 
00003400 
00003500 
00003600 
00003700 
00003800 
00003900 
00004000 
00004100 
00004200 
00004300 
00004400 
00004500 
00004600 
00004  700 
00004800 
00004900 
00005000 
00005100 
0U005200 
00005300 
00005400 
00005500 
00C05600 
00005700 
00005800 
00005900 
00006000 
00006100 
00006200 
00006300 
00006400 
00006500 
00006600 
00006700 
00006800 
00006900 
00007000 
00007100 
00007200 
00007300 
00007400 
00007500 
00007600 
00007700 
00007800 
00007900 
00008000 
00008100 
00008200 
00008300 
00008400 
00008500 
00008600 
00008700 
00008800 
00010900 
00011000 
0001 l 100 
00011200 
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650 

T4  =  AIZ  *  RC  -  AIXZ  *  PC  -  AIYZ  *  QC 

00011300 

T5  =  A I X  *  PC  -  AIXY  *  0C  -  AIXZ  *  RC 

00011400 

T6  =  A I Y  *  QC  -  AIYZ  *  RC  -  AIXY  *  PC 

00011500 

c 

FORM  A ( 3 X 3 )  AND  B(3X1)  FOR  XSIMEQ 

00011600 

A  (  1  v  1  )  *  A  l  X 

00011700 

A  (  1 1 2 )  =  -AIXY 

00011800 

A{  1, 3)  =  -AIXZ 

00011900 

A  (  2  »  2  )  =  A  I  Y 

00012000 

A ( 2  «  3 )  =  -AIYZ 

00012100 

A ( 2  y I )  =  -AIXY 

00012200 

A  (  3 , 3  )  =  A  I  Z 

00012300 

A ( 3  y 1 )  =  -AIXZ 

00012400 

AC  3  t2 )  =  -AIYZ 

00012500 

B(i)  =  EMX  - T1  -  QC*T4  ♦  RC*T6 

00012600 

8(2)  =  EMY  -T2  -  RC*T5  ♦  PC*T4 

00012700 

6(3)  =  EMZ  -T3  -  PC*T6  ♦  QC*T5 

OOC 12800 

c 

SdLVE  SIMULTANEOUSLY  FOR  NEXT  PF,  QF  AND  RF 

00012900 

DV= 1 • 0 

00013000 

M3=  XSIMEQF(3f3,ly  A, By  DVyTEMP) 

00013100 

PF  =  A (1,1) 

00013200 

QF  =  A  (  2  y  l  ) 

00013300 

RF  =  A (3,1) 

00013400 

c 

COMPUTE  PHI  DOT,  THETA  DOT  AND  PSI  DOT 

00013410 

SPHI  =  SINF(PHC) 

00013420 

CPH I =C0SF ( PHC ) 

00013430 

THF  =  QC*  C  PH  I -RC  *  SPHI 

00013440 

PSF= ( QC  *  S  PH  I  +  RC  *CPH I J/COSF (THC ) 

00013450 

PHF  =  PC  +  P SF  *  SINF(THC) 

00013460 

DR  V  (  1  )  =  P  F 

00013461 

DR V ( 2 )  *QF 

00013462 

DR  V ( 3 ) =R  F 

00013463 

DR  V ( 4 ) =  PHF 

00013464 

DR V ( 5 ) -T  HF 

00013465 

OR  V ( 6 ) SP  SF 

00013466 

900 

RETURN 

0U013500 

END 

00090000 
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SUBR0UTINE  XYZ 


SUBROUTINE 
COMMON 


DECK  NO.  9J-XY Z 


XYZ 


X 

X 

X 

X 

X 

X 


DIMENSION 


XN ( I ) , 
DRV ( 6 ) 
ZD  C 10) 


EMI10),  V AR ( 6 )  ,  AT  ABL ( 6  )  ,  RTABII6),  WCRM60), 

,  f I ME( 50C )  ,X( 10  )  .  Y(10),  Z(10).  XD11C).  YD(IO) 
,  A ( 3  »  3  )  »  B(3),  YC  R V ( 6  »  500 ) 


0 


IF (RSV)60»20 ,400 
20  IT  0=EM ( 10 ) 

RSV=-1.C 

GO  TO l ICO  ,200, 300 ), l TO 
60  l TO  =  I  TO 

GO  T 0 (  125,225,325) . I T 

100  DO  110  l  C  =  1 »  20 
110  YD  (  10=0.0 

DO  115  1C  =  1 .3 
115  Y ( IC ) =  -100.0 
Y(4)  =  11.03 
Y ( 5 ) =  50.0 
Y ( 6 ) =  88.97 
Y ( 7 ) =  88.97 
Y ( 81=50.0 
Y(9)=ll.03 
Z( 1)=  45.0 
Z ( 2 ) =  0.0 
Z<  3)*-45.0 
Z(4)=-1C9.1 
Zi 5)=-86.6 
Zl 6)=-64. 1 
Z  I  7 ) =  64.1 
Z ( 8  )  =  86.6 
Z ( 9 )  =  1 09  •  1 

125  IF(T-6.C) 130,130,140 
130  DO  135  I M=  1 , 3 


CASE  Y-A(l) 


00000100 
00000200 
00000400 
,00000500 
00000600 
00000800 
00000900 
00001000 
00001100 
00001200 
00001300 
00001400 
00001500 
00002000 
00002100 
00002200 
00002300 
00002400 
000024  75 
00002500 
00002600 
00002700 
00002800 
00002900 
00003000 
00003100 
00003200 
00003300 
00003400 
00003500 
00003600 
00003700 
00003800 
00003900 
00004000 
00004100 
00004200 
00004300 
00004400 
00004500 
00004600 
0O004700 
00004800 
00004900 
minnsnnn 


135  XD ( I M  )  =-  .  5 

DO  138  1M=4,9 
XI IM) =  .5  *  T 
138  XD ( l M ) =  .5 
GO  TO  4C0 

140  RS V= I 

DO  145  I S=1 , 3 


00005100 

00005200 

00005300 

00005400 

00005500 

00005600 

00005700 

00005800 


X(  IS)*  -3.0 

00005900 

145 

XD ( I S ) =0 . 0 

00006000 

DO  148  I S*4j  9 

00006100 

X<  IS)=  3.0 

00006200 

148 

XD ( l S ) *0  •  0 

00006300 

GO  TO  4C0 

00006400 

CASE  Y-A ( 2 ) 

00006500 

200 

DO  210  I C  *  1 , 9 

00006600 

210 

X(  10*0.0 

00006700 

DO  215  IC*1 , 30 

00006800 

215 

XD ( IC ) =0  •  0 

00006900 

DO  218  I  C  =  1 , 3 

00007000 

218 

Y ( IC) *-100.0 

00007100 

Y( 4 ) *  1 1 • 03 

00007200 

Y(6)=B8.97 

00007300 

Y ( 7 ) *  88 . 97 

00007400 

Y(9)*11.03 

00007500 

Z(  1 ) =  4  5  •  0 

00007600 

Z  (  2 )  *  0  •  0 

00007700 

Z( 3 ) =-45  •  0 

00007800 

Z(4)=-1G9.1 

00007900 

Z ( 6 ) =-64  •  1 

00008000 

Z<  7)*64.  1 

00008100 

OMG  *  .82467 

00008210 

OMGX  *  1.2  3  7005 

00008220 

Z  C  9 ) *  109 •  1 

00008200 

00008300 

225 

IFIT-40. 0)230, 230, 240 

00008400 

230 

Y(  5 )  *  50. 0  -  1.25  *  T 

00008500 

Y  (  8 )  =  50.0  -  1.25  *  T 

00008600 

X( 5 )  *-1.5  *  S I  NF  ( OMG  *  T) 

00008610 

X  (  8  )  *  -  X  (  5  ) 

00008620 

Z ( 5 ) *-86 • 6  ♦  2.165  *  T 

00008700 

Z ( 8 ) *86. 6  -2.165  •  r 

00008800 

YD ( 5  )  *  -1.25 

00008900 

YD (8)=  -1.25 

00009000 

XDC5)  *  -OMGX  *  C OSF ( OMG  *  T) 

00009010 

XD ( 8 )  *  -XD ( 5 ) 

00009020 

ZD ( 5 ) *  2.165 

00009100 

ZD ( 8 ) *-2 .165 

00009200 

GO  TO  4C0 

00009300 

00009400 

240 

RS  V*  I 

00009500 

Y  (  5  )  =  0  •  0 

00009600 

Y ( 8 ) *0. 0 

00009700 

X ( 5 )  *  -1.5 

00009710 

X  (  8 )  *  1.5 

00009720 

Z  (  5  )  *  0  •  0 

00009800 

Z ( 8 ) *0.0 

00009900 

YD ( 5 ) *0  •  0 

00010000 

YD ( 8 ) *0 • 0 

00010100 

XD ( 5 )  *  O.C 

00010110 

XD ( 8 )  *  0.0 

00010120 

ZD ( 5 ) *0  •  0 

00010200 

ZD (8) *0.0 

00010300 

GO  TO  4C0 

00010400 

CASE  Y-A ( 3 ) 

00010500 

300 

DO  310  I C* 1 , 9 

00010600 

310 

X(  10*0.0 

00010700 

DO  315  I  C*1 , 30 

00010800 

315 

XD(  10*0.0 

00010900 

DO  318  l  C* 1  *  3 

00011000 

341 


c 


318 


325 

330 


3  AO 


400 


Y(  IC)=-100.0 

00011 100 

Y ( 5 ) =  50 • 0 

00011200 

Y( 6)=88.97 

00011300 

Y  (  7  )  -  8  8  •  9  7 

00011400 

Y ( 8 ) =  50 • 0 

00011500 

Z( 1 ) =  45 • 0 

OOGllbOO 

Z(2)*0.0 

00011700 

Z( 3)=-45.0 

00011800 

Z( 5)=-86.6 

00011900 

Z ( 6 ) =-64  •  1 

00012000 

Z( 7)=64.  1 

00012100 

Z ( 8 )  =  86 • 6 

00012200 

OMG  =  .31416 

00012210 

0MG3  =  .94248 

00012212 

00012300 

IF( 1-45.0)330,330,340 

00012400 

Y(4)=11.03  + 1 . 732  *  T 

00012500 

Y(9)=11.03  ♦1.732  *  T 

00012600 

X  (  4 )  *  -3.O*SINF(0MG*T) 

00012610 

X  (  9  )  =  -  X  (  4  ) 

00012620 

Z(4)=- 109.1  ♦  r 

00012700 

Z ( 9 )  =  1 09 •  1  -  T 

00012800 

YD  (  4  )  =  1.732 

00012900 

YD  (  9  )  =  1.732 

00013000 

XD ( 4 )  *  -0MG3*COSF(0MG*T) 

00013010 

XD ( 9 )  =  -XD ( 4 ) 

00013020 

ZD ( 4  )  =  1.0 

00013100 

ZD ( 9 ) =— 1.0 

00013200 

G0  10  400 

00013300 

KS  V=  I 

00013400 

Y(4)=  88.97 

00013500 

Y  (  9  )  =  88.97 

00013600 

X ( 4 )  =  -3.0 

00013610 

X{ 9)  =  3.0 

00013620 

Z  (  4  )  =  -64.1 

00013700 

Z  (  9  )  =  64.1 

00013800 

YD  (4) =0.0 

00013900 

YD(9) =0.0 

00014000 

XD ( 4 )  =  0.0 

00014010 

XD ( 9 )  =  0.0 

00014020 

ZD(4) =0.0 

00014100 

ZD ( 9 ) =0 . 0 

00014200 

RETURN 

00014300 

END 

00080000 
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SUBROUTINE  EMXYZ 


C  DECK  NO.  9J-DV2 

SUBROUTINE  EMXYZ 
C 

RETURN 

END 


UOOOOIOO 

00000200 

00000300 

00008000 


SUBROUTINE  CNTRL 


SUBROUTINE  CNTRL ( NTR Y ) 


DECK  NO.  9J-CNT 


COMMON  XN •  TMAX  ,  DT ,  Tt  RSV» 

X  AIMXZ,  EMASS,  EM,  VAR, 

X  WORK,  DRV,  IFVD,  IBKP, 

X  X  ,Y, Z,XD,YD,ZD,SX,SY,SZ,  SXD 

X  SXZD,SX2,SY2,SZ2,SXD2,SYD2, 

X  SXZD2,AIX,AI Y,AI Z,AIXD,  A  I  YD 

X  T1,T2,T3,T4,T5,T6,A,  B, 


AI MX,  A  I  MY 
ATABL ,  RTABL, 


A  I MZ ,  AIMXY, 
EMX,  EMY ,  EMZ, 
YCRV, 


AIMYZt 
TIME 


DIMENSION  XN ( 1 ) ,  EM(1G),  VAR{6 
X  DRV ( 6 ) ,  TIME(500),X( 
X  ZD ( 1 0 ) ,  A ( 3 , 3  )  ,  B  C  3 ) 


10 

15 


20 

30 


AO 

50 

60 


IMH 

PRINT  5, I ,WORK( 1 ) ,T, VAR, DRV, AIX 
FORMA T ( I  13,1 P2E 18.7/ (6E 17.7)  ) 

IF  C  DT  -  .5)15,15,10 

DT  =  .  5 

TIME! I )  =  T 

IF ( T- TMA  X ) 20  *  30,  30 


m  l  HDL  ,  r\  i  HOL  ,  tnA  ,  tn  i  ,  tnt  ,  i  i 

NTRY ,  I  ERR ,  I,  N,  YCRV, 

), SYD,SZD, SXY,SYZ, SXZ, SXYD,SYZD, 
SZD2,SXY2,SYZ2,SXZ2,SXYD2,SYZD2, 

), AIZD,AIXY,AIYZ, AIXZ, AIXYD, AIXZD, 
SMI, SMM, SPHI ,CPHI ,CTHETA 

)  ,  AT  ABL ( 6  )  ,  RTABLI6),  W0RKI60), 
10),  Y ( 10  )  ,  Z(10),  XD(10),  YD (  10  ) 
,  YCR V ( 6 , 500 ) 

, AIY,AIZf AIXY, AIXZ, AI YZ 


I F  C I  —  500 ) 40  v 
NTRY-2 
GO  TO  60 


30,  30 


DO  50  J*l,6 

YCRV ( J , I )=  V AR ( J ) 
RETURN 
END 


*  57.29578 


00000100 

00000200 

00000300 

00000400 

,00000500 

00000600 

00000800 

00000900 

00001000 

00001100 

00001200 

00001300 

00001400 

00001500 

00001600 

00002000 

00002050 

00002100 

00002150 

00002250 

00002375 

00002400 

00002500 

00002600 

00002700 

00002800 

00002900 

00003000 

00003100 

00003200 

00003300 

00003400 
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SUBR0UTINE  CRVS 


C  DECK  NO.  9J-CRV 

SUBROUTINE  CRVS(NDT,  YCR V»  T I  ME ) 

COMMON  XN,  RSV 
DIMENSION  XN ( 4 ) 

DIMENSION  YCRV I 6»  500 ) *  TIMEI500),  PI500),  PHII500),  THETAI  500), 
X  PSI  I  500)  »Q  (  500 )  ,.R  (500)  .ALPHA!  503  )  .BETA!  500  ) 

C 

MT  *  RSV 
NDT  =.NDT-  1 
DO  20  J  =  l,  NDT 
P1JX*  YCRVll.U) 

Q!J)  =  YCRV! 2  *  J ) 

R(J)=  YCRV! 3 i J ) 

PHI ( J ) =  YCRV ( 4, J ) 

THETA! J) =YCRV(5, J) 

20  PSI(J)  =YCR  V ( 6 . J ) 

C  COMPUTE  ALPHA  AND  BETA 

DO  60  I*=1„NDT 
CTH=C0SDF ( THETA ( I ) ) 

Y8*  -SINDF! THETA ( I ) ) 

XB  *S  INDF (PSI (I))*  CTH 
I F ! YB ) 50 . 30 , 50 
30  IFiXB 150.40, 50 
40  ALPHA! I ) =0.0 
BETA! I )=0.0 
GO  TO  60 

50  BE TA ( I ) =  QATANF ( YB.XB ) 

X A L F  =  CTH  •  COSDF 1PSI  ( I ) ) 

ALPHA! I ) =ATANDF ( SQRTF ( I . 0  -  XALF**2 ) /XALF ) 

60  CONTINUE 

C  POLAR  CURVES  FOR  ALPHA  -  BETA 

C  DETERMINE  ALPHA  MAX.  AND  AMAX 

AMAX=ALPHA( I ) 

DO  70  1*2, NDT 

70  AMAX  =  MAX1F ( AMAX, ALPHA! I ) ) 


90 

IF( AMAX) 

3000, 

2000, 

100 

100 

IFtQ.Oi 

- 

AMAX) 

no, 

500, 

500 

no 

I F ( 0 • 02 

- 

AMAX) 

120, 

510, 

510 

120 

I F  (  0 , 0  5 

- 

AMAX) 

130, 

520, 

520 

130 

IF  C  0 . 1 

- 

AMAX) 

140, 

530, 

530 

140 

I F  (  0  •  2 

- 

AMAX) 

150, 

540, 

540 

150 

I F  {  0  •  5 

- 

AMAX) 

160, 

550  , 

550 

160 

IF  C  1.0 

- 

AMAX  ) 

170, 

560, 

560 

170 

I F  (  2  •  0 

- 

AMAX) 

180, 

570, 

570 

180 

I F  (  5  •  0 

- 

AMAX) 

190, 

580, 

580 

190 

IFC 10.0 

- 

AMAX) 

200, 

590, 

590 

200 

I  F ( 20. 0 

- 

AMAX) 

210, 

600, 

600 

210 

I  F  (  40 . 0 

- 

AMAX  ) 

220, 

610, 

610 

220 

IFC90.G 

- 

AMAX) 

3000, 

620 

,  62D 

500  V  ■  0.002 
GO  TO  1000 
510  V  *  0.005 
GO  TO  10C0 


00000100 
00000200 
00000250 
00000260 
00000300 
0U00040D 
00000500 
00000510 
00000550 
00000600 
00000700 
00000710 
O0000720 
00000800 
00000900 
00001000 
00002000 
00002100 
03032200 
00002300 
00002400 
00002500 
0000261,3 
00002700 
00002800 
0u002900 
00003003 
0 0003100 
JOOO  3200 
00003303 
02003403 
00003500 
0u003600 
0-003703 
00003800 
00003820 
00003821 
00003822 
00003823 
03003824 
00003825 
30003826 
00003827 
00003828 
03003829 
00003833 
00003831 
30C03832 
00003833 
00003836 
0 J003837 
03033838 
00u03839 
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520  V  *  0.01 

Tfl  OQQQ 
530  V  *  0.02 
GO  TO  LOCO 
540  V  *  0.05 
GO  TO  1000 
550  V  *  0.1 

_  GQ  TJQ  1000 

560  V  *  0.2 

GO  TO  1000 
570  V  *  0.5 

GO  TO  1000 
580  V  *  1.0 

GO  TO  _JLOOO 
590  V  *  2.0 

GO  TO  1000 
600  V  *  5.0 

GO  TO  1000 
610  V  *  10.0 

_ GO  TO  UOOO 

620  V  *  15.0 

1000  AHAX V>  INTF  I  ( AMAX  ♦  V)/Y) 

CALL  C AMRAV ( 9 ) 

CALL_PGRJDV(  1,AMAX,V,0,  1  ,  5,9, 3,-1  ) 

CALL  PL ABEL (10) 

_ XALL_PPJ^LLVLNDT,ALPHA,BETA,1,W-1,42,IERR) 

CALL  PLINE(NDT, ALPHA* BETA, 1 ,1,1 , I  ERR) 

_  CAi.L_jyu.0TV  (  MT ,  ALPHA,  BE  TA  ,1 , 1  ,.-1 , 55,  IERR) 

CALL  PLC  NE ( MT, ALPHA , BETA , 1 *1 , 1 » I  ERR ) 

; _  CRT  PLOT  CURVES 


2000  CALL  GR APH( 4 ,42 ,-NDT ,TIME,P,14H  TIME,  SECONDS, 11H  P,  DEG/SEC,1H 

CALL  GRAPH! 0 , 5 5 , -MT , T I  ME , P )  _ 

CALL'  GR APH ( 4 , 42  ,-ND  T,TIME,Q,1H$,11H  Q,  DBG/SEC, 1H  ) 

CALL  6RAPH(0,55,-MT.TIME.Q)  _ 

CALL  GRAPH! 4 ,42 ,-NDT, TIME,R,1H$,11H  R,  DBG/SEC, 1H  ) 

CALL^GRAPHf 0,55 ,-MT , TI ME ,R) 

CALL  GRAPHI4, 42, -NDT, TIME, ALPHA, 1H$,11H  ALPHA,  DEG, 1H  ) 

CALL  GRAPHIO, 55, -MT, TIME, ALPHA) 

3000  RETURN 
END 


00003840 

00003841 

00003842 

00003843 

00003844 

00003845 

00003846 

00003847 

00003848 

00003849 

00003850 

00003851 

00003852 

00003853 

00003854 

00003855 

00003856 

00003857 

00003858 

00003859 

00003860 

00004000 

00004100 

00004200 

00004300 

QQQ044G& 

00004500 

000046QQ 

00004630 

00004650 

00004800 

00004900 

00005000 

00005100 

00005200 

00005300 

00005400 

00005500 

00006000 

00009000 


INPUT  DATA 


1 

9.0 

6 

27.91883 

11 

0.0 

16 

6.21118 

21 

6.21118 

26 

C.O 

31 

C.l 

36 

0.1 

41 

0.0 

1 

9.0 

6 

27.91883 

11 

0.0 

21 

26 

0.0 

1 

9.0 

6 

27.91883 

11 

0.0 

21 

26 

o 

• 

o 

40.0 

♦6  12.99868 
3512.42 

6.21118 
1.0 
0.0 
-9  0.1 
-3  0.1 
0.0 
80.0 

♦6  12.99868 

2.0 

0.0 

80.0 

♦6  12.99868 

3.0 

0.0 


0.2 

♦6  9.96507 

6.21118 

6.21118 
0.40125 
0.0 
-9  0.1 
-3  0.1 
0.0 
0.2 

>6  9.96507 

0.40125 

0.0 

0.2 

♦6  9.96507 

0.40125 

0.0 


0.0 

♦  6  0.0 

6.21118 

6.21118 
0.0 
0.1 
-9  0.1 
-3  0.1 

0.0 

♦  6  0.0 
0.0 
0.0 

♦  6  0.0 
0.0 


0.0 

0.0 

6.21118 

6.21118 
0.0 
-9  0.1 
-9  0.1 
-3  0.1 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 


0 Y A 1000 1 
OY  A 10002 
OYA 10003 
0 Y  A  10004 
OYA 10005 
-90 Y  A 10006 
-30 Y  A  10007 
-30 Y  A  10008 
OY  A 10009 
OY  A 100 10 
OYA 100 1 1 
0 Y  A 100 1 2 
OY  A 100 1 3 
OYA 100 1 4 
0 Y  A 100 1 5 
OY  A 100 1 6 
0YA1001 7 
0YA10018 
OYA 10019 
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-non 


MAIN  PROGRAM 


DECK  NO.  9J-RKM 


X 

X 

X 

X 

X 

X 

X 


AIMYZ, 

TIME 


RUNGE-KUTTA  METHOD 
MAIN  PROGRAM 

DERIV,  CNTRL 

COMMON  XN,  TM AX  f  DT  ,  Tf  RSV,  AIMX,  AIMY,  AIMZ,  A l MX  Y , 

AIMXZt  EMASS,  EM,  VAR,  ATABL,  RTABL,  EMX,  EMY ,  EMZ , 

WORK ,  DRV,  IFVD,  IBKP,  NTRY ,  IERR,  It  N,  YCRV, 
X,Y,Z,XD,YD,ZD,SX,SY,SZ,SXD,SYD,SZD,SXY,SYZ,SXZ , SXYD,SYZD, 
SXZD,SX2,SY2,SZ2,SXD2,SYD2,SZD2,SXY2,SYZ2,SXZ2,SXYD2,SYZD2, 
SXZD2,AIX,AI Y,AIZ,AIXD, A  I  YD, A  I Z D , A  I  X Y , A  I YZ , A l XZ , A1XYD, AIXZD, 
Tl,T2,T3,T4fT5,T6,Af  B , SM 1 , SMM , S PH  I , CPH I ,CTHE  T  A 
,CMX,CMY ,CMZ 

DIMENSION  XN ( 1 ) ,  EM(IO),  VAR ( 6 ) , AT ABL ( 6 ) ,  RTABLI6),  W0RKI6O), 

DR V ( 6 )  ,  T I  ME ( 500 ) ,  X ( 10),  Y(IO),  Z(10),  XD(IC),  YD(IO), 
ZD ( 1 0 ) ,  A ( 3 , 3  )  ,  B ( 3  )  ,  YCRV(6,500) 

, CMX ( 500 ) , CMY ( 500 ) ,CMZ(500) 


10 


CALL 

N=XN 


CECRD(XN) 


PRINT  DATA 


15 


25 


42) 

FOR 


PRINT  15,  ( XN ( I ) ,  1=1, 

FORMAT ( 1H1,36X, 27HDATA 
PRINT  25 

FORMAT ( 1H1,40X, 1 9HRUNGE-KUTT A  RESUL TS/ 36X, 28HT IME  VARIABLES  DER 
XVATIVES) 

INITILIZE  AND  COMPUTE 

1  =  0 
N0  =  6 
IFVD 
IBKP 


RUNGE-KUTTA  METHOD/ ( / 1P6E 1 7 . 7 ) ) 


CONSTANTS 


30 


=  0 
*  1 
SM  =  EM A  SS 
DO  30  1  =  1, N 
SM=SM*EM ( I ) 
SM1=1 .0/ SM 
SMM=  EMASS  « 


SMI 


CALL  RKS  3 ( DER I  V ,  CNTRL, 
XFVD,  IBKP,  NTRY,  IERR) 
IF ( IERR ) 40 ,  50,  40 
40  PRINT  45,  IERR 
45  F0RMATJJ.H1,40X,20HERR0R 
GO  TO  60 


VAR,  DRV,  ATABL,  RTABL,  WORK,  T,  DT ,  NO, 


RETURN 


I  E  RR= , 13) 


50  CALL  CRVSI  I, YCRV, TIME, 
60  GO  TO  10 
END 


PLOT  CURVES 
C  MX , C  MY , CMZ ) 


00000100 

00000200 

00000300 

00000400 

,00000500 

00000600 

00000800 

00000900 

00001000 

00001100 

00001150 

00001200 

00001300 

00001400 

00001500 

00001550 

00002000 

00002100 

00002200 

00002400 

00002500 

00002600 

00002700 

100002800 

00002900 

00003000 

00003100 

00003200 

00003300 

00003400 

00003500 

00003600 

00003700 

00003800 

00003900 

00004000 

100004100 

00004200 

00004300 

00004400 

00004500 

00004600 

00004700 

00004800 

00004900 

00009000 
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SUBR0UTINE  CRVS 


C  DECK  NO.  9J-CRV 

SUBROUTINE  CRVS ( NOT  ,  YCR V, T I  ME , CMX, CMY , CMZ ) 

COMMON  XN,  RSV 
DIMENSION  XN ( 4 ) 

DIMENSION  YCRV ( 6 , 500 ) «  TIMEI500),  P(500),  PHK500),  THETA! 500 ) , 
X  PS  I (500) ,0(500) ,K! 500) .ALPHA (500) .BETA! 500) 

DIMENSION  CMX( 500 ) ,  CMYI500),  CMZ(500) 

C 

MT  =  RSV 
NDT=NDT- l 
DO  20  J=l,  NOT 
P(J)=  YCRV(I.J) 

Q( J) *  YC RV ( 2  ,  J ) 

R(J)  =  YCR V ( 3 . J ) 

PHI ( J ) = YCRV ( 4 , J ) 

THETA(J)*YCRV(5»J) 

20  PS  I ( J  )  3 YCR V( 6 , J ) 

c  COMPUTE  ALPHA  AND  BETA 

DO  60  1=1, NOT 
CTH=COSDF(IHETA( I ) ) 

YB=  - S I NDF ( THET  A ( I ) ) 

XB=SINDF (PSI ( I ) ) *  CTH 
IF ( YB ) 50 , 30, 50 
30  IF IXB )5C ,40,50 
40  ALPHA (I ) =0.0 
BETA! I ) =0.0 
GO  TO  60 

50  BE TA ( I ) =  QATANF ( YB , XB ) 

XALF=  CTH  *  COSDF ( PS  I  (  I )  ) 

ALPHA ( I ) =ATANDF ( SQRTF ( 1.0  -  X AL F »*2 ) /X AL F ) 

60  CONTINUE 

C  POLAR  CURVES  FOR  ALPHA  -  BETA 

C  DETERMINE  ALPHA  MAX.  AND  AMAX 

AMAX=ALPHA(1) 

DO  70  1=2, NDT 

70  AMAX*  MAX  IF ( AMAX .ALPHA! I)) 


90 

iF(AMAX) 

3000, 

2000, 

100 

100 

IF  (  0*  0 1 

- 

AMAX) 

110, 

500, 

500 

no 

IF (0*02 

- 

AMAX) 

120, 

510, 

510 

120 

IF (0*05 

- 

AMAX) 

130, 

520, 

520 

130 

IF ( 0*  l 

- 

AMAX) 

140 » 

530, 

530 

140 

IF  to. 2 

- 

AMAX ) 

150, 

540, 

540 

150 

IF (0.5 

- 

AMAX) 

160, 

550, 

550 

160 

IFtl.O 

- 

AMAX) 

170, 

560, 

560 

170 

IF (2.0 

- 

AMAX) 

180, 

570, 

570 

180 

IF (5.0 

- 

AMAX) 

190, 

580, 

580 

190 

IFtlO.O 

- 

AMAX) 

200, 

590, 

590 

200 

IF ( 20 .0 

- 

AMAX) 

210, 

600, 

600 

210 

IF (40.0 

- 

AMAX) 

22  0, 

610, 

610 

22  0 

IF ( 90 . 0 

- 

AMAX) 

3000, 

620, 

620 

5C0 

V  =  0.002 

GO  TO  1000 
510  V  *  0.005 


00000100 

00000200 

00000250 

00000260 

00000300 

00000400 

00000450 

00000500 

00000510 

00000550 

00000600 

00000700 

00000710 

00000720 

00000800 

00000900 

00001000 

00002000 

00002100 

00002200 

00002300 

00002400 

00002500 

00002600 

00002700 

00002800 

00002900 

00003000 

00003100 

00003200 

00003300 

00003400 

00003500 

00003600 

00003700 

00003800 

00003820 

00003821 

00003822 

00003823 

00003824 

00003825 

00003826 

00003827 

00003828 

00003829 

00003830 

00003831 

00003832 

00003833 

00003836 

00003837 

00003838 
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GO  TO  1000 
520  V  =  0.01 

GO  TO  1000  _ 

530  V  *0.02 
GO  TO  1000 
540  V  =  0.05 
GO  TO  1000 
550  V  *  0.1 

GO  TO  1000 
560  V  =  0.2 

GO  TO  1000 
570  V  =  0.5 

GO  TO  1C00 
580  V  =  1.0 

GO  TO  1000 
590  V  =  2.0 

GO  TO  1000 
600  V  *  5.0 

GO  TO  1C00 
610  V  *  10. C 
GO  TO  ICOO 
620  V  *“15.0 

1000  AMAX  =  V*  INTFKAMAX  ♦  V)/V) 

CALL  CAMRAV ( 9) 

CALL  PGRlDVll,  AMAX,  V,  0,1,  5,9, 3,-1) 

CALL  PLABEL ( 10 ) 

CALL  PPLOTVl NOT, ALPHA, BETA, 1, 1,-1, 42, IERR) 

CALL  PL  I  NEC  NOT, ALPHA, BET  A, 1,1,1, IERR) 

CALL  PPL  0  TV  I MT ,  ALPH A , BE TA , 1 , 1 , - 1 , 55 , I E RR ) 

CALL  PL  I NE (MT, ALPHA, BET  A, 1 , l , 1 , I  ERR ) 
r  CRT  PLOT  CURVES 

2000  CALL  GRAPH(4,42,-N0T,T1ME,P, 14H  TIME,  SEC0N0S.11H  P,  DEG/SEC, 1H 
CALL  GRAPH(0,55,-MT,TIME,P) 

CALL  GRAPHI4.42 ,-NDT , TIME.Q, 1H$, 11H  0,  DEG/SEC, 1H  ) 

CALL  GRAPHIO, 55, -MT, TIME, Q) 

CALL  GRAPH (4 ,42 ,-NDT , T l ME, R» 1H$, 1 1H  R,  DEG/SEC, 1H  ) 

CALL  GRAPH(0»55,-MT , T IME  »R) 

CALL  GRAPHI4, 42, -NDT, TIME, ALPHA, 1HS, 11H  ALPHA,  DEG, 1H  ) 

CALL  GRAPHIO, 55, -MT, TIME, ALPHA) 
r  PLOT  MX  MY  M2 

CALL  GRAPH(3,42,-NDT , TIME.CMX, 14H  TIME,  SECONDS, 3H  MX,1H  ) 

CALL  GRAPHIO ,55 ,-MT, TIME ,CMX ) 

CALL  GRAPH(3,42,-N0T,riME,CMY,lH$,3H  MY ,  1H  ) 

CALL  GRAPHIO, 55, -MT, TIME, CMY) 

CALL  GRAPH ( 3 ,42 ,-NDT , T I ME,CMZ , 1H$ , 3H  M2,1H  ) 

CALL  GRAPHIO, 55 ,-MT, T IME ,CMZ ) 

3000  RETURN 
END 


00003839 
00003840 
00003841 
00003842 
00003843 
00003844 
00003845 
00003846 
00003847 
00003848 
00003849 
00003850 
00003851 
00003852 
00003853 
00003854 
00003855 
00003856 
00003857 
00003858 
00003859 
00003860 
00004000 
00004100 
00004200 
00004300 
00004400 
00004500 
00004600 
00004630 
00004650 
)  00004800 
00004900 
00005000 
00005100 
00005200 
00005300 
00005400 
00005500 
00005510 
00005520 
00005530 
00005540 
00005550 
00005560 
00005570 
00006000 
00009000 
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SUBR0UTINE  EMXYZ 


DECK  NO.  9J-DV2 


SUBROUTINE  EMXYZ 


COMPUTE 

COMMON  XN,  TM AX  f  DT,  T,  RSV, 

X  A  I MXZ »  EMASS  »  EM •  VAR, 

X  WORK  9  DRV  9  I F VD 9  I BKP f 

X  XfY,ZfXDtYDtZDfSX,SYtSZ*SXD 

X  SXZD,  SX2,SY2,SZ2,SXD2, SYD2, 
X  SXZD29AIX.AI Y,AIZ,AIXDfAIYD 

X  Tl,T29T3f T4.T59T6, A,  B, 

X  9  C  MX  fCMY  9  CMZ  9  C 

DIMENSION  XN(l)f  EM(10)f  VAR(6 
X  DRV ( 6 ) 9  TIME! 500 ) fX( 

X  Z0(10)9  A ( 3  9  3 ) 9  B ( 3 ) 


CONTROL  MOMENTS 


)  •  AT ABL (6)9  RTABLI6),  W0RK(60)t 
10).  Y ( 1 0  )  ,  Z(10),  XD ( 10 ) 9  YD ( 10  )  9 
,  YCRV ( 6 . 500 ) »C ( 1 5 ) 


DIMENSION 
IF ( I ) 30  .20.30 
20  CALL  DECRD(C) 

30  EMX  =  C( 1 ) * VAR ( 1) 
EMY  *  C ( 5 ) * VAR ( 1 ) 
EMZ  *  C  (_9  ) * V AR (  1 ) 
CMXU+l)  *  EMX 
=  EMY 


CMX ( 500 ) . C MY (500) .CMZ (500) 


♦  C  (2  ) *VAR ( 2  )  ♦  C ( 3 ) * V  AR ( 3 )  ♦  C(4) 

♦  C ( 6 ) *V AR ( 2  )  ♦  C  (  7 )  ♦  V  AR  (  3  )  ♦  C(8) 

♦  C ( 10 ) * V A R ( 2  )  ♦  C ( 1 1 ) *VAR ( 3 )  ♦  C  (  1 2  ) 


CMYJ  1*1) 
CMZ ( I ♦ 1 ) 
RETURN 
END 


=  EMZ 


00000100 

00000200 

00000250 

00000300 

00000400 

.00000500 

00000600 

00000800 

00000900 

00001000 

00001100 

00001150 

00001200 

00001300 

00001400 

00001500 

00002000 

00002100 

00002300 

00002400 

00002500 

00002600 

00002700 

00002800 

00002900 

00C03000 

00008000 

01000000 


INPUT  DATA 


1  0.0 

40.0 

0.2 

0.0 

0.0 

1 

6  17.5558 

+  6 

16.2225 

♦  6  1.38147 

♦  6  0.0 

0.0 

2 

11  0.0 

2087.76 

0.0 

0.0 

0.0 

3 

16  0.0 

0.0 

0.0 

0.0 

0.0 

4 

21  0.0 

0.0 

0.40125 

.0174533 

0.0 

5 

26  0.0 

0.0 

0.0 _ 

.  1 

-  9 

.  1 

-9 

6 

31  .1 

-9 

.  1 

-9  .  1 

-9  .  1 

-9 

.  1 

-3 

7 

36  .  1 

-3 

.  1 

-3  .1 

-3  .1 

-3 

.  1 

-3 

8 

41  0.0 

0.0 

0.0 

MOMENTS 

1 

STOP 

1-2.5 

>6 

1.003125 

♦  6 

GAIN1 

1 

6-2.5 

>6 

GAIN1 

2 

11-0.5 

♦  6 

GAIN  1 

3 
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